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It is shown that in the infrared region of the spectrum, along with the Faraday effect due to 

_ electronic transitions, there exists a Faraday effect due to magnetic spin resonance, that is, 
to a precession of the magnetization vector under the action of the magnetic field of the light 
wave. In ferrite garnets containing a magnetoactive rare-earth sublattice this effect is also 
determined by exchange resonance, that is, by precession of the magnetization vector of one 
sublattice in the exchange field of the other. In europium ferrite garnet the Zeeman effect 
on the line 'F) — 'F, is observed in an exchange field of 2.5 x 10° oe. In this case the 
Faraday effect is due to exchange and not to spin-orbit splitting. 


1. EXCHANGE RESONANCE IN FERRITES AND 
PRECESSION OF THE SPONTANEOUS MAG- 
NETIZATION VECTOR AT OPTICAL FRE- 
QUENCIES 


Pe caSuREMEN TS of the Faraday effect in yttrium 
garnet“!] have shown that rotation of the plane of 
polarization is independent of ) in the region 
4u<2< Qu. It has been assumed that this rotation 
is.an-exclusive property of ferromagnetic semi- 
conductors. In the first part of this paper we shall 
show that the Faraday effect in the transparency 
region of a ferrite garnet is actually of purely mag- 
netic origin. The frequency independent rotation 


of the plane of polarization of infrared light is due 


to the precession of the spontaneous magnetization 
vector of the ferromagnetic semiconductor under 
the influence of the magnetic vector of the light 
wave, i.e., itis a consequence of magnetic spin 
resonance. The characteristic frequencies of this 
resonance w, occur in the region of significantly 


longer wavelengths; we shall therefore be inter- 


ested in the theory of the Faraday effect for w 


> Wo. 


The theoretical treatment of the motion of the 
ferromagnetic spin system in crossed constant 
and alternating magnetic fields is based on the 
well-known Landau-Lifshitz equation.!21 In par- 
ticular, the Faraday effect, i.e., the rotation of 
the plane of polarization of the electromagnetic 
wave in the magnetization direction of the ferro- 
magnet, is determined by the magnitude of the 
off-diagonal component of the permeability tensor 
M = ipxy = —ivyx, an expression for which can be 
obtained from the solution of the Landau- Lifshitz equa- 
tion. From Eq. (38) of we obtain for w > w 
the following expression for M = My>>wy * 


M = (4xy/o) I, (1) 


where Ig is the saturation magnetization of the 
ferromagnet and y = e/me. 

Off-diagonal components of the permeability 
tensor different from zero lead to a specific Fara- 
day rotation equal to 

y 


2c 


m | 
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ae 
Substituting M = M from Eq. (1), we have 
~ 2n Ve 
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FIG, 1. Faraday effect in yttrium, erbium, and holmium 
garnets in infrared light at different temperatures; Hex 
= 2400 oe. 


The Faraday effect in the microwave region has 
been found in semiconducting ferrites, investigated 
in a number of papers, and utilized in microwave 
technology. Up until now, however, no attention 
has been paid to the circumstance that magnetic 
spin resonance should produce the same Faraday 
effect for infrared and visible light as it does for 
electromagnetic waves in the microwave region, 
because @p is independent of w: The magnitude 
of the specific rotation deduced from Eq. (2) 
amounts to several tens of degrees per centimeter. 

The investigation of the rotation of the plane of 
polarization of light is of interest also because by 
this means one can study the phenomenon of ex- 
change resonance. As Kaplan and Kittel have 
shown, exchange resonance, i.e., magnetic spin 
resonance in the effective field of the exchange in- 
teraction between the magnetic sublattices, can 
occur in uncompensated antiferromagnets. The in- 
tensity of the exchange resonance is proportional 
to (¥1;—Y2)", where y;=g e/2me and y, = g,e/2mc 
are the gyromagnetic ratios of the ions on the two 
magnetic sublattices. 

The exchange resonance frequency wexch =2X 
(YoI, —vilz), where A is the molecular field coeffi- 
cient, and I, and I, are the spontaneous magneti- 
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For values of 
eee as 


zations of the two sublattices. 
Hexch = Al = 10° oe, the magnitude of w 
x 10” cps, i.e., the resonance frequency is in 
the far infrared region. Because of the technical 
difficulties in this region, direct observation of 
exchange resonance has so far not been reported. 
Effects associated with exchange resonance have 
been observed only near the compensation point, 
since then I, = I, and the frequency wf*°? de- 
creases and shifts toward the more convenient 
microwave region. 

Let us consider how the exchange resonance in- 
fluences the magnitude of ap. Wangsness [4] has 
obtained expressions for the tensor components of 
the magnetic susceptibility of a ferrimagnet with 
two magnetic sublattices. Using his Eq. (16) and 
assuming wf°S « w « weXCh, we obtain expres- 
sions for M and af valid in the absence of ex- 
change resonance (w©* is the characteristic 
frequency of ordinary ferromagnetic resonance): 


2n Ve I 
oe ferro 


get (3) 
where Yee = (1, -I,)/(Iy/¥1 -ly/2) is the ratio of 
the total magnetic moment of the ferrite to its me- 
chanical moment. For frequencies w > w)°%, 
wexch the applicable formula in the presence of 
exchange resonance is 


of oxch 2m Ve 
F c 


(4) 


(11/1 — Yel). 


When 7; = 2, (3) and (4) reduce to (2). The phys- 
ical interpretation of these expressions is that 
during ordinary ferromagnetic resonance both 
sublattices of the ferrimagnet, bound together by 
the exchange forces, precess as a Single unit, 
whereas during the exchange type of precession 
each sublattice makes an independent contribution 
to the Faraday effect, with a sign corresponding 
to the orientation of the magnetic moment of the 
sublattice. The equations for ferrimagnets with 
three magnetic sublattices have a similar form. 
For the sake of simplicity, we shall employ Eqs. 


Ground level ~res |~ exch! ~ 
of Ion bis OF au OR 
Gamet | 1 jSub- | Sub- | 8 | & Geff|T) °K] H,oe| 4 | J PUL, 
at- lat- th z 
| tice 1 |tice 2 Se ment 
290} 2400 |135} — 633) 7 61 
Y3Fe;O12 2.2) Ss, ae BOY a OO) PT aa Cte ee 84 ne 68 
i 77| 2800 |184} — 84 Se 74 
HosFesOi2 | 2.2| 8S, | 57g |2.0|1-25/8.5|290| 2400 | 135| 75.8 | 117 4A 42 
ErsFesOr [2,2] Sy, | “Tu, | 2.0/1.2 |3,1|290| 2400 | 135] 46.8 | 63 50 47 


*Values of & are given in deg/cm. 


EXCHANGE INTERACTION AND MAGNETO-OPTICAL EFFECTS 


‘ (3) and (4), since g, = g, ~ 2 for the iron sub- 
lattices in ferrite garnet, and the improvements 


in accuracy of the values of @ F by taking into 
account the difference between g, and g, exceed 


the limits of precision of the measurements. 


Measurements of the Faraday effect in yttrium 
holmium, and erbium garnets were carried out by 
the method described earlier !)*] at wavelengths 
of from 3.5 to 8u. Measurements were made with 


> 


_an NaCl prism having a slit width of 2 mm using 


a vacuum thermocouple as a detector. The meas- 


- urements on the yttrium garnet were made quan- 


titatively more precise than the preliminary data,!!] 
and in addition were made at liquid-nitrogen tem- 
perature. 

The results of the measurements are compared 
with theory in Fig. 1 and the table. The theoretical 
values for all the garnets were calculated for a 
dielectric constant € = 4.48. Data on the index of 
refraction of the rare-earth garnets are lacking 
in the literature. We measured the reflection co- 
efficient for light of X = 0.6u and A =1.0u from 
natural faces of monocrystals of yttrium and er- 
bium garnets. The value of n = 2.2 + 0.2 was ob- 
tained for both garnets. The curves of @p for 
yttrium garnet were taken in an external field H 
= 2400 oe. At room temperature the sample is 
saturated in this field, since the demagnetization 
field 47I, ~ 1700 oe. At liquid-nitrogen tempera- 
ture 47I, ~ 2300 oe; hence, although the Faraday 
effect also increases, it still does not attain the 
calculated values corresponding to magnetic satu- 
ration of the sample. By forcing the electromag- 
net additional measurements were made at 2800 oe, 
which were in more satisfactory agreement with 
the calculated values for ap (see table). 

The data show that the experimental values of 
ap for erbium and holmium garnets agree with 
theory only under the assumption that exchange 
resonance is present in these garnets. The differ- 
ences between the experimental values for ap 
and the theoretical values for a} calculated 
from Eq. (3) for ordinary ferromagnetic reso- 
nance lie far outside the limits of possible ex- 
perimental errors. A change in sign of ap was 
also observed for holmium garnet upon cooling 
the sample to liquid-nitrogen temperature 
(A 5p), which is a further indication of the 


presence of exchange resonance in rare-earth 


garnets. Measurements of ap at different tem- 
peratures in dysprosium and terbium garnets 
would be of interest, since according to Kq. (3) 
the specific rotations a¢*°" and a}°* should 
have completely different temperature depend- 


ences in these garnets. 
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Thus, comparison of all the experimental re- 
sults with theory leads to the conclusion that in 
the wavelength interval studied rotation of the 
plane of polarization of light by a ferromagnet 
is caused by its dynamic magnetic susceptibility 
in the alternating magnetic field of the light wave. 
The Faraday effect measured amounts to several 
tens of degrees per centimeter, i.e., it is of the 
same order of magnitude as the Faraday effect 
in ferrites at microwave frequencies. A similar 
effect should be observable in transparent ferro- 
magnets and in sufficiently strongly magnetized 
paramagnets in a wide frequency interval, 10° 
to 10!’ cps. It should be mentioned that the detec- 
tion at very high frequencies of effects associated 
with the diagonal tensor components of the mag- 
netic susceptibility tensor is practically impos- 
sible, since these components decrease in pro- 
portion to the square of the frequency. 

A Faraday effect due to electronic transitions 
under the influence of the electric vector of the 
light wave becomes dominant in the transition 
from infrared to visible light. It is possible to 
isolate the wavelength region where the rotation 
of the plane of polarization evoked by the tensor 
character of the permeability approximately 
equals the rotation brought about by the tensor 
character of its dielectric constant, i.e., the 
garnet ferrite is a bigyrotropic medium. For 
some wavelengths these rotations will have the 
same sign and the total Faraday effect will in- 
crease; for others they will be of different sign 
and the net effect reduces to zero./] 

The good quantitative agreement of the experi- 
mental and theoretical values of ap indicates 
that measurements of the Faraday effect in the 
infrared region can be utilized for the determina- 
tion of the magnitude, anisotropy, and temperature 
dependence of the g-factor of rare-earth ions con- 
tained in garnet ferrites. All the remaining quan- 
tities in Eq. (4) can be determined fairly easily 
from independent measurements. 


2. THE ZEEMAN EFFECT IN THE EXCHANGE 
FIELD OF THE FERROMAGNET 


In this section the results of an investigation of 
the fine structure of one of the infrared absorption 
lines of Eu®* ion in the garnet ferrite Eu3;Fe;O4, 
will be stated. The europium ion was selected for 
study because its ground level "fF, is not split by 
the crystalline field and the fine structure of the 
line arises only from the splitting of the higher 
level. According to the energy-level scheme of 
Eu®*, [6] a number of lines corresponding to elec- 
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FIG. 2. Transparency of europium gamet plates 100 py 
thick in a magnetic field H = 2000 oe (A is the ratio of the 
intensities of transmitted and incident light). Arignt — the 
case of right-circularly polarized infrared light (electric vec- 
tor e of the light wave rotates clockwise, looking along the 
light ray), magnetic field directed along the light beam; 

Ateft — the same for left-circularly polarized light. Aq — lin- 
early polarized light, e|| H, magnetic field parallel to surface 
of plate; A,.— the same for e 1 H. 


tronic transitions between ground term levels 
should occur in the infrared region. The absorp- 
tion line corresponding to the transition 'F) — 'F, 


should lie close to } = 2 according to this scheme. 


We have actually found this line; the polarization 
of its components turns out to be directly connected 
with the orientation of the magnetization vector of 
the garnet ferrite. 

The measurements were made in an IKS-11 
spectrograph with a LiF prism having a slit width 
of 0.2 mm, which corresponds to a spectral inter- 
val of ~40 cm™!. A Fresnel rhomb was used to 
obtain light of circular polarization. Just as in 
the remaining cases, the sample had the form of 
a polished monocrystalline plate 100 yu thick. A 
lead-sulfide cell cooled to liquid nitrogen tempera- 
ture was used as the light detector. 

Figure 2 shows the results of these measure- 
ments. With longitudinal magnetization of euro- 
pium garnet in a magnetic field of 2000 oe (light 
directed parallel to the magnetization vector and 
perpendicular to the surface of the sample), one 
observes two absorption line components split by 
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FIG, 3. Circular dichroism 5 = (Arignt — Atert)/AnH=0 of 
europium garnet in the absorption band region. 


110 cm™, corresponding to the right and left cir- 
cular polarizations of the infrared light. 

A change in the sign of the magnetization vec- 
tor of the sample is equivalent to a change in sign 
of the circular polarization of the light. This as- 
sertion is illustrated in Fig. 3 by the curves of 
the circular dichroism of europium garnet, which 
were obtained by reversing the magnetizing field. 
With transverse magnetization of the sample 
(light directed perpendicular to the sample sur- 
face, magnetization vector lies in the plane of the 
sample) and linear polarization, one observes 
one component (7) for light with the electric 
vector parallel to the magnetization of the sample, 
and two shifted components (a) of different inten- 
sity for light of the other polarization. 

Thus, in the resolution obtained, the observed 
spectrum has the characteristics of a Zeeman 
triplet with a splitting corresponding to a mag- 
netic field of several hundred thousand oersteds. 
It is natural to compare this field with the exchange 
field acting on a europium ion, arising from the 
iron magnetic sublattices. According to Wolf and 
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FIG. 4. Faraday effect in europium garnet in the absorp- 
tion band region. 


Van Vleck," this field amounts to ~ 2.5 x 10° oe 
at room temperature. Substituting the values 
g=1.5, J=6, H =2.5 x 10° into the formula for 
the total Zeeman splitting of the level of a free ion 
with given J (2AE = 2gJupH), we obtain 2AE ~ 210 
em~}, 

Considering that the observed absorption lines 
reflect a neutralized picture of the Zeeman com- 
ponents displaced to the right and left, the experi- 
mental data agrees completely with the quoted es- 
timate. One should not expect too much from such 
an estimate, since in the development of the theory 
of the exchange Zeeman effect in ferromagnetic 
crystals it is necessary to take into account the 
Stark splitting of the levels, the effects that elimi- 
nate the forbiddenness of electronic transitions be- 
tween f-shell levels, and the selection rules with 
respect to the crystalline quantum number. A com- 
parison of the curves of circular dichroism at room 
temperatures (Fig. 3) shows that the splitting is 
30% greater at 77° K than it is at 290°K. This fact 
is consistent with the assumption that the splitting 
arises from the exchange field, since, according 
to Pauthenet’s data,C8] the magnetization of the iron 
sublattices in garnet ferrites increases by just this 


amount in going from room to nitrogen temperature. 
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On the basis of these results it is possible to 
reveal one of the physical mechanisms respon- 
sible for the magneto-optical properties of ferro- 
magnets. In fact, Fig. 4 shows the results of meas- 
urements of the Faraday effect in europium garnet 
in the vicinity of the absorption line under study. 
The curve has the typical resonance form, as in 
other garnet ferrites near the absorption bands.!*1 
However, in the present case it is possible to point 
directly to the physical cause of the rotation of the 
plane of polarization, namely the exchange splitting 
of an excited energy level of a rare-earth ion. The 
exchange splitting causes the circular dichroism 
and double circular refraction, i.e., the difference 
in the absorption coefficients and refractive indices 
for right- and left-circularly polarized light, and 
consequently, also the Faraday effect. In the de- 
velopment of the microscopic theory of magneto- 
optical effects in ferromagnets it has been clear 
from the very beginning that the anomalously large 
magnitude of the magneto-optical effects in ferro- 
magnets was connected with the action of a huge 
‘internal field’’ of the order of 10° to 10’ oe. How- 
ever, in all quantitative theories of magneto-optical 
effects in ferromagnetic metals and semiconduc- 
tors!*] it has been assumed that this field origi- 
nates from a spin-orbit interaction. It appears to 
us that the fundamental role is played not by spin- 
orbit, but by exchange splitting of the energy lev- 
els, at least in the magneto-optics of rare-earth 
garnet ferrites.* The spin-orbit splitting in this 
case determines only the natural frequency of the 
resonance curve of the Faraday effect, since the 
splitting of the ground term in rare-earth ions is 
determined by the spin-orbit interaction. It is pos- 
sible that the suggested mechanism of exchange 
splitting explains the magneto-optical properties 
of ferromagnets in other cases as well. 

It is necessary to pay attention to one other 
peculiarity of the phenomenon. In essence, we 
have the possibility of controlling the appearance 
of polarized absorption lines in the spectrum of 
a solid by means of a weak external magnetic 
field. Because the orbital magnetic moment of 
the f-shell of a rare-earth ion is bound to the 
spin, a constant external magnetic field, by 
changing the orientation of the spontaneous mag- 


*We have also detected circular dichroism in the vicinity 
of the absorption bands in erbium and holmium garnets. The 
separations between the maxima of the effects of different 
sign, which depend on the magnitude of the splitting, have 
the same order of magnitude as in the case of europium garnet. 
The absolute values of the effect were smaller (~3 to 10%) 
than in the europium garnet, apparently owing to the lack of 
resolt tion of the separate components of the absorption bands. 
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netization vector, alters the ‘‘population’’ of some 
of the energy levels that play an important role in 
electrical dipole transitions. Hence, one cannot 
exclude the possibility that the exchange Zeeman 
effect will find application in the construction of 
a kind of molecular amplifier in the optical region 
or of quantum light indicators.'!°] Of importance 
here is the circumstance that the exchange splitting 
of the levels is very great, permitting the attain- 
ment of energy level ‘‘populations’’ close to 100% 
at relatively high temperatures. 

It is a pleasure to thank G. A. Smolenskii for 
preparing the europium garnet single crystals. 
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The dependence of polarization on $-electron energy is investigated for Au!®®, Polarization 
measurement results are presented (in units of v/c) for Au!*® g electrons relative to Sm!*3, 
For Au!® the polarization differs significantly from unity at B-electron energies of 60, 90, 
and 120 kev. A spherical capacitor was used to change longitudinal into transverse polariza- 
tion. The polarization was calculated from the asymmetry of B-electron scattering on a 


heavy element. 


N UMEROUS papers devoted to the experimental 
investigation of longitudinal electron polarization 
in B decay have shown that the polarization is 
either equal to or negligibly different from v/c* 
for a large number of elements. However there 
exist cases of first-forbidden B-decay transitions 
in which the electron polarization differs appre- 
ciably from unity. Apparently this deviation is 
strongly correlated with the deviation of the B 
spectrum from the Fermi shape.l11 The classic 
example of this type is the 8 decay of RaE, whose 
electron polarization is considerably different 
from unity [2] and whose B-spectrum shape differs 
from the Fermi shape. Both of these anomalies 
are explained by the particular structure of this 
nucleus. 

Another example is Au’? (the 2*— 27 tran- 
sition), whose electron polarization equals unity 
at energies greater than 200 kev but deviates from 
unity at low energies (100— 150 kev).[3-6 

We measured the longitudinal polarization of 
Au® g electrons in the 60 — 120-kev energy range 
using the method of Mott scattering. The longitud- 
inal polarization was converted into transverse 
polarization by deflecting the electrons in the 
electric field of a spherical capacitor. 


DESCRIPTION OF THE EXPERIMENTAL 
ARRANGEMENT 


A schematic diagram of the apparatus is pre- 
sented in Fig. 1. Electrons from the B-active 
_ source are collimated and enter the electrostatic 
_ spectrometer (a spherical capacitor which de- 
flects the electrons by 108° and has an energy 
_ resolution of AE/E = + 0.07). 
*The polarization is measured everywhere below in units 
of v/c. 


FIG, 1. Schematic diagram of the apparatus: 1 — 8 
sources; 2,6 — collimators; 3, 4, 7 — lead shielding; 
5 — spectrometer; 8, 9 — Geiger counter telescopes; 
10 — scatterer; 11 — scintillation counter. 


The electron beam from the spectrometer 
strikes the scatterer. Electrons scattered through 
112 — 141° are recorded by two counter telescopes, 
each consisting of two Geiger counters connected 
in coincidence. 

In order to carry out relative measurements, 
two sources are inserted simultaneously into the 
apparatus. The construction of the device permits 
one to change scatterers and sources without break- 
ing the vacuum and to apply high voltage to the 
source in order to vary the B-electron energy. 

The sources were prepared in the following 
manner: a thin film of gold was sputtered onto an 
aluminum foil in vacuum; the samarium was depos- | 
ited on an aluminum foil by the precipitation method. 
A silicon organic resin was used as a binding agent. 
The sources thus prepared were activated in a re- 
actor. 


MEASUREMENTS 


The longitudinal polarization of 6 electrons 
was measured for Au’*® at 60, 90, and 120 kev, 
and for Sm}? at 120 kev. 
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T, kev ae A | Prel | Pabs 
60 Aut | 0.134+0.016 0,60+0.07 | 0.56+0.06 
90 Aut | 0,481+0.0418 0.73+0.08 | 0.68+0.08 
120 Aut | 0,226+0,017* | 0,80+0.07 | 0.74+0.07 
120 { Sm®8 | 0,257+0.016 4 0.93+0.06 


*The value presented is corrected for the presence 
of conversion electrons. 


During the work a constant voltage was applied 
to the spherical capacitor which separated out 
electrons of 90 + 6 kev energy. Thus, in all the 
experiments electrons of the same energy struck 
the scatterer, and all corrections to azimuthal 
asymmetry in the scattering were the same irre- 
spective of the B-spectrum region chosen. In order 
to measure the polarization of 60- or 120-kev B 
electrons, an accelerating or braking electric field 


of 30 kev was applied between source and condenser. 


A cycle of measurements at one energy con- 
sisted of measuring the azimuthal asymmetry in 
B-electron scattering on gold and aluminum scat- 
terers. In addition, the background in the experi- 
mental setup was measured with the scatterers 
removed. To eliminate instability over time, a 
short (15 min) cycle was chosen. 

The measurement results are presented in the 
table, where the following symbols are used: T is 
the kinetic energy of the electrons, A is the azi- 
muthal asymmetry in electron scattering from 
0.13 mg/cm? of gold, and P is the longitudinal 
polarization of the electrons. 

In calculating the B-electron polarization of 
Au!8 relative to Sm!3, only the corrections for 
depolarization in the sources and for internal con- 
version electrons are important. All other correc- 
tions associated with the relative nature of the 
measurements are eliminated. 

The absolute value of the polarization is P 
= A/S, where A is the azimuthal asymmetry of 
the scattering, measured experimentally, and S 
is the scattering asymmetry of a completely po- 
larized beam. 

To determine S we made use of Sherman’s re- 
sults 71 introducing corrections for the screening 
and Z of the nucleus as well as for multiple scat- 
tering in the scatterer .[°1 Depolarization in the 
source varied between 1 and 10% in the various 
experiments. Apparatus asymmetry, eliminated 


by substituting an aluminum scatterer for the gold 
one, did not exceed 6%. A spectrum of the source 


Au!8 + Au! in the 30 —160-kev energy region was 
taken on our apparatus (Fig. 2) in order to investi- 
gate the presence of conversion electrons in the 

given energy intervals. Here the correction to the 
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FIG. 2. Spectrum of conversion electrons and f electrons 
from Au’’® + Au’, 


polarization was 0.05 for an average energy of 120 
kev. At 60 and 90 kev no noticeable contribution 
from internal conversion electrons was observed. 
The measurements showed that the contribution 
from electrons multiply scattered on the condenser 
plates was (1—2)%, and that from electrons back- 
scattered by the walls of the source chamber less 
than 1%. 

The longitudinal polarization of Au!*8 B elec- 
trons in the 60 — 120-kev energy range as meas- 
ured by us differs appreciably from unity. This 
difference increases with decrease in energy. The 
deviation obtained in the polarization value is not 
unexpected,l11 since the 8 spectrum of Au**® ap- 
parently does not have a Fermi shape at energies 
lower than 250 key. 

The authors thank A. I. Alikhanov, G. P. Eliseev, 
and V. A. Lyubimov for discussing the results of 
the work, and also V. M. Berezin for preparing 
and adjusting the separate units of the apparatus. 
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The asymmetry coefficient a) of u-e decay electrons averaged over the two hfs states has 
been measured with scintillation counters for mesonic atoms of silver and of red and black 
phosphorus. The meson lifetime 7 in these two modifications of phosphorus has also been 
measured. The relative values of a) for red (nonconductive) and black (conductive) phos- 
phorus indicate directly that meson spin relaxation time in mesonic atoms is decreased by 
the presence of conduction electrons. The values of ay and 7 in phosphorus are used to de- 


termine the level populations for F =1 and 0, 


and the probabilities A, and Ay for meson 


capture by the nucleus from these states. The results indicate directly that A, =A, (the 
weak interaction is spin dependent) and A) >A, (capture occurs more rapidly from the 
F = 0 state than from the F =1 state). The lower limit obtained for AX/A = (A,—AQ)/ 
(3A, + 4A) is direct evidence for the A — xV type of interaction. 


1. INTRODUCTION 


Ir has been noted in |!J that the measurement of 
muon capture from the two hfs states can furnish 
evidence regarding the spin dependence of weak 
interaction in the process » +p—~>n+v. If the 
capture probabilities for the two states are differ- 
ent, the time dependence of the number of electrons 
from p-e decay in isolated mu-mesonic atoms will 
not be a simple exponential function and the loga- 
rithm of the decay curve should exhibit positive 
curvature. This theory can be checked experi- 
mentally only by mu-mesonic atom production in 
matter. However, mu-mesonic transitions be- 
tween the hyperfine levels, due to the presence of 
the medium, can complicate the picture. Telegdi [2] 
has shown that the existence of transitions and the 
spin dependence of the interaction can be used in 
experimental investigations of the type of interac- 
tion involved. When the transition probability R 
is known, the sign and magnitude of the curvature 
K of the logarithmic decay curve determine the 
interaction type uniquely. However, the determi- 
nation of R is very complicated [3-5] and has not 
yet been accomplished experimentally [61 It is 
therefore impossible to arrive at final conclusions 
regarding the interaction type solely on the basis 
of the experimental value of K_/é] 

Uberall] and Primakoff{"] have shown that the 
interaction type can also be determined uniquely by 
measuring n;, and np, the populations of the states 


with total angular momenta F=1 and 0, respec- 
tively, and Ad, the difference between muon cap- 
ture probabilities from these states. The nucleus 
of phosphorus, having spin I = vee is a convenient 
object for such investigations. Among the allotropic 
modifications red (nonconductive ) phosphorus and 
black (conductive ) phosphorus are of greatest in- 
terest, since conduction electrons perform a ‘‘cat- 
alytic’’ function by reducing the relaxation time of 
nuclear spin. It is expected [2,5,7] that because of 
conversion associated with conduction electrons 
the difference between n, and ny for these modi- 
fications at the time of muon capture will be suf- 
ficient to permit the measurement of these quanti- 
ties and of AX. 

In the present work we have determined ny, Np, 
and Ad by measuring the asymmetry of the angular 
distribution of electrons from p-e decay and the 
pu. -meson lifetime, in red and black phosphorus. 


2. EXPERIMENT 


a) Asymmetry of the y-e decay electron dis- 
tribution. When the method of !®! is used for the 
asymmetry measurement the experimental pre- 
cession curve for nuclei with I ~ 0 will represent 
the superposition of the precession curves of 
muons decaying from both hfs states. Therefore 
ay, the asymmetry coefficient in the angular dis- 
tribution 1 + a, cos @ integrated over electron en- 
ergies, will be the average for the two states. ag 
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FIG, 1. Block diagram of apparatus. 1 —5-—scintillation 
counters; 6 — target; 7 — magnetizing coil; 8 — copper ab- 
sorbers; 9 — paraffin absorber; 10 — anticoincidence circuit; 
11 — coincidence circuit; 12 — delay line; 13 — gate trigger; 
14 — gate; 15, 16 — pulse shapers; 17 — converter; 18 — am- 
plitude analyzer. 


will be time dependent because of transitions.[»61 
Relative measurements /*101 averaged over the 
entire spectrum of a, for I= 0 show that ay is 
independent of time and the atomic number Z. 

If ay is independent of Z, a comparison of ay 
for silver and phosphorus can indicate the popula- 
tions of the levels F =1 and 0 at the time of 
muon capture by phosphorus nuclei. In mesonic 
silver atoms having I = y, and nuclear magnetic 
moment py < 0, transitions will proceed from 
F=0 to F=1. Since muons are depolarized in 
the state F = 0, while the state F=1 ‘‘remem- 
bers”’ the spin direction, transitions do not affect 
a, which will be constant and equal to ay. [it] 
In mesonic phosphorus atoms having I= vy, and 
uN > 0, the state F = 0 lies lower and conversions 
will reduce 4) with time. For phosphorus at time 
t = 0 we have ap = aag = ¥,, Then the effective 
mean level populations n, and ny for the time in- 
terval from 0 to t can be determined (taking 
Ny +p = 1 into account) from the relation 


— - = “8 = oe! 
Ap/Arg = Ap/Ay = (M4, + MMo)/ a Gry do) or) 


where ap and agg are the values of ay for phos- 
phorus and silver measured during the time from 
0 to t, and a, and ap are the asymmetry coeffi- 
cients in the F =1 and 0 states depending only 
on the nuclear spin.(11] 

Sulfur and cadmium, which have I= 0 and Z 
close to phosphorus and silver, respectively, can 
be used as controls to determine whether ay is 
actually independent of Z. Mann and Rosel??/ 
have predicted theoretically that a) should be in- 
dependent of Z for Z = 15, when the absolute 
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Element I | = 
| 

Cadmium 0 1.10+0,04 
Silver 1p 1.05-+0,01 
Sulfur 0 1,10+0,01 
Red phos- 

phorus 1), 1.04+0.01 
Black phosphorus| 1/5 1,00+0,.01 


quantum yields of the K and L series in mesonic 
atoms are constant!!3] and Auger conversions play 
only an insignificant role. ag and a) can be deter- 
mined by measuring the numbers of electrons 
Nmax 2nd Nin for two values of the magnetic 
field +H within which the target is located !!4] 
corresponding to 


byer NG ea) fDi inc lert. 


where t, is the delay time, At is the gate width, 
and T is the spin precession period of a ‘‘free’’ 
meson (for sulfur and cadmium) or of a mesonic 
nucleus (for phosphorus and silver). 

The experimental conditions and apparatus were 
the same as those used in earlier work.!*!4] Pig- 
ure 1 is a block diagram of the apparatus. Negative 
muons stopping in the target 6 were registered by 
the 1+2 —3 anticoincidence circuit 10. Pulses 
from 10, delayed 0.1 usec, opened the gate 12 for 
the time At =1.2 usec. Pulses due to y-e decay 
electrons from the 4 +5 coincidence circuit 11 
were transmitted and were registered by a scaler. 

We used 15x15 cm targets that were 8 g/cm? 
thick. In the experiments with sulfur and phospho- 
rus a 7 g/cm? paraffin absorber 9 was placed be- 
tween counters 4 and 5; for silver and cadmium 
this was replaced with an aluminum absorber of 
the same thickness. The registration efficiency 
for y rays under 10 Mev emitted from the target 
as a result of meson absorption was reduced to 
under 107° by the aluminum absorber. We used 
targets and a paraffin absorber of considerable 
thickness to measure asymmetry at the end of 
the decay-electron spectrum, where the asym- 
metry coefficient is larger than ap. 

The values of — = Nmax/Nmin are given in the 
third column of the table, after correction for the 
delay time t,, the gate width At, the muon lifetime 
tT, and the solid angle of the electron detector. In 
correcting for meson decay and capture we used 
values of rt for red and black phosphorus obtained 
in the present work (see below), while for sulfur, 
cadmium, and silver we used the values given by 
Sens .{15] 

b) Measurement of the u~-meson lifetime in 
phosphorus. When the lifetime is measured con- 
ventionally the muon decay curve observed for 
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FIG, 2. Analyzer channel number n vs the delay time t 
between the first and second pulses in the converter. 


phosphorus will represent the superposition of the 
muon decay curves from the two hfs states. Then 
the measured sum S = Ztjnj/Znj (where nj is the 
number of electrons at time tj) will be the aver- 
age over the states F =1 and 0, since it is easily 
shown that S = n,S; + nS, (see Appendix I). If 
the level populations n, and ny are known for red 
and black phosphorus, the measurement of S will 
obviously determine S, and S,) uniquely and also, 
consequently, 7, and T2, the muon lifetimes in the 
states F=1 and 0. 

Figure 1 is a block diagram of our apparatus. 
The magnetizing coil 7 compensated the stray 
magnetic field of the synchrocyclotron. The elec- 
tronic circuitry functioned as follows. Pulses 
from the 1 +2 — 3 anticoincidence scheme 10 
actuated the trigger 13, which formed positive 
rectangular pulses of stable 5 usec duration. 
Pulses from the 4 +5 coincidence circuit 11 
were fed through the 5 usec gate 14; these pulses 
were delayed 0.2 usec in 12 before triggering the 
pulse shaper 16. The delay 12 was introduced in 
order to register ‘‘zero’’ time between the pulses 
on the screen of the analyzer 18. Pulses designed 
to trigger the converter 17 reached its first input 
from 16 and its second input from the pulse shaper 
15, which was triggered by the trailing edge of the 
pulse from the trigger 13. At the converter output 
pulses with amplitudes proportional to the time 
interval between the two pulses to the respective 
inputs were analyzed with a type AMA-3S 128- 
channel amplitude analyzer 18.[16] 

Linearity of the apparatus was checked with a 
set of RKZ-401 delay cables producing a 0.52 psec 
delay. Delay equality was checked within 0.5% by 
the resonance method. Figure 2 shows the ana- 
lyzer channel number n vs the delay t between 
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the two pulses at the converter. Nonlinearity is 
seen to be under 1%. The calibration was stable 
to within 1% during 15 hours of operation. The 
‘‘“7zero’’ analyzer channel was determined by 
placing scintillation counters 1—5 along the 
meson beam axis, with the anticoincidence chan- 
nels switched off. 

The experiments with red and black phosphorus 
were performed under identical conditions. With 
black phosphorus during the time interval from 0 
to 2.4 usec (corresponding to 80 analyzer chan- 
nels) 19272 electrons were registered, compared 
with 12 088 in the case of red phosphorus. The 
time interval from 2.4 to 3.3 usec was used to 
determine the background. At t = 0 the electron- 
to-background ratio was 23. There were 600 gate 
openings per second, i.e., 6 openings for each 
accelerator pulse. 

For the calculation of S, pulses from four 
channels were added (for the time interval 0.127 
usec). The results were Sp = 0.540 + 0.007 usec 
for black phosphorus and Sy; = 0.590 + 0.012 usec 
for red phosphorus. 


3. DISCUSSION OF RESULTS 


The table gives equal values of é for sulfur 
and cadmium within statistical error limits. The 
values of ay obtained from & agree within error 
limits with earlier results.l*1 Equal values were 
also obtained for ay from our results for é for 
silver and red phosphorus and on the basis of a 
large number of points on the precession curve 
for red phosphorus in |!7J, In the experiments 
with black phosphorus the electron counting rate 
was not observed to depend on the magnet coil 
current. In the cases of silver and red phosphorus 
the fact that maximum electron asymmetry is ob- 
served at a spin precession frequency of mesonic 
nuclei that is one-half the spin precession fre- 
quency of a free muon again [ar] indicates directly 
that negative muons have spin le 

The equality of the measured values of ay for 
sulfur and cadmium is in agreement with the the- 
ory.[12] Therefore & for silver and phosphorus 
can be used to determine the effective mean pop- 
ulations n, and ny of the F =1 and 2 levels in 
the two modifications of phosphorus, using Eq. (1), 


Ap/Arg = (M4, +- NyQp) / a ay = 7 %| , 


where a, and ag equal (21+3)/3(2I1+1) and 
(2I-1)/3 (21+1), respectively.{44] For asym- 
metry measurements we used the time interval 
from 0 to 1.3 usec (two lifetimes +t for red phos- 
phorus!!5]), In this time interval we had n, ~ 0, 
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FIG. 3. AX/A = (Ay —Yo)/(hA, + Yao) VS x'= GL/GE for 
hydrogen. 

Ny ~ 1 for black phosphorus and fy ~ x. ny ~ uf 
for red phosphorus. These values of n; and ny 
indicate considerably different transition proba- 
bilities of muons between the hyperfine levels of 
mesonic atoms in these two modifications. This 
in turn is a direct indication that the presence of 
conduction electrons reduces the meson spin re- 
laxation time in mesonic atoms. /2)7)5] 

Let us now consider the measurements of S 
for black and red phosphorus, performed in the 
time interval from 0 to 2.4 usec, which corre- 
sponds to 47 for red phosphorus. In virtue of the 
fact that approximately equal numbers of p-e de- 
cay electrons appeared in the intervals 27 and 47, 
S can be expressed as follows for the two modifi- 
cations: 


Si —— 7,34 == js 5 Sp= nypS a on firs Sie (2) 


Deriving S; and S, from these relations and using 
the tables of coefficients given by Peierls,!!8] we 
obtain 7, and 7), the meson lifetimes in the states 
F =1 and 0 and, consequently, A; and Aj, the 
meson capture probabilities from these states. 

In the present work Sp was found to be smaller 
than S;. The difference exceeds three standard 
deviations and is therefore significant. This fact, 
together with the values of n,; and ny for red and 
black phosphorus, indicates directly by means of 
(2) that A; = Ay (the weak interaction is spin de- 
pendent) and Ay > Ay (capture from the state 
F = 0 proceeds more rapidly than from the state 
F=1). 

The measurements of Sp and Sy; provide a 
basis for definite conclusions regarding the type 
of weak interaction in the process wp +p—nvt+p, 
if we obtain the lower limit of 


Rake Gaede 248) 2 (3) 


This limit is obtained from (2) with fy =%, fy =% 
for red phosphorus and i; = 0, fy = 1 for black 
phosphorus (Appendix II). In this case we obtained 


S, = 0.61 + 0,016 psec, S, = 0.54 + 0.007 psec, 
upper limit A, = ), + Adecay = 1.42 + 0.035 psec ', 
lower limit A, = A, + Adecay = 1.72 + 0.022 psec’, 
lower limit (AA/A)min = — 0.29 + 0.04; 


the meson decay probability Adecay = 1/7 was here 
taken to be 4.505 x 10° sec-!, 

Figure 3 shows the dependence of AA/A on x’ 
= Ga i Gh for hydrogen, calculated for the interac- 
tion type A+xV+P (taking the effect of weak 
magnetism into account) using Primakoff’s for- 
mulas.-?] For meson capture by phosphorus AA/A 
was calculated similarly with x’ = —1.21 on 
Schmidt’s model, and also on the Mayer-Jensen 
model, as given by Uberall.{5] The results for 
AA/A were —0.25 and —0.45, respectively. A 
comparison of these values with Fig. 3 indicates 
that AA/d for hydrogen is 15 or 9 times greater, 
respectively, than for phosphorus. (A)/A)min 
in Fig. 3, allowing for twice the statistical error, 
indicates that all values x’ > 0 (on the Schmidt 
model) and x’ < 0 in the interval 0 < x’ < +5 
(on the Mayer-Jensen model) are excluded, since 
for x’ — +0 we have Ad\/A — -2.5. 

Our results therefore furnish direct evidence 
for the interaction type A—xvV if we take |x’ | 
= 1.25 for B decay. Ad/d for phosphorus is found 
on the basis of S and the effective mean values of 
Ny and ny. A comparison with theory 35.19] then 
makes it possible to obtain information regarding 
the probability of meson absorption by protons in 
different nuclear shells. We were unable to accom- 
plish this comparison since the error in A\/A was 
very large as a result of the fact that much uncer- 
tainty remained regarding the values of n, and ny 
obtained by our present method. 

In conclusion the authors wish to thank D. Chul- 
tém for assistance. 


APPENDIX I 


We shall prove that S = njS; + npSp. 

Let the sums S, = Zn,jtj/N, and Sp = Unpjtj /Ng 
calculated from 0 to t correspond to the exponen- 
tial functions e-t/Ti and et/To. We introduce the 
notation Nj +N)=N, N,/N=a, and Ny/N=1-a. 
Adding the sums §; and So, we obtain 


S = aS, -+ (1 —a) Sp = 2B (te + nos) te/N, 


where nj =nyj + Npj is the total number of decays 
at time tj. If 7, and 7, do not differ greatly, a 
and 1—a will obviously equal the level populations 
n, and no, respectively. 
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S for the two modifications of phosphorus is ex- 
pressed by 


a,S; + (1 —a,) So = S1, a,S1 + (1 — ay) So Oe 


We now have the difference 
S3 = So SS (Sy rR Si1)/(Q— Qe). 


The derivatives of the difference S;—S) with re- 
spect to a, and a, are 


d(Si Sper sit 


O(Si- So) 1 Sr 
(a1 — a)? ° 


Oa, (ay — a)? ’ Oa 


These expressions show that 8;—S) decreases 
as a, increases and as a, decreases. The mini- 
mum of S;—S,) will obviously be found at a, ~ ny, 
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NATURE OF LOW-TEMPERATURE MAGNETIC ANOMALIES IN F ERRITES WITH 


J. Exptl. Theoret. Phys. (U.S.S.R.) 41, 692-695 (September, 1961) 


By consideration of the nature of the temperature dependence of the spontaneous magnetization 
in gadolinium ferrite and in lithium ferrite-chromite, one can arrive at a condition for maxi- 
mum probability of the appearance in ferrites of a point of compensation of the magnetic mo- 
ments of the sublattices, or of an anomalous temperature variation of the spontaneous magnet- 
ization in the low-temperature region. The condition is this: one of the magnetic sublattices 
must possess ‘‘strong’’ exchange interaction, and consequently a Weiss temperature variation 
of spontaneous magnetization, and a second must possess a ‘‘weak’’ exchange interaction, which 
leads (in the presence of antiferromagnetic coupling to the ‘‘strong’’ sublattice) to a smeared 
out temperature variation of the spontaneous magnetization. It is concluded that in ferrites 
with compensation points, one should observe low-temperature magnetic anomalies, corre- 
sponding to an abrupt change of the long-range magnetic order in the sublattice with the ‘‘weak’’ 
exchange interaction. This conclusion is confirmed by the experimental data (cf. [2] and (41), 


14 In studies of ferrite-garnets of rare-earth ele- 
ments!1;2] and of lithium ferrite chromite!*,4] in 
the low-temperature region (liquid nitrogen and 
liquid helium ), anomalies have been observed in 
the temperature variation of magnetic and nonmag- 
netic properties (magnetic susceptibility, magneto- 
striction, coercive force, electrical resistivity, 
etc.). 

The nature of these anomalies has hitherto not 
been explained. In this article we wish to show that 
the occurrence of-the anomalies mentioned is con- 
nected with the existence of ‘‘low-temperature’’ 
points, corresponding to a sudden change of the 
long-range magnetic order in a sublattice with 
weak exchange interaction. Such a point should 
be especially well exhibited in ferrites with a com- 
pensation temperature, since in them there is a 
sharp difference in the nature of the exchange in- 
teractions in the sublattices; this in fact is the 
reason for the occurrence in the ferrite of a point 
of compensation of the magnetic moments of the 
sublattices. 

2. We will analyze the condition for occurrence 
of a compensation point, for example, in the ferrite 
3Gd,03 e 5 Fe,O3. 

This ferrite is known to have three sublattices. 
On one of these (sublattice c) are located the 


Gd** ions, on the other two (a and d) the Fe** 
ions. The last two sublattices, experiment shows, 


may be regarded as a single sublattice, thanks to 
the strong exchange interaction between the Fe** 
ions. We shall therefore refer hereafter to gado- 
linium ferrite-garnet as a ferrite consisting of two 
sublattices, ‘‘gadolinium”’ and ‘‘iron’’. We con- 
sider what form the og(T) curves will have for 
each of these sublattices. 

In order to find the form of the og(T) curve 
for the iron sublattice, it is necessary to ‘‘switch 
off’’ the influence of the gadolinium sublattice in 
the magnetic sense, i.e., to replace all the Gd** 
ions with nonmagnetic ions, for example y3* or 
Lu** ions. Such a ‘‘substituted’”’ ferrite is 3Y,O3 
*5Fe,03 or 3Lu,03°5Fe,03. These ferrites, ex- 
periment shows, have a normal Weiss temperature 
variation of the spontaneous magnetization (Fig. 1, 
curve 1). Complete destruction of the magnetic 
long-range order occurs in them at a high temper- 
ature (~560°K), and this indicates the presence 
in the iron sublattice of strong exchange interac- 
tion. Knowing the approximate form of the temper- 
ature dependence of the spontaneous magnetization 
of the iron sublattice, we can determine, from the 
experimental og(T) curve for gadolinium ferrite 
(Fig. 1, curve 3), the approximate form of the 
curve for the gadolinium sublattice (Fig. 1, curve 2). 
It is evident that the gadolinium sublattice has an 
extremely spread-out temperature variation of the 
spontaneous magnetization, for which it is difficult 
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even to define the position of the Curie point. Sev- 
eral alloys (for example 30% Cu, 70% Ni and oth- 
ers) have a similar type of og(T) curve. 

One asks, why is the gadolinium sublattice dis- 
tinguished by an extremely diffuse type of. o,(T) 
curve? Obviously the diffuseness, in the case of 
gadolinium ferrite-garnet, cannot be explained by 
fluctuations of the concentrations of magnetic and 
nonmagnetic ions over the volume of the ferrite, 
such as occur for example in the case of the alloy 
30% Cu, 70% Ni.-°] The fact is that the ferrite- 
garnets are distinguished by a strictly ordered 
distribution of ions in the lattice. In our opinion 
the diffuse form of the og(T) curve for the gado- 
linium sublattice is explained by the fact that the 
establishment of long-range magnetic order in 
this sublattice depends on two interactions: the 
positive exchange interaction between Gd** and 
Gd’* ions (in sublattice c) and the negative ex- 
change interaction between Gd** and Fe** ions 
(action of the iron sublattice upon sublattice c). 

The effect of the negative exchange interaction 
on the long-range magnetic order in sublattice c 
will be greater, the smaller the positive exchange 
interaction within sublattice c. Therefore if the 
positive exchange interaction is ‘‘switched off’’ 
on increase of temperature, the long-range mag- 
netic order, though it decreases abruptly, does 
not completely disappear, since the negative ex- 
change interaction delays its destruction. This 
also explains the diffuse character of the o,(T) 
curve of the gadolinium sublattice. The negative 
exchange interaction in gadolinium ferrite is of 
appreciable magnitude, as is indicated by the com- 
paratively high value of the compensation temper- 
ature (without negative exchange interaction be- 
tween the sublattices, occurrence of a compensa- 
tion point would be impossible). 


FIG, 2 


Everything that has been said leads to a condi- 
tion under which, with maximum probability, the 
occurrence of a compensation point in ferrites is 
to be expected. This condition is that in the ferrite 
one of the sublattices must have strong exchange 
interaction, and consequently a Weiss type of og(T) 
curve (Fig. 2a, curve 1), and another sublattice 
must have ‘‘weak’’ exchange interaction, which 
leads (in the presence of antiferromagnetic inter- 
action from the ‘‘strong’’ sublattice) to a spread- 
out temperature variation of og(T) (Fig. 2a, 
curve 2). The compensation point @,g occurs as 
a result of the subtraction from curve 2 (corre- 
sponding to the sublattice with the greater mag- 
netic moment at 0°K) of curve 1 (with the smaller 
magnetic moment at 0°K). If the ‘‘weak’’ sublat- 
tice has a smaller magnetic moment at 0°K (Fig. 
2b, curve 2) than has the ‘‘strong’’ (Fig. 2b, 
curve 1), then the subtraction of the curves re- 
sults in an anomalous temperature variation of 
Og(T) of the ferrite at low temperatures (curve 3, 
curve type M or P of Néel L6]), Similar curves 
were observed in yttrium ferrite with part of the 
y3* ions replaced by ions Tb**, Gd**, etc. Asa 
special case, Néel’s type L curve can be obtained 
if the magnetic moments of the ‘‘weak’’ and 
‘‘strong’’ sublattices at 0° K are equal (curve 3 
emerges from 0°K), i.e., the compensation point 
is located in the immediate vicinity of 0° K. 

3. We now consider a lithium ferrite-chromite, 
for example of composition Lig 5Fe, 5-gCrgO, 
(with a = 1.25), which according to Gorter? 
possesses a compensation point. In this ferrite 
there are two antiferromagnetically interacting 
sublattices; on the first of these are located Fe** 
Cr**, and Li!* ions (octahedral sites), on the 
second Fe** and Li!* ions (tetrahedral sites). 

At 0°K, according to a calculation by Néel’s method, 
the magnetic moment of the first sublattice is equal 
to 5.45 up, of the second 4.55 yp. In the low-tem- 
perature region, the ferromagnetism of the ferrite 
is determined by the octahedral sublattice. Indirect 
experimental evidence suggests that there is weaker 
exchange interaction in the octahedral sublattice 
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than in the tetrahedral. Such evidence is provided 
by measurements of the magnetic properties of 
chromium ferrites, which, the measurements have 
shown, possess low Curie points. Furthermore, in 
the presence of antiferromagnetic interaction be- 
tween the octahedral and tetrahedral sublattices, 
the former must have a spread-out type of o,(T) 
curve. Here also, therefore, conditions for the 
appearance of compensation points emerge. 

We point out that according to Néel,'®] a o,(T) 
curve with a compensation point can be obtained 
also from Ogp(T) and oga(T) curves (for the 
octahedral and tetrahedral sublattices) of the 
Weiss type, provided the sublattice magnetizations 
OgB and ogA (near 0°K) are nearly equal. Then 
in consequence of the presence of very small irreg- 
ularities in the temperature variation on the Weiss 
curves (cf. Fig. 2c), appearance of a compensation 
point is possible here also. However, such a case 
is seldom realized in practice. Furthermore it 
follows from Fig. 2 that the compensation point 
.can occur only at temperatures close to the Curie 
point, whereas in real ferrites it is usually ob- 
served at a distance from the Curie point. 

4, Everything that has been said above leads 
to the interesting conclusion that in ferrites with 
a compensation temperature, there should occur 
a ‘‘low-temperature’’ point, corresponding to an 
abrupt change of the magnetic long-range order 
in the sublattice with the ‘‘weak’’ negative exchange 
interaction. This point should be accompanied by 
anomalies in the temperature variation of magnetic 
and other physical characteristics of the ferrite. 

Ped’ko /? has studied in detail, for gadolinium 
ferrite-garnet at liquid-nitrogen temperature, the 
anomalies of the temperature dependence of the 
paraprocess susceptibility, the magnetostriction, 
the coercive force, the width of the resonance 


curve, and the resonance field; and he has shown 
that they are of a type reminiscent of those ordi- 
narily observed at the Curie point. Goryaga and 
Lin Chang-ta, {41 in experiments with lithium fer- 
rite-chromite of various compositions, showed 
that if a compensation point occurs in the ferrite, 
then there appear in it at the same time, in the 
low-temperature region, anomalies in the tem- 
perature variation of the spontaneous magnetiza- 
tion, coercive force, magnetic susceptibility, gal- 
vanometric effect, and electrical resistivity. The 
nature of these anomalies suggests that in the low- 
temperature region a ‘‘Curie point,’’ as it were, 
of the weak sublattice is manifesting itself. How- 
ever, from the point of view of the thermodynam- 
ics of phase transitions one should, strictly speak- 
ing, not use the term ‘‘Curie point’’ here, since 
the change of long-range order in the ‘‘weak’’ sub- 
lattice comes about in the presence of the effective 
field of the ‘‘strong’’ sublattice. 


1R. Pauthenet, Ann. phys. 3, 424 (1958); K. P. 
Belov, M. A. Zaitseva, and A. V. Ped’ko, JETP 
36, 1672 (1959), Soviet Phys. JETP 9, 1191 (1959). 

2A. V. Ped’ko, JETP 41, 700 (1961), this issue 
p. 505. 

3. W. Lee and R. R. Birss, Proc. Phys. Soc. 
(London) 76, 411 (1960). 

4a, H. Goryaga and Lin Chang-ta, JETP 41, 
696 (1961), this issue p. 502. 

5K. P. Belov, Magnitnye prevrashcheniya (Mag- 
netic Transformations ), Fizmatyiz, 1959. 

61,. Néel, Ann. phys. 3, 137 (1948). 

™k. W. Gorter, Philips Res. Reports 9, 295 
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The temperature dependences of spontaneous magnetization, coercive force, magnetic sus- 
ceptibility, and electrical resistance were measured for lithium ferrite chromites which 
have compensation points of the magnetic moments of the sublattices. The anomalies found 
in the temperature variation of such magnetic and electrical characteristics at low temper- 
atures in these ferrites confirm Belov’s suggestion |] that ferrites possessing compensation 
points should display low-temperature magnetic anomalies that correspond to a sharp change 
in the magnetic order in a sublattice with ‘‘weak’’ exchange interaction. 


iis Lithium ferrite chromites are of note in that 
in some the magnetic moments of the sublattices 
have compensation temperatures, ®comp:, Inves- 
tigations [1,2] made earlier established that the 
physical properties of the ferrites change sharply 
on going through the temperature ®comp- The 
reason for this is that the magnetic properties, 
and the physical properties of the ferrite associ- 
ated with them, are determined in the region below 
®comp by an octahedral sublattice and above 
®comp by a tetrahedral sublattice. A study of 
ferrites with a compensation point is therefore 

of great interest to the theory of ferrimagnetism. 

The work cited above was mainly devoted to a 
study of the physical properties of lithium ferrite 
chromites in the region of the compensation point. 
In the present work we have undertaken the meas- 
urement of the magnetic and of some electrical 
characteristics of lithium ferrite chromites at 
low temperatures (T < @gomp). 

2. The following ferrites were prepared by 
ceramic methods for the investigation: Li,O 
-3Fe,03-2Cr,03 (@®ceomp = 523.5 °K) Li,O 
: 2.5 Fe,O3 : 2.5Cr9O3 (®comp Sto 267 K) and Li,O 
-5Fe,03 (without a compensation point). A pre- 
liminary annealing was carried out for four hours 
at 1000°C in air. The final sintering was made 
for three hours at 1200°C in air, followed by slow 
cooling. The magnetization o, the magnetic sus- 
ceptibility x in a field H = 10 oe, and the coercive 
force He were measured by a ballistic method in 
a solenoid. All the specimens were parallelepipeds 
with pointed ends. 

The electrical resistance R was measured on 
a dec Wheatstone bridge. In view of the fact that 
the electrical resistance of ferrites at the tem- 


peratures of interest to us is very high, we chose 
speciments in the shape of thin plates 1 mm thick 
and 9X9 mm in area. Electrical contacts were 
produced on the specimens by baking a silver paste 
at a temperature of 500°C. In order to obtain a 
continuous range of temperatures—from liquid- 
nitrogen to room temperature—the specimen was 
contained in a special molybdenum glass oven, 
placed in a dewar containing liquid nitrogen. 

3. As a result of the investigations it was es- 
tablished that in ferrites with a compensation point 
®comp, the temperature dependence of spontane- 
ous magnetization og has a noticeable break in 
the region of liquid nitrogen temperature. Cor- 
responding to this, minima and maxima are ob- 
served on the curves of He and yx vs. tempera- 
ture. 

The temperature dependences of og, He and x 
for the ferrites Li,O-3Fe,03-2Cr,03 and Li,O 
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FIG. 1. The temperature dependences of spontaneous mag- 
netization as, coercive force He and susceptibility y (at H : 
= 10 oe) of the ferrite Li,O- 3Fe,0, + 2Cr,0, (Qcomp = 523.5°K). 
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FIG. 2. The temperature dependences of the spontaneous 
magnetization og, He and y of the ferrite Li,O-2.5Fe,0, 
BC. OF (Ocomp,= 326-K), 


-2.5Fe,03°2.5Cr,O3 are shown in Figs. 1 and 2. 
It can be seen that the magnetization og of both 
ferrites changes little with increasing tempera- 
ture up to liquid-nitrogen temperatures, but then 
decreases rapidly (showing a break) up to the 
compensation temperature. The susceptibility x 
has a maximum where the spontaneous magneti- 
zation starts to fall rapidly. The coercive force 
has a minimum at this temperature and then in- 
creases rapidly as the temperature increases. 
Analogous behavior of the temperature curves 
of og, He and x is observed for all compositions 
of lithium ferrite chromites which have a compen- 
sation point. In lithium ferrite chromites without 
a compensation point, the og(T), He(T) and x(T) 
curves do not have low temperature anomalies. 
This can be seen in Fig. 3, which gives measure- 
ment data on the ferrite Li,O-5Fe,03; here og 
and He decrease smoothly while x increases. 
We also measured the temperature dependence 
of the electrical resitance R for lithium ferrite 
chromites with a ®gomp point. We established 
that at the temperatures at which anomalies 
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FIG. 3. The temperature dependences of og, H_ and y of 
the ferrite Li,O- 5Fe,0,. 
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in the temperature variation of og, He and x are 
observed, the log;)R(1/T ) curve shows a break 
(Fig. 4). It can be seen from Figs. 1, 2, and 4 that 
the anomalies in the temperature variation of dg, 
He, xX and R are analogous to those observed in 
ferromagnets near the Curie point. 

4, The anomalies appearing in the temperature 
variation of the magnetic and electric character- 
istics at low temperatures are related to the oc- 
currence of a rapid change in the long range mag- 
netic order in the ferrites studied. According to 
Belov, #1 such a change must take place in ferrites 
which have compensation points in a sublattice 
with ‘‘weak’’ exchange interaction. The existence 
of such a ‘‘weak’’ sublattice in a ferrite is a con- 
dition for the appearance of a compensation point. 
In lithium ferrite chromites the octahedral sub- 
lattice is the ‘‘weak’’ sublattice, in which there 
is a considerable amount of chromium and lithium 
ions as well as ironions. The presence of the 
lithium leads to a great weakening of the exchange 
interaction. 

In the tetrahedral sublattice, on the other hand, 
there is a stronger exchange interaction, since 
there are many Fe ions in it (and a negligible 
amount of Li ions). Since there is a strong 
negative exchange interaction between the sub- 
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FIG. 5. Schematic curves of the temperature dependence 
of the spontaneous magnetization of each sublattice separa- 
tely and the total magnetization of a ferrite; © is the Curie 
point, O.omp the compensation point and @y the tempera- 
ture at which a sharp change in magnetic long range order 
takes place. 
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lattices, it can exert a considerable influence on 
the magnetic ordering in them, especially in the 
‘‘weak’’ sublattice. As a result of this, the tem- 
perature dependence of the spontaneous magneti- 
zation of the sublattice with weak interaction can 
have a spread out appearance. In other words, the 
long range magnetic order in the weak sublattice 
does not completely disappear as a result of the 
influence of the negative exchange interaction be- 
tween the sublattices. 

The temperature dependence of the spontane- 
ous magnetization of each sublattice separately 
and of the ferrite as a whole is shown schematic- 
ally in Fig. 5. The dashed curve also shows the 
0g(T) curve for the octahedral sublattice, spread 
out as a result of the influence of an antiferromag- 
netic interaction. The influence of the negative 
exchange interaction apparently shows up most 
strongly in that part of the og(T) curve where a 
partial destruction of long range order has already 
taken place, i.e., the spontaneous magnetization 
has decreased strongly compared with the. value 
of Og of the other sublattice. The og(T) curve 
for the octahedral sublattice will, therefore, have 
a long ‘‘tail’’ up to the Curie temperature © of 
the tetrahedral sublattice. The og(T) curve for 
the octahedral sublattice is not, consequently, of 
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the Weiss type. According to Belov,-3] the pres- 
ence of such a ‘‘tail’’ in the spontaneous magneti- 
zation is the cause of the appearance of a com- 
pensation point ®comp- 

The reason for the anomalies observed by us 
in the temperature dependence of og, He, x and 
R at low temperatures (T< ®comp) is thus re- 
lated to the fact that in these ferrites the octa- 
hedral sublattice shows a weak positive exchange 
interaction, as a result of which the long range 
magnetic order, produced by the interaction, is 
destroyed at low temperatures. 

In conclusion the authors thank Professor K. P. 
Belov for his valuable advice during the carrying 
out of this work. 


1Belov, Goryaga, and Lin Chang-ta, JETP 38, 
1914 (1960), Soviet Phys. JETP 11, 1376 (1960). 

2K. M. Bol’shova and T. A. Elkina, Fiz. Metal. 
metalloved (Physics of Metals and Metallography ) 
8, 461 (1959). K. P. Belov and A. V. Ped’ko, JETP 
39, 961 (1960), Soviet Phys. JETP 12, 666 (1961). 

3k. P. Belov, JETP 41, 692 (1961), this issue, 
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The temperature dependences of the magnetic and magnetoelastic properties and of the 
ferromagnetic resonance parameters of gadolinium garnet ferrite have been measured at 
low temperatures. It was established that the curves of the temperature variation of the 
initial susceptibility and of the paraprocess susceptibility have maxima, while minima are 
found in the curves of coercive force and of the width of the resonance curve. There are 
also maxima of the paraprocess magnetostriction and of the effect of uniform pressure on 
the spontaneous magnetization at this temperature. These results confirm Belov’s sugges- 
tion? that low temperature anomalies, corresponding to a sharp change in the magnetic 
long range order in a sublattice with ‘‘weak’’ exchange interaction, should occur in ferrites 


possessing compensation points. 


is Measurements of the temperature dependence 
of the magnetostriction of gadolinium garnet fer- 
rites'1] showed that the magnetostriction iso- 
therms at temperatures above the compensation 
point @comp are of the form usual for ‘‘normal’’ 
ferromagnets (Aj; and A, are of opposite sign and 
dX (H) exhibits saturation in the isotherms). How- 
ever, on reducing the temperature below ®comp 

a relatively large volume magnetostriction is 
superimposed on this magnetostriction, as a re- 
sult of which saturation is not observed in the 
isotherms, even in strong fields. The slope of 

the high field parts of the curves increases with 
decreasing temperature and reaches a maximum 
in the region of liquid nitrogen temperature. This 
behavior of the magnetostriction curves resembles 
that usually observed on approaching a ferromag- 
netic Curie point. 

From an analysis of the results of measure- 
ments on the temperature dependence of the spon- 
taneous magnetization of ferrites with a compen- 
sation point, Belov'?] deduced that anomalies 
should appear at low temperatures in such ferrites, 
corresponding to a rapid change in the long range 
magnetic order in the sublattice with ‘“‘weak’’ ex- 
change interaction (in our case, in the gadolinium 
sublattice ). 

2. In order to confirm this conclusion we under- 
took measurements of the temperature dependence 
of a number of physical characteristics of gadoli- 
nium ferrite in the low temperature range. 


It can be seen from Fig. 1 that a maximum in 
the magnetic permeability uy), measured in a weak 
field (H = 1.75 oe), is found at a temperature of 
100° K. It can be seen that the coercive force He 
has a minimum in the region of 100°K. The sus- 
ceptibility due to the paraprocess, Xp, of gadolin- 
ium garnet ferrite was measured in fields from 
1,000 to 3,000 oe in the temperature range from 
80° K to room temperature. The maximum in the 
paraprocess susceptibility can also be seen to be 
at 100° K. 

Measurements of the temperature dependence 
of the width of the resonance absorption curve, 
AH, of gadolinium ferrite were made at 9,400 
Mc/sec, by the short circuited waveguide section 
method, in the temperature range 4 to 560° K. 
These measurements showed that AH is very 
great at liquid helium temperatures (Fig. 1), then 
decreases with increasing temperature, reaches 
a minimum in the temperature region of 90 —100°K 
and then increases again with increasing tempera- 
ture. We should also mention that the magnitude 
of the resonance field Hy decreases sharply on 
cooling below 100° K. 

The form of the anomalies near 100° K in the 
temperature dependence of all the properties 
measured are thus similar to those usually ob- 
served in ferromagnets near the Curie point. 

This indicates that near 100°K a rapid change 
in the magnetic long range order takes place in 
the gadolinium sublattice, in agreement with 
Belov’s conclusions.!?1 
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3. The existence of a relatively large volume 
magnetostriction by the paraprocess in gadolinium 
garnet ferrite (in the region of the low tempera- 
ture magnetic transition) leads one to assume 
that the exchange interaction between Gd** ions 
in the gadolinium sublattice depends strongly on 
the interatomic distance. Uniform elastic defor- 
mations should then exert an appreciable influ- 
ence on the magnetization of gadolinium ferrite 
near this transition. We made measurements of 
the magnetization of gadolinium ferrite at 80° K. 
The specimen was contained in a bomb in which 
water was frozen, thus being subjected to a hydro- 
static compression on the order of 1,800 atm. 

It can be seen from Fig. 2 that the magnetiza- 
tion decreases with increasing pressure, which 
agree with the sign of the magnetostriction. It 
follows from simple thermodynamic considera- 
tions that the change of volume in the magnetiza- 
tion process at constant pressure (i.e., the vol- 
ume magnetostriction ) is related to the change 
in magnetization in a field under the action of 
pressure, by the relation 
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FIG. 2. Magnetization isotherms o(H) of gadolinium 
gamet ferrite, measured at 80°K: curve 1 — at atmospheric 
pressure, curve 2 — at a pressure of 1,800 atm. 
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FIG. 1, Anomalies in the temperature variation 
of some physical properties of gadolinium garnet 
ferrite at low temperatures. 
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Our measurements gave 
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(assuming that the density p changes little with 
pressure). From the measurements of magneto- 
striction!1] we obtained 
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FIG. 3. Anomalies in the temperature variation of some 
physical properties of gadolinium garnet ferrite at the com- 
pensation point Ocomp. 
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_ i.e., a value of the same order of magnitude. 


4, In conclusion, we show that our measure- 
ments have established the existence of sharp 
anomalies in various magnetic and non-magnetic 
properties of gadolinium ferrite at the compensa- 
tion point. It can be seen from Fig. 3 that at 
®comp the coercive force, He, and the width of 
the resonance absorption curve, AH, have max- 
ima.'34] The internal friction Q~!, measured at 
H = 1,800 oe, also has a maximum at the compen- 
sation point, while Young’s modulus E has a sharp 
minimum. The ratio AE/E (the AE-effect) 
equals zero at the compensation point. We shall 
explain the physical nature of these anomalies 
elsewhere. 
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In conclusion, the author expresses his thanks 
to Professor K. P. Belov for his interest in this 
work and for discussion of the results. 
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Spectra of a particles emitted from the H?(t, 2n) He* reaction at a laboratory angle of 90° 
were measured with a proportional counter and a 50-channel pulse-height analyzer. The 
bombarding tritium nuclei had energies ranging between 230 and 1000 kev. The differential 
cross section for the reaction was calculated on the basis of the spectra thus obtained and 
found to increase monotonically from 3 to 5.2 mb/sr as the energy increased. At all incident 
energies there was an appreciable contribution from the two-stage process involving the for- 
mation of a neutron and a He® nucleus which subsequently decayed into an a particle and a 


neutron. 
INTRODUCTION 


A number of papers have been devoted to study- 
ing the T-T reaction and, in particular, the energy 
spectrum of the a@ particles produced. 

Allen et al"!-3] have measured the energy spec- 
tra of a particles emitted at 90° for bombarding 
triton energies of 220 —240 kev. A continuous en- 
ergy distribution of a particles extending up to 
3.8 Mev was observed, with a broad maximum in 
the (2.7 —2.9)-Mev region; the shape of the maxi- 
mum bore a good resemblance to that of the spec- 
trum calculated under the assumption that two neu- 
trons and an a particle were simultaneously pro- 
duced in the reaction. The contribution from the 
process corresponding to the emission of two vir- 
tually bound neutrons (a ‘‘dineutron’’) with a life- 
time greater than 1072! seconds was estimated to 
be less than 1% of the total yield. 


Using a 2.5-Mev electrostatic generator, the 
Los Alamos group [4] has investigated the neutron 
yield and a-particle spectra at various angles. 
Preliminary indications of the existence of the di- 
neutron were obtained. 

Jarmie and Allen!*] have measured a-particle 
spectra at a laboratory angle of 30° for incident 
tritium energies of E7 = 0.95 —2.10 Mev, and at 
30°, 60°, 90°, and 120° for Ey = 1.9 Mev. From 
the analysis it was concluded that these spectra 
could be explained approximately by the theory of 
a two-stage process proceeding through the forma- 
tion of He® and a neutron with the subsequent de- 
cay of the He® into an a particle and a neutron. 
Since the conclusions of "1-3 and [5] differ con- 
siderably as regards the mechanism of the T-T 
reaction, it was of interest to trace the change in 
character of the a-particle spectrum in the unin- 
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ALPHA-PARTICLE SPECTRA FOR THE REACTION H3(t, 2n)He4 


Relative number of counts per channel 


Analyzer channel no. 


FIG. 2. Spectra of particles from the scattering of the 
mass 3 beam on argon. A~—is for a target current of 0.005 
pamp, O— of 0.05 pamp, and e — of 0.14 p amp. 


vestigated (200 — 1000)-kev range of particle bom- 
barding energies. 
EXPERIMENTAL METHOD 


After passing through the magnetic analyzer, 
the triton beam from the electrostatic generator 


| 
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struck a thin gas target (cf. Fig. 1) surrounded by 
an insulated metal housing which collected the 
charge of the beam. A proportional counter (di- 
ameter 80 mm, length 220 mm) filled at a pres- 
sure of 5 atm with pure argon (containing a few 
percent CO,) was placed at 90° to the beam. The 
entrance and exit windows of the target were made 
out of a single piece of mica foil 0.10 — 0.14 mg/ 
em? thick. The counter window was closed by a 
0.18 mg/cm? mica foil. The counter had an energy 
resolution of 4.5—5% for Pu?*® q particles. After 
amplification, pulses from the proportional counter 
were fed into the 50-channel pulse-height analyzer. 
The target was filled with tritium (extracted 
from uranium tritide) at 60 mm mercury. The 
concentration of tritium in the target, measured 
with an ionization chamber calibrated by tritium 
of known concentration, was about 70%. All vac- 
uum seals of the target and filling system were 
made of teflon and metal. The composition of the 
beam of mass 3 ions was determined by scattering 
it on argon at 90° and measuring the energy spectra 
of the scattered particles. Figure 2 presents the 
spectra obtained at the triton bombarding energy 
of 820 kev. The highest peak corresponds to the 
tritons, the next one to deuterons from ionized 
DH* molecules, and the third peak to protons ob- 
tained from the scattering of molecular HHH* and 
DH* ions. According to estimates which took into 
account the nuclear reaction cross section and 
multiple Coulomb scattering, the deuterium con- 
tent of the beam of tritons did not exceed 0.4%, and 
the HHH" ion content was always less than 0.1%. 
The same deuterium contamination in the beam was 


FIG, 3. Spectra of « particles from the 
T-T reaction at an angle of O1ap = 90° for 
various tritium nucleus energies. Con- 


secutive curves are displaced 0.75 mb/sr- 


Mev along the vertical. 


Differential cross section, mb/sr-Mev 


510 


mb/sr-Mev 


Differential cross section, 


600 


G00 1000 
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FIG. 4. Cross section for the T-T reaction at a laboratory 
angle of 90° integrated over o-particle energies; O — is the 
cross section integrated over the whole o-particle spectrum, 
@ — is the contribution from 61% of the a-particle spectrum 
(according to energy scale), 


also found by evaluating the contribution of the 

H® (d, n) He‘ reaction to the T-T reaction yield. 
The energy losses of tritons in the target were 

determined with the aid of a second magnetic ana- 

lyzer placed in the path of the beam behind the 

target. 


TREATMENT AND DISCUSSION OF THE RESULTS 


The experimentally obtained pulse-height distri- 
butions were transformed into energy distributions 
of a particles by using the range-energy curve for 
a particles in mica./6] 

The final a@-particle spectra for various triton 
bombarding energies are presented in Fig. 3. 
Peaks from the D-T reaction caused by the pres- 
ence of deuterium in both target and beam were 
found in the right-hand part of each spectrum. In 
order not to complicate the drawing, these peaks 
are shown in only two spectra, for Ey = 937 and 
1006 kev. That part of the spectrum of a particles 
from the T-T reaction which lies under these 
peaks was obtained by subtracting the contribution 
from the D-T reaction, whose character was de- 
termined separately by bombarding deuterium with 
tritons and tritium with deuterium. 

The region of low a-particle energies could not 
be investigated satisfactorily because of the back- 
ground of tritons scattered on the slight nitrogen, 
oxygen, and mercury contaminants in the target. 
The latter could not be eliminated even after the 
necessary precautionary measures were taken. 
Therefore the extrapolation of the spectra to zero 
energy was most justified for ET = 226, 274, and 
315 kev. 

The extrapolation of the a-particle spectrum to 
zero energy adopted was based, first, on the theo- 
retically predictable spectrum shape calculated 
assuming a three-particle decay of He® and a two- 
stage process involving the formation of He’, and 
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second, on spectrum measurements obtained by 
Jarmie and Allen.{*1 

A wide maximum in the 2.2-Mev region and a 
minimum in the 1.5-Mev region are very evident 
in all spectra, and in the majority of the spectra 
the rise of the curve to a second maximum (in the 
region of low a-particle energies ) is distinctly 
observed. Control experiments on the scattering 
of tritons by the gas residues in the target (after 
absorption of the tritium by uranium) showed that 
this rise cannot be explained by scattered tritons 
and is due to the T-T reaction. 

The shape of the spectra (position of maxima 
and minima) indicates that the two-stage process 
involving the formation of a neutron and He® (in 
the ground state) with subsequent rapid decay of 
He® into an a particle and neutron plays an appre- 
ciable role at triton bombarding energies in the 
200 — 1000 kev range. 

At large incident triton energies a group of a 
particles appears at the right-hand end of the 
spectra whose presence can be explained as the 
correlation of two neutrons in the three-particle 
breakup of the compound nucleus. This group of 
a particles is obscured at low triton energies by 
the large peak from the D-T reaction; the shape 
of the right-hand side of the spectra can only be 
approximated here. Errors of up to 30% may oc- 
cur in this part of the spectrum, while in the mid- 
dle section the mean-square error of each point 
at all triton bombarding energies does not exceed 
4—7%. Comparatively larger errors were con- 
sidered likely in the extrapolation of spectra to 
zero a-particle energy. 

Figure 4 presents differential cross sections 
for the T-T reaction integrated over a-particle 
energies. Since at ET = 1006 kev only a part of 
the a particle spectrum was recorded (encom- 
passing about 61% of the energy scale, counting 
from the right-hand end of the spectrum ), these 
same parts were separated out on all the spectra 
and the corresponding areas obtained for them. 
In addition, the integration was carried out over 
the whole spectrum in the case of the first three 
spectra (ET = 226, 274, and 315 kev), where a 
reasonable extrapolation to zero energy was pos- 
sible. Assuming that the ratio of the total area of 
the spectrum to the area separated out of its right- 
hand part does not depend on the triton energy, 
differential cross sections were obtained which 
were integrated over all a-particle energies for 
the remaining energies Ey also. Although the 
aforementioned assumption can not claim to be 
strict, the error in determining the differential 
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cross sections (according to the estimates made) 
_ does not exceed 20%. 79, 238 (1950). 
In conclusion the authors express deep gratitude °N. Jarmie and R. C. Allen, Phys. Rev. 111, 
to F. L. Shapiro for his valuable advice, and to the 1121 (1958). 
collaborators from the electrostatic generator 
group for their aid in carrying out the experiments. 
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Experiments with a 400-Mev deuteron beam are described in which the d + d — He* +7 


0 


reaction, forbidden by the law of conservation of total isotopic spin, is investigated. It is 
shown that the total cross section for the reaction is less than 1.1 x 10 ** cm? on the 90% 
confidence level. The upper limit of the cross section is compared with the cross section 
of the d +d — He‘ +y reaction and with the cross section of the p + He® — He’ + 7* reac- 
tion, which is allowed by the isotopic spin selection rules. The data obtained in the present 


study, together with the theoretical estimates, indicate that the d+d— Het +a 


0 reaction 


is strongly forbidden and hence confirm the validity of the law of conservation of total iso- 
topic spin in processes of pion production by nucleons and light nuclei. 


1. INTRODUCTION 


‘Tae law of conservation of total isotopic spin is 
the most important consequence of the principle 
of charge independence and leads to fully deter- 
mined relations between the cross sections for 
different processes and to the formulation of ad- 
ditional selection rules. In the present study, we 
consider only one of the possible classes of phe- 
nomena in which the principle of charge independ- 
ence leads to important consequences, namely, 
pion production by nucleons and light nuclei. In 
this case it is possible to verify the charge inde- 
pendence principle in the following ways: 

A. It is known that the total cross sections for 
various processes of the form 


N+N->N+N+0 (1) 


satisfy the relation 


(pp — pnx") + 6(pn— nnn") + 5(pn— pp) 

= 2 [6 (pp -> pp) +- 6 (pn—> pna®)}. (2) 
This relation has been verified experimentally for 
incident nucleon enerece from the pion production 
threshold to 660 Mev.'!] at 600 Mev, where the 
cross sections were measured with the smallest 
error, relation (2) is satisfied to an accuracy of 
8 — 10%. 

B. Between the differential cross sections of the 
two charge-conjugate reactions 


Par poder ni, 
n-+ p-»d-+ m0 


(3) 
(4) 


the following relation holds: 
(5) 


Verification of this relation at 400 Mev! and 590 
Mev "#1 showed that no significant deviation is ob- 
served. A stricter verification of relation (5) re- 
quires, along with an increase in the accuracy of 
the measurements, the consideration of a number 
of perturbation corrections resulting from the 
nonidentical properties of different charge states 
of the nucleon and pion as well as the Coulomb 
forces in reaction (3). 

C. Verification of the relations between differ- 
ential cross sections of the reactions 


do (p+ p—-d-4-n’) = 2ds(n-- p—d-+n°). 


| (6) 
(7) 


peda 
p+ d—> He? +- 1°, 


representing two independent channels from the 
same initial state. This method has certain advan- 
tages from the experimental viewpoint, since it 
permits the elimination of a number of systematic 
errors. Calculation of the Clebsch-Gordan coeffi- 
cients!4] for the (H°*) and (He®n) states leads 
to the relation 


(8) 


But as in the case of reactions (3) and (4), a per- 
turbation effect arises here, too, owing to the non- 
identical properties of the neighboring charge states 
of the H® and He® nuclei and of the 7° and 7* me- 
sons. The size of the possible perturbations in 
reactions (6) and (7) were calculated for a proton 
energy of 600 Mev*] It turned out that these per- 


ds (p + d—> H® +. n°) = 2do(p + d— He? =- a). 
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VERIFICATION OF THE CHARGE INDEPENDENCE PRINCIPLE 


turbations alter the relation between the cross sec- 
tions for processes (6) and (7), so that, instead of 
(8), we have 


do (p + d—> H® + n*) = 2(1,10 + 0.035) ds (p + d—> He? + a0). 


(9) 


The limited accuracy of similar calculations places 
a limit of sensitivity on this method of verifying re- 
lation (9). Reactions (6) and (7) have been studied 
at 370 Mev"®] and 450 Mev." The most accurate 
results were obtained at 600 Mev“®! and gave 


ds (p + d—> H? + a*) = 2(1.065 + 0.03) do (p + d—> He? + n°). 


(10) 
D. The study of the forbidden reaction 


d+ d— He* + 2°, (11) 


as suggested by Lapidus, |*! occupies a special 
place. Reaction (11) involves particles in only one 
charge state, and therefore the perturbation re- 
sulting from the difference between neighboring 
charge states is automatically absent. The study 
of reaction (11) also attracts interest, since it al- 
lows a strict verification of the hypothesis that 
there exists a 7 meson! with a scalar isotopic 
spin. 

We present below new data on reaction (11), 
which was studied with 400-Mev deuterons. The 
first results on the study of this reaction, obtained 
by us earlier, have already been published [see [it] 
and also the proceedings of the conferences on high- 
energy physics at Kiev (1959) and Rochester (1960)]. 
Furthermore, we report the results of the cross 
section measurements for the electromagnetic 
process 


d-+-d—»He*+ ¥ (12) 


at the same deuteron energy and for the reaction 


p + He®—> Het + a* (13) 


produced by 670-Mev protons. We also give theo- 
retical estimates of the cross section for pion pro- 
duction by nucleons and light nuclei, which make it 
possible to draw additional conclusions on the de- 
gree of forbiddenness of reaction (11). 


2. EXPERIMENTAL ARRANGEMENT 


The method of experimental verification of the 
charge independence principle by the measurement 
of the degree of forbiddenness of process (11) has 
the advantage that by formulating the problem in 
this way we do not require accurate measurements 
of the total or differential cross sections, as is the 
case for the comparison of two charge-conjugate 
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Pegs, Mev/c 


Ory oe 


FIG. 1. Kinematics of the reactions d+ d > He* + 77°, 
d+d-+He*+y, and d+d-He*+n for an incident deuteron 
energy of 404 Mev (6 is the angle of emission of the He* and 
He* nuclei; Pere is the effective momentum of these particles 
and is equal to p/Z, where Z is the charge of the nucleus). 
The numbers along the curves are the angles of emission of 
the He* and He® nuclei in the c.m.s. of the colliding deuterons. 
The dotted line corresponds to the angle at which the heavy 
particles were recorded, i.e., 5,8° l.s. 


reactions. The experimentally determined cross 
section for the forbidden process or the estimate 
of its upper limit is a measure of the violation of 
the forbiddenness. This method is essentially a 
null method of measurement. We can draw con- 
clusions as to the degree of forbiddenness of re- 
action (11) if, in addition to this reaction, we study 
the electromagnetic process (12) and reaction (13); 
the latter is allowed by the selection rules resulting 
from the law of conservation of total isotopic spin. 

The kinematics of reactions (11), (12), and (13) 
for 404-Mev deuterons is shown in Fig. 1. The 
limiting angle of emission of the a particle is 8° 
in reaction (11) and 10° in reaction (12) in the 
laboratory system (l.s.). The m energy in the 
center-of-mass system (c.m.s.) is 82 Mev, which 
allows us to assume that the 7’ meson is emitted 
primarily in the s and p states. This conclusion 
follows from the fact that occurrence of d waves 
in reaction (3) becomes appreciable in the polari- 
zation effects beginning with a 7*-meson energy 
of ~ 100 Mev,L?21 and the effect of the d wave on 
the angular distribution as a result of the cos‘ 6 
terms is not significant even for very high ener- 
gies.(13] On the other hand, the emission of 1° 
mesons in reaction (11) in the s and p states is 
not forbidden by any additional selection rules, 
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apart from the law of conservation of total iso- 
topic spin, and in the case of the violation of the 
latter, the differential cross section of reaction 
(11) has the form A+B sin? 9. The measure- 
ments of reaction (11) were therefore carried out 
for an isotropic angle (55° in the c.m.s. or 5.8° 
in the l.s.). 

The basic transition in reaction (12) is the elec- 
tric quadrupole transition Ig —- 1p, [14] which is re- 
sponsible for an angular distribution of the form 
sin? 6 cos? 6.* The c.m.s. angle of observation of 
the q@ particles is 41°, i.e., quite close to the max- 
imum of the differential cross section. 

Measurements of the He® yield from the reaction 


d+ d-—> He® + n, (14) 


for al.s. angle of emission 5.8° were used for the 
determination of the resolving power of the record- 
ing apparatus, for resetting the apparatus, and for 
control measurements. The efficiency of the appa- 
ratus was checked by comparison of reactions (6) 
and (7) produced by 670-Mev protons. The abso- 
lute cross sections for all the foregoing processes 
were determined from measurements of the deu- 
teron yield from reaction (3), whose cross section 
is well known over a wide energy range. | 13,151 


3. CONDITIONS OF THE EXPERIMENT 


The experimental setup is shown in Fig. 2. The 
deuteron or proton beam was focused on the target 
by means of a two-sector magnetic quadrupole lens 
with an 80-mm aperture. The secondary charged 
particles produced in the target were separated by 
a brass collimator set at an angle of 5.8° with re- 

*The angular distribution of reaction (12) reported in the 
Proceedings of the Tenth Annual Conference on High Energy 
Physics at Rochester (p. 51) is in error. 
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FIG. 2. Experimental setup: 1 — beam deflec- 
14 tor; 2 — deuteron or proton beam; 3 — magnetic 
quadrupole lenses; 4 — gaseous or liquid deute- 
rium target or carbon target; 5 — lead shield; 

6 — monitor; 7 — trajectory of secondary charged 
particles; 8 — bending electromagnet; 9 — focusing 
shims; 10 — concrete shield; 11 — telescope con- 
sisting of five scintillation counters; 12 — shield- 
ing wall; 13 — evacuated tube; 14 — scintillation 
counters for separating particles on basis of time | 
of flight. 
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spect to the beam axis and were deflected in the 
magnetic field by an angle 27°, after which they 
passed through a steel collimator in a concrete 
shielding wall and were recorded by a system of 
scintillation counters. 

At the exit of the synchrocyclotron chamber, 
the deuteron beam had a mean energy of 405.3 
+ 0.5 Mev and a dispersion of 1.7 + 0.5 Mev. [16] 
The deuteron energy at the target dropped to 404 
Mev. Photographic paper was exposed at different 
points along the deuteron trajectory to aid in the 
adjustment of the beam and the control of its shape. 
The total intensity of the deuteron beam was ~ 0.6 
x 10!1 sec™!. The beam was monitored by an emis- 
sion chamber located behind the target. We used 
220-Mev protons to calibrate the emission cham- 
ber for the deuteron beam by comparison of the 
currents from the emission and the ionization 
chambers. In this way, we were able to find the 
cross section of reaction (14), which was used 
later on for the estimate of the cross sections of 
processes (11) and (12). 


4, RECORDING APPARATUS 


The total cross section for dd collisions is 
~ 1074 em? and hence for the measurement of 
cross sections less than 107°! cm? the recording 
apparatus should possess a degree of selection 
so as to separate one ‘‘favorable’’ event from a 
background of several million other particles. The 
charged particles from reactions (3), (6), (7), (11) 
— (14) were identified by the effective momentum 
p/Z (Z is the charge of the particle), specific 
ionization, and range; in later experiments, se- 
lection was also made on the basis of the time of 
flight. 


VERIFICATION OF THE CHARGE INDEPENDENCE PRINCIPLE 


The secondary charged particles with a given 
effective momentum were separated by an electro- 
_ magnet with a pole diameter of 100 cm and gap of 
13 cm. Iron shims of trapezoidal shape and thick- 
ness 3.2 cm were placed between the poles of the 
magnet. The lateral bevel of the shims provided 
horizontal focusing of the particles at the point of 
location of the apparatus. 

To record charged particles of high ionization 
and small range in a background of other radiation 
of lower ionization we used the method of separat- 
ing particles on the basis of their ionization in 
several scintillation counters1"] This method 
makes it possible to decrease appreciably the 
contribution from particles of low ionization pro- 
duced in the ‘‘tail’’ in the ionization spectrum and 
also to suppress the background caused by star- 
formation processes in the scintillator material 
and by random superposition of pulses in the elec- 
tronic equipment. 

The telescope designed for the selection of 
particles by this method consisted of six scintil- 
lation counters. The first five counters, connected 
in coincidence, were spectrometric counters, and 
the sixth counter was connected in anticoincidence 
with the first five. Connected in this way, the ap- 
paratus selected only those events in which all 
counters, apart from the anticoincidence counter, 
gave simultaneous pulses whose amplitudes at the 
output of the amplifiers exceeded the discrimina- 
tion threshold. In the selection of particles on the 
basis of their range, aluminum and copper filters 
were placed between counters 4 and 5 of the tele- 
scope. The differential range interval was fixed by 
a filter placed before the anticoincidence counter. 
In the later series of measurements, an additional 
selection of the particles was made on the basis 
of the time of flight. The pulses from the first 
two counters, 3.3 m apart, were applied to a coin- 
cidence circuit with a resolving time of (5—7) 

x 107° sec. 


5. ADJUSTMENT OF THE APPARATUS 


The basic characteristics of the recording sys- 
tem were determined with a beam of a particles 
of different energy!!"1 and by the identification of 
heavy charged particles which are produced in re- 
actions (6), (7), and (14) with comparatively large 
cross section (210729 cm”). The overall effi- 
ciency of the apparatus was checked by compari- 
son of the yields of H® and He® nuclei produced 
in reactions (6) and (7). Reaction (6) was studied 
earlier ('8] with a 670-Mev proton beam. The He® 
yield from reaction (7) was measured with a deu- 
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terium gas target filled to a pressure of 3.5 atm. 
The experimental arrangement and the method of 
selection of the particles were the same as those 
described in!!8] 

To determine the absolute cross section of re- 
action (7) under the same conditions, we measured 
the deuteron yield from reaction (3). It was found 
that 


& (ue = 5.8") = (20.1 41.8)-10%em?/sr 9 See) 


while the c.m.s. differential cross section with re- 
spect to the angle of emission of the 7? meson 
turned out to be 

2 (0x0 = 12°) = (4.5 + 0.4)- 10° om?/sr 
The triton yield from reaction (6) was measured 
a second time with an additional selection made on 
the basis of the time of flight. The results obtained 
in this way were in agreement with the first series 
of measurements !!8! within the limits of experi- 
mental error. 

These measurements made it possible to find 
the ratio of the cross sections of reactions (6) and 
(7) for a 7° c.m.s. angle ~ 12°: 
ds (p + d— H? + n+) 

= (2,04 + 0.32)-ds (p + d—> He® + n°). 
The obtained ratio of cross sections was in quite 
good agreement with the calculated value 2.20 
+ 0.07,L51 within the limits of accuracy of the 
measurements. By comparing our results with 
more accurate measurements, ®1 we can conclude 
that the recording apparatus had practically the 
same efficiency of registration for both singly and 
doubly charged particles. 


(16) 


(17) 


6. THE d +d — He® +n REACTION 


Before each series of measurements with the 
deuteron beam, we checked the apparatus by meas- 
uring the He® yield from reaction (14). The He® 
particles were identified by the momentum, ioni- 
zation, range, and time of flight (in the last series 
of measurements). The comparatively large cross 
section for this reaction (~ 10728 cm?) made it 
possible to measure the He® yield quite reliably 
and comparatively quickly. The conditions of re- 
cording the He® nuclei during measurements with 
different targets and with different methods of 
selection are shown in Figs. 3, 4, and 5. 

The differential cross section of reaction (14) 
for a l.s. angle 5.8° was determined independently 
in several runs by relating it to the cross section 
of reaction (3) when the synchrocyclotron was 
switched from deuteron acceleration to proton ac- 
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FIG. 3. Conditions of recording « particles from the d+d 
+ He* + 7° reaction and He® nuclei from the d+ d->He*®+n 
reaction with a liquid deuterium target. O — background read- 
ings of the recording apparatus set for « particles from the 
d+d- He* + 7° reaction as a function of the magnet current 
J; the dotted curve corresponds to a possible cross section 
of 2 x 10~* cm’ for this reactions; e — He® yield from the 
filled target; x — He® yield from the empty target. Here and 
in the following figures N and J are reduced to relative 
units (readings of the individual instruments), 


celeration. The differential cross section of reac- 
tion (14) averaged over four runs without correc- 
tions for the absorption and multiple scattering in 
the copper decelerating filters of the telescope 
turned out to be 


n (5,8) = (2.18 + 0.15): 10 cm?/sr (18) 


The value of the correction n was measured by 
comparison of the He® from the liquid deuterium 
target with and without the filter. Taking into ac- 
count this correction, we obtain 


fe (5.8°) = (3.3 + 0.23).10* cm*/sr, #(19) 


or, in the c.m.s., 


ECE?) = (4,3 +0,3)-109 em?/sr. (20) 


dQ* 


7. MEASUREMENTS WITH A LIQUID DEUTERIUM 
TARGET 


The first data on reaction (11) were obtained 
with deuterium-polyethylene and carbon targets [11] 
It was found that the upper limit of the cross sec- 
tion for reaction (11) was 


6; (d + d—> Het + n°) <1,0-10-! em? (21) 
on the 90% confidence level. An appreciable yield 
of a particles from collisions between deuterons 
and carbon nuclei did not permit a significant im- 


provement in the accuracy of the results by a direct 
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FIG. 4. Conditions of recording « particles from the d+d 

+ Het + 7° and d+d- He* +y reactions; a and b—count- 
ing responses of the recording apparatus set for « particles 
from the d+ d- He* + 7° reaction in measurements with a 
heavy polyethylene target (Vq — discrimination threshold, 

R — thickness of the decelerating filter in the telescope); 

c — results of the yield measurements from the d + d > He® 
+n, d+d->Het+7°, and d+d- He’ +y reactions with a 
deuterium gas target. 


increase in the duration of the measurements. The 
use of a liquid deuterium target made it possible to 
reduce the a-particle background to approximately 
hes of the background for a heavy polyethylene tar- 
get. 

The particles were identified by their effective 
momentum, ionization, and range as in the case of 
the first series of measurements.'11] Reaction (14) 


Ml ged=n+He4 
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FIG. 5. Yield from the d+ d> He? +n, d+d-> He* +7’, 
and d+d- He* + y reactions as a function of the magnet 
current. O — measurements with a deuterium gas target, 

@ — measurements with a hydrogen target. 
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Reaction 


Effective momentum p/Z at the center of the deflecting magnet, 


Mev/c 


Spread of the effective momentum due to the target thickness, 
Mev/c 


Bending-magnet current, arbitrary units 

Thickness of filter in the telescope 

Thickness of filter in front of the anticoincidence counter 
Mean ionization loss of particles dE/dx in carbon, Mev/g-cm? 
Time of flight of particles over 3.35-m base, 10=° sec 


Time of flight of protons of the same effective momentum, 10~° sec 


Initial energy of heavy particles for 1.s. angle of 5.8° Mev 


Final energy of heavy particles after passing through five scin- 


tillation counters of the telescope, Mev 


was used to adjust the apparatus. The considerable 
reduction of the background made it possible to ob- 
tain a better separation of the monoenergetic group 
of He® nuclei with the aid of all the counting re- 
sponses (Fig. 3). The conditions of recording the 
a@ particles were similar to the conditions in the 
first series of measurements.!!!] The constancy 
of the difference in readings of the apparatus with 
two different filters indicated that, with a discrim- 
ination threshold above 18 v, practically only single 
a particles were recorded. These a particles 
were emitted under the action of deuterons from 
the brass foil of the deuterium target container. 
The He® yield from reaction (14) is shown in Fig. 
3 in the scale 1:240 for al.s. angle 5.8°. Also 
shown there are the background readings for 
bending-magnet currents corresponding to a par- 
ticles from reaction (11). The straight line de- 
termined by the method of least squares for the 
experimental points located to the right and left 

of the calculated point for the a-particle peak 
from reaction (11) corresponds to the mean back- 
ground level. 

Comparison of the results of the measurements 
with this line makes it possible to estimate the 
upper limit of the cross section for the d+d 
— He*+ 7° reaction. If we exclude the change in 
the momentum interval in the transition from one 
bending-magnet current to another (k, = 1.15) 
and introduce a correction for the absorption of 
@ particles in the decelerating filter (k, = 1.10) 
and for the scattering in air (kj = 1.16), then 


& (5.8°) < 1.35010 cm?/sr (22) 
on the 90% confidence level, or, in the c.m.s., 
ae” (55°) << 1,5-10 om?/sr (23) 


If the 7° angular distribution has the form 
A+B sin? 6, then 
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d+d- He* + 7° 


743 656 

0.6 6 

60 52.5 
10.7 g/cm? Cu 0.75 cm Al 
1.7 g/cm? Cu 0.3 cm Al 

24 49 

24 35 

19 

232 

180 


ot (d + d—> Het + x) < 1.9-10-32 cm? 


(24) 


on the 90% confidence level. By way of illustration, 
the dotted line in Fig. 3 corresponds to a possible 
cross section of 2 x 107%? em? for this reaction. 
The estimate (24) also applies to the upper limit 

of the cross section for the production of the 7? 
meson with a scalar isotopic spin and a rest mass 
of 100 —150 Mev. 

We give below some kinematical characteristics 
of @ particles for different possible masses of the 
7) meson: 

Possible values of the 7}- 
meson mass, Mev 

Corresponding effective 
momentum of the a par- 
ticles, Mev/c 

Bending-magnet current, 
arbitr. units 

Thickness of the decelerat- 


ing filter in the telescope, 
cm Al 


190 176, 134.84 98. 0 


575 596°- .635) 2052. s669 


46:5 748.3" S15 252.6" Fo4s5 


0.265 0.384 0.62 0.71 0.87 


8. MEASUREMENTS WITH A DEUTERIUM GAS 
TARGET 


A further decrease in the background of a par- 
ticles knocked out of the brass foil of the target 
container and also of fragments produced in the de- 
celerating filters and scintillation counters was ob- 
tained with a deuterium gas target and the intro- 
duction of the additional selection of particles on 
the basis of the time of flight. Such a target con- 
sisted of a copper tube of 12.5-cm diameter and 
150 cm long. The target was set in the beam in 
such a way as to prevent particles produced in the 
front and rear windows of the target from entering 
the collimator located in front of the bending mag- 
net. The front window of 9 cm diameter was cov- 
ered by a brass foil 200 thick. The exit flange 
of the target had two openings covered by a tery- 
lene film 200 yu thick. The deuterium gas was 
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supplied to the target from an arrangement con- 
taining activated carbon which was cooled to the 
temperature of liquid nitrogen. This procedure 
prevented, to a considerable degree, heavier 
gases from reaching the target. With a collimator 
entrance diameter of 40 mm and various positions 
of the recording apparatus, such a gas target is 
equivalent to a liquid deuterium target 2 to 3mm 
thick. 

The air was evacuated over almost the entire 
path of the particles from the target to the count- 
ers. 

The table gives the most important kinematical 
characteristics of the recorded heavy particles at 
a l.s. angle 5.8° for 404-Mev deuterons. 

The counting response of the apparatus set for 
a particles from reaction (11) was determined 
from measurements of a@ particles from the heavy 
polyethylene target (Figs. 4a,b). The stability of 
the apparatus during the measurements of qa par- 
ticles from reactions (11) and (12) was checked 
periodically by putting the heavy polyethylene tar- 
get in place of the deuterium gas target. The quan- 
tity checked was the a-particle yield from this 
target. During the measurements with the deuter- 
ium gas target, no pulses were recorded from a@ 
particles which could have been produced in reac- 
tions (11) and (12). No change in the efficiency of 
the apparatus was observed. The results are 
shown in Fig. 4c in which the He® yield from re- 
action (14) is shown in a scale 1:600; a@ particles 
from reactions (11) and (12) are also shown. These 
data, together with the corrections mentioned 
above, permit us to determine the upper limit of 
the cross section for reaction (11): 


6; (d + d—> He* + n°) < 1.9.10? em? (25) 


on the 90% confidence level. 
Under these conditions, a further increase in 


the accuracy of the measurements can be attained 
by increasing the statistics of the measurements. 
For this reason we increased the dimensions of 
the scintillators, as a result of which the angle 
subtended by the recording apparatus rose approx- 
imately sevenfold without an appreciable worsening 
of the resolving power for the effective momentum. 
The remaining conditions of the experiment were 
the same as in the previous series of measure- 
ments. 

Figure 5 shows the results of measurements 
under these changed conditions. On the right is 
the calibration peak for the He® yield from reac- 
tion (14). The occurrence of the background is 
due to the worsening of the transmission and to 
an increase in the efficiency for the recording of 


fragments from stars. The background was de- 
termined with a hydrogen gas target filled to the 
same pressure as in the case of the deuterium 4 
target. It tooktwo hours to change the target. 
During this time we measured a particles from 
carbon in order to check the stability of the appa- 
ratus. Over a period of time totaling about 20 
hours and for three values of the bending-magnet 
current, 14 counts from the deuterium target and 
13 counts from the hydrogen target were recorded 
for the same number of monitor counts. The mean 
number of counts in the recording of a@ particles 
from carbon was 17 + 2 after the measurements 
with the deuterium target and 14 + 1.2 after the 
measurements with the hydrogen target. For the 
evaluation of the data, we analyzed the time dis- 
tribution of the counts. The observed distribution 
was in good agreement with a Poisson distribution 
and this was sufficient grounds to consider only 
the statistical errors in the evaluation of the data. 
After the introduction of the corrections, the re- 
sults of this series of measurements gave 


3; (d + d—> Het + n°) < 1.8-10°°2 em? (26) 


on the 90% confidence level. 

In the measurement of a particles from reaction 
(12) we recorded 37 counts during a period of about 
20 hours. The background under these conditions 
was determined in two ways: first, by measure- 
ments with a deuterium target for small and large 
bending magnet currents and second, with a hydro- 
gen target. During about 20 hours of measurements, 
we recorded a total of 17 background counts with 
the same number of monitor counts. The results 
of the measurements of the efficiency of the appa- 
ratus obtained by putting a carbon target in place 
of the gas target indicated that the mean number of 
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FIG. 6. Conditions of recording « particles from the 
p + He’ + He’ + a+ reaction. a, b — counting response of the 
recording apparatus set for « particles from the p + He® 
+ He* + w+ reaction obtained with a carbon target; c — re- 
sults of the measurement of the yield for the p + He® > He* 
+* reaction as a function of the magnet current: O — meas- 
urements with an He® gas target; @— measurements with a 
deuterium gas target. 
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a-particle counts was 18 + 1.3 after the measure- 
ments with a deuterium target and 20 + 1.4 after 
measurements with a hydrogen target. As before, 
we analyzed the time distribution of the counts. 
No deviation from a Poisson distribution was ob- 
served. The difference between the counts of the 
apparatus at the position of the calculated peak 
for a particles from reaction (12) and the back- 
ground level was 20 + 7.4. The probability that 
' this difference actually equals zero is less than 
1%. This is sufficient cause to consider the ob- 
served positive effect from reaction (12) to be 
quite real. If we take into account small correc- 
tions, then the differential cross section for the 
d +d — He‘ +y reaction at 5.8°l.s. is 
ds 
dQ 
The c.m.s. differential cross section is 
2 (41.5°) = (1,6 + 0,6)-10- em?/sr. 
If we take into account the angular distribution 
of reaction (12), do/dQ ~ sin? 6 cos? 6, then the 
total cross section is 


(5.8°) = (0,84 + 0,31)- 1078! em?/sr. (27) 


(28) 


o; (d +d — Het + y) = (1.1 £0.4) 10° cm’, (29) 


9. THE p + He*® — He‘ + t* REACTION 


We measured the cross section for this reac- 
tion, which is allowed by the isotropic spin selec- 
tion rules, with a 670-Mev proton beam at 5.8° l.s. 
The experimental setup, position of the apparatus, 
and the selection methods employed were the same 
as for the measurements described in Sec. 8. Some 


of the kinematical characteristics of the high-energy 


branch of a@ particles produced in reaction (13) 
were as follows: 


Angle of recording « particles in the l.s. cere 
Angle of emission of the pion in the c.m.s. 159° 
Effective momentum p/Z 802 Mev/c 
a-particle energy 329 Mev 
dE/dx 30 Mev/g-cm™ 
Time of flight over 3.35-m base 29,5 x 10° sec 
Thickness of decelerating filter 1.76 cm Al 
Thickness of filter in front of anticoinci- 

dence counter 0.8 cm Al 


The apparatus was set for a particles from a 
carbon target of the same energy as the a par- 
ticles from reaction (13) (Fig. 6). The basic meas- 
urements were made with a gas target filled with 
He® to a pressure of 0.9 atm. The background was 
measured with a deuterium gas target filled to a 
pressure of 3 atm. The stability of the apparatus 
was checked every two hours by measurements of 
the a-particle yield from the carbon target. Dur- 
ing about seven hours of measurement 10 counts 
were recorded. When the bending-magnet current 
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was increased or decreased, no counts of the ap- 
paratus were recorded. Also, no counts were re- 
corded from the deuterium target for a magnet 
current corresponding to a particles from reac- 
tion (13). The absolute cross section of reaction 
(13) was calibrated by means of the triton yield 
from reaction (6) found under the same conditions 
as with the deuterium gas target. 

The differential cross section of reaction (13) 
for a l.s. angle 5.8° was 


ds + 1,35 


ee A828 hays geet em’/sr _(30) 
and in the c.m.s. 
sox (0; = 159°) = (0.2479). 10-9 em2/sr. (81) 


10. DISCUSSION OF RESULTS 


A. Comparison of the d +d — He’ + 7° and the 
d+d-—He'+y reactions. If we average all the 
estimates of the upper limit of the cross section 
for reaction (11) found in the three series of meas- 
urements (24), (25), and (26), then in the l.s. we 
have 

ds 


7 (0-8°) << 8-10 cm?/sr, (32) 
in the c.m.s. 
4S" (65°) <9-10- cm*/sr (33) 
and the total cross section is 
6; (d + d— Het + n°) < 1.1-1078? em? (34) 


on the 90% confidence level. This value of the upper 
limit of the cross section of reaction (11) should be 
compared with the cross section of the electromag- 
netic process (12) which, on the basis of the data 
obtained in the present experiment, is (1.1 + 0.4) 

x 10-2 cm?, 

An independent estimate of this cross section 
can be obtained from the data on the photodisinte- 
gration of helium nuclei.'!*] According to the re- 
sults of (19, the integral cross section of the 
electromagnetic process 


vy +Het—+d+d, (35) 


defined as 
190 


St (E,)dE,, 
E,=23Mev 
is ~ 2% of the integral cross section of the reac- 
tion 


7 + Het— H® + p. (36) 


The low yield for reaction (35) is explained by the 
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FIG. 7. Energy dependence of the reactions y + He* + H® 
+p (curve 1) and y + He* + d+ d (curve 2); €, — reaction 
threshold; 0 — experimental points of [9]; @ — data of the 
present experiment. 


fact that the electric dipole transition in this reac- 
tion is forbidden and that the electric quadrupole 
transition '§ — ‘4D is more probable. If it is as- 
sumed that the energy dependence of the total 
cross section of reaction (35) is of the same form 
as in the case of reaction (36), then the cross sec- 
tion of the inverse process (12) calculated with the 
aid of the principle of detailed balance is ~ 0.8 

x 107* cm? for incident 400-Mev deuterons. 

Gorbunov and Spiridonov/!9] analyzed the energy 
dependence of the electric quadrupole transition in 
reaction (36). This analysis indicated that the rel- 
ative contribution from the quadrupole transition 
should increase with the energy of the y quanta. 
This conclusion qualitatively agrees with the theo- 
retical estimates /!4] made for processes (35) and 
(36). If, finally, we take into account the increase 
in the cross section of photoprocesses as a result 
of resonances in the meson cloud, which is most 
clearly observed in the photodisintegration of deu- 
terons in the 200 — 300 Mev energy region, -201 then 
it becomes obvious that the estimate of 0.8 x 107 
cm? for the cross section of (12) is only a lower 
limit, and the total cross section can actually ex- 
ceed this value. 

The energy dependence of the cross section of 
reactions (35) and (36) can be considered theoretic- 
ally, similarly to the treatment of Flowers and 
Mandl.[44] We carried out calculations with wave 
functions of the H® and He‘ nuclei taken in the 
form [1] 
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hi 


“ (37) 


? 


oy ey es a R=( 2 ri) 
Li<g 

where rjj is the distance between nucleons in the 
nucleus. For the H® nucleus, the choice of the pa- 
rameter a was based on the value of the energy 
of the Coulomb repulsion of the He® nucleus.!221 
For the He‘ nucleus, the parameter a was found 
from the value of the rms radius of the a@ par- 
ticle.'23] For the deuteron, we took the Hulthen 
function. The results of the calculation are shown 
in Fig. 7. Also shown in the figure are the experi- 
mental data for reaction (36) obtained in experi- 
ments on the photodisintegration of helium in the 
y-quantum energy interval from the threshold to 
190 Mev"19] and data for reaction (12) obtained 
in the present experiment and recalculated for 
the inverse reaction (35). 

The calculated dependence of the cross section 
for reaction (36) is in qualitative agreement, within 
the limits of a factor of 2.5, with the experimental 
data in the entire energy interval. The very steep 
drop in the cross section in the high energy region 
is due to the fact that in the calculations only the 
electric dipole transition was taken into account, 
while from the data on the angular distribution of 
reaction (36) C19] it follows that the electric quad- 
rupole transition begins to play an appreciable role 
starting with an energy of 30 Mev, and its contri- 
bution increases with the y-quantum energy. The 
calculated integral cross section of reaction (35) 
is 

220 
5,(E,)dE,=0.72-10-27em? Mev 
E.=23Mev 

which is in good agreement with the value 0.75 
x 10727 cm? Mev obtained from experiments on the 
photodisintegration of helium.'!9]_ The calculated 
cross section of reaction (35) for 220-Mev y 
quanta is 1.25 x 1073! em?, which, when recalcu- 
lated for reaction (12), gives 


(38) 


o, (d -+ d—» Het + 7) = 0.7-10-. cm? (39) 


The cross section of reaction (12) can thus be 
estimated in three ways: 1) experimentally (1.1 
x 1072 cm?); 2) by extrapolation of the data on 
the cross section for the photodisintegration of 
helium (0.8 x 107*2 cm?); 3) by direct calculation 
(0.7 x 10-82 cm*). Taken together, the results 
give 


6 (d + d > Het +- 7) = 1-10-82 cm? (40) 


with an uncertainty of ~ 50%. 

At the same time, the pion production process 
(11) has a cross section less than 1.1 x 10722 cm? 
on the 90% confidence level, i.e., it does not ex- 
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FIG. 8. Results of the calculations of the differential 
cross sections of the p + d+ H* + z+ reaction for 340-Mev 
protons with allowance for the production of all positive 
pions in pp and pn collisions for a repulsive-core radius 
tp = 0.6 “h/m,,c: 1 — for a H® wave function of the form (41.1), 
2 — for a H® wave function of the form (41.2), 3 — for a H® 
wave function of the form (41.3); O — data of [26 


ceed the cross section for the electromagnetic 
process (12). These facts are evidence that the 
law of conservation of total isotopic spin is valid 
for processes of pion production, since if reaction 
(11) were not forbidden the cross section would be 
about 100 times the cross section of process (12). 
B. Comparison with the p + He? — He* + 7* re- 
action. The upper limit found for the cross section 
of reaction (11) can, moreover, be compared with 
the cross section of reaction (13), which is allowed 
by the isotopic spin selection rules. In the present 
experiment, the cross section of reaction (13) was 
measured for a single l.s. angle with a proton en- 
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FIG. 9. Same as Fig, 8, but for 450-Mev protons; 0 —data 
of UJ. 
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FIG. 10. Results of calculations of the differential cross 
section of the p + He® > He* + z+ reaction for 326-Mev(c.m.s.) 
a+ mesons: 1 — for wave functions of He® and He’* of the 
form (37), 2 — for wave functions of He*® and He’ of the form 
(41.3); O — data of the present experiment. 


ergy of 670 Mev, which corresponds to a 7* c.m.s. 
energy of 326 Mev. In order to estimate the cross 
section of this reaction for a pion energy of 80 Mev, 
we calculated the cross section of reaction (13) in 
the impulse approximation. It was assumed here 
that the pion is produced in an elementary nucleon- 
nucleon collision and all the nucleons then undergo 
fusion into He‘. 

As a qualitative check of this method of calcula- 
tion, we computed the cross section of reaction (6), 
which has been well studied experimentally for 
various proton energies.[6-8] Such calculations 
were first made for 340-Mev protons.[4] Later 
on, L241 the hard-core model was used in these cal- 


do/dQ, 10°" cm?/sr 
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FIG. 11. Same as Fig. 10, but for 7+ mesons of energy 
80 Mev in the c.m.s. 
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culations. In the present experiment, we calcu- 
lated the cross section of reaction (6) for 340-Mev 
protons for the following four types of nuclear wave 
functions: 


HER Sf rr"): 


i<j / 


1) ¥~exp(—5o Di| nl), 


bai 


2)W~e-2R, 3) Wre-Rr, 4) W~e-#R (41) 


with different radii of the hard core. 

The increase in the radius of the repulsive 
core decreases the total cross section of the re- 
action and increases the forward-back asymmetry 
in the angular distribution. For a core radius 
greater than 0.4 h/m 7c, the wave functions of the 
first three shapes give approximately the same 
angular dependence, in qualitative agreement with 
the experimental data. The Gaussian function (4) 
does not give agreement with the experimental 
data. For this reason we did not use a wave func- 
tion of this shape in the further calculations. 

If similar calculations are carried out for 450- 
Mev protons, then it appears that the angular dis- 
tribution of reaction (6) is described correctly, 
but the total cross section differs strongly from 
the observed one, and this difference increases 
with energy. The reason for this difference is 
that the calculations took into account the produc- 
tion of 7 mesons only in reaction (3) and did not 
at all take into account the production of 7* me- 
sons in the reactions 


(42) 
(43) 


p+pon+p+n, 
ppnn+ ns x, 


whose relative contribution!25!] increases 
strongly with the proton energy. The contribution 
of reactions (42) and (43) can be taken into account 
qualitatively if we add to the cross section of re- 
action (3) the amount by which the sum of the total 
cross sections for the production of ™* mesons in 
reactions (42), (43), and (3) exceeds the total cross 
section of reaction (3). The differential cross sec- 
tions of reaction (6) calculated in this way for 340- 
and 450-Mev protons with a repulsive-core radius 
of 0.6 i/mge are in satisfactory agreement with 
the experimental data (Figs. 8 and 9). For 340-Mev 
protons the wave function of the form (37) gives the 
best description of the experimental data. 

We calculated by the same method the differen- 
tial cross section of reaction (13). The calculations 
were made for ™ mesons at 80 and 326 Mev in the 
c.m.s., which correspond to bombarding protons of 
280 and 670 Mev, respectively. The results of the 
calculations are shown in Fig. 10 and 11. For 670- 
Mev protons quite good agreement was observed 
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between the calculated and experimental data, 
within the limits of a factor of 2, if a wave func- 
tion of the form (37) is used. The fact that there 
was agreement for quite large m* energies gives 
reason to believe that the results of the calcula- 
tions for 80-Mev 7* mesons are sufficiently reli- 
able. For this energy and for a wave function of 
the form (37) we obtain 


5:(p + He® —> Het + nt) =79-10°°cm*. (44) 


This result must still be compared directly with 
the upper limit of the cross section of reaction (11), 
since these two reactions differ from one another 
in the structure of the colliding nuclei. It is natu- 
ral, however, to assume that the difference between 
reactions (11) and (13) is the same as that between 
the reactions p + H*’—- He +y and d+d—He‘+y, 
i.e., the cross sections differ by a factor of 102. In 
this case the reference point for the ‘‘allowed re- 
action (11) is the cross section 0.010;(p + He® 
— Het + 7*) = 80 x 1078? em”. This value is ap- 
proximately 70 times the upper limit of the total 
eross section of reaction (11), which is an addi- 
tional indication that reaction (11) is strongly for- 
bidden. 

C. Estimate of the cross section of the ‘‘al- 
lowed’”’ reaction d +d — He’ +7". As was indi- 
cated in the introduction, reaction (11) is forbid- 
den only by the law of conservation of total iso- 
topic spin, and the possible transitions in this 
reaction are the same as for both the forbidden 
process (T=0)—(T=1), and for the ‘‘allowed”’ | 
process (T=0)—(T=0). By the “allowed” re- | 
action (11) we understand a reaction in which we 
ascribe to the 7’ meson an isotopic spin equal to 
zero, while its remaining properties are unchanged. 
We can then carry out the calculation in the im- | 
pulse approximation using a procedure similar to 
that of the preceding section. It was assumed in | 
the calculations that the 7’ meson is produced in 
an elementary nucleon-nucleon collision and then | 
all the nucleons undergo fusion into the He’ nu- 
cleus. We took into account the production of 7° 
mesons in both pn and pp collisions. The total 
cross section of the ‘‘allowed’’ reaction (11) cal- 
culated for a hard-core radius 0.6 and i/m,c 
leading to the best agreement between calculation 
and experiment in reaction (6) proved to be 30 
x 107-* em? for an a-particle wave function of 
the form (37) and 80 x 107* em? for an a-particle 
wave function of the form (41.3). The first of 
these estimates is the more reliable one, since 
it corresponds to a wave function of exponential 
form (37) which gives the best agreement between 
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calculation and experiment for reactions (6) and 
(13). 

Hence the upper limit of the total cross section 
for reaction (11) is smaller by a factor of several 
tens than the cross section of the ‘‘allowed’’ re- 
action. The foregoing estimate for the ‘‘allowed’’ 
reaction is nothing else but an estimate of the 
cross section of the d +d — He‘ + 7? reaction!!01 
with the emission of a 7 meson with scalar iso- 
topic spin and mass close to the mass of an ordi- 
nary 7°’ meson with a vector isotopic spin. If it is 
- assumed here that the hypothetical 7} meson has 
the same strong-interaction constant as an ordinary 
pion, then the fact that reaction (11) is strongly for- 
bidden also means that the isotopically scalar 7} 
meson with a rest mass in the interval 100—150 
Mev does not exist. 


CONCLUSIONS 


1) The total cross section of the d + d — He’ 
+7 reaction for 7’ mesons of c.m.s. energy 
~ 80 Mev does not exceed the cross section for 
the electromagnetic process d +d — He! + y, 
while the expected ratio of the cross sections of 
these processes should be approximately 10% 
it were not forbidden. 

2) The total cross section of the p + He*® — He’ 
+ 1* reaction for the same pion c.m.s. energy is 
approximately 7 x 10° times the upper limit of the 
cross section for the d +d — He‘ + 7° reaction, 
and this difference cannot be explained only in 
terms of the structure of the colliding nuclei. 

3) The upper limit of the total cross section 
for the d +d — He’ + 7° reaction is ~ 3% of the 
calculated value of the cross section for the ‘‘al- 
lowed’’ process. 

4) These facts taken together indicate that the 
d+d— He!+7° reaction is strongly forbidden 
and therefore the law of conservation of total iso- 
topic spin holds for processes of pion production 
by nucleons and light nuclei. 

5) The 7) meson with a scalar isotopic spin and 
rest mass of 100 —150 Mev does not exist. 

In conclusion, the authors express their grati- 
tude to L. I. Lapidus for discussion of the pro- 
posed plan of the experiments, to V. P. Dzhelepov 
for his interest in the work and for assistance in 
carrying out the experiments, to R. M. Sulyaev and 
B. S. Neganov for aid in the work with the He® gas, 
and to Kim Ze P’he and I. V. Puzynin of the Joint 
Institute of Nuclear Research computer group 
for performing the calculations on the electronic 
computer. 
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The azimuthal asymmetry in the scattering on He nuclei of neutrons from the reaction 

T (d, n) He’ (Eq= 9.9 + 0.7 Mev) is measured for various angles of neutron emission 6p. 
A marked asymmetry is found at 6, = 70° (laboratory system). The azimuthal asymme- 
try is measured at this emission angle as a function of the angle of scattering on He*. The 
results are compared with n-He* (Seagrave) and p-He* (Gammel-Thaler) scattering phase 
shifts. The polarization of the investigated neutrons estimated on the basis of the Gammel- 
Thaler phase shifts is P[~(70°) = (+32.1 4+ 3.0) % (the direction along the normal k, x kg is 


considered positive ). 


‘The weak polarization of neutrons from the 

T (d, n) He* reaction (deuteron energy Eg = 1.8 
Mev) has been previously [1] ascertained. The 
present paper investigates the possibility of using 
the same reaction as a source of polarized neu- 
trons for Eg ~ 10 Mev. 

A beam of 12.3-Mev deuterons from the Institute 
of Theoretical and Experimental Physics cyclotron 
was focused on a zirconium target 0.6 Mev thick 
which was saturated with tritium. The average 
current was 1.5 yuamp with a 5x3 mm spot of the 
beam on the target. A 103-mg/cm? platinum foil 
was laid directly against the target to separate it 
from the working volume of the cyclotron. 

The azimuthal asymmetry of the neutron scat- 
tering was measured in a helium analyzer de- 
scribed earlier.!?»3] The helium pressure in the 
proportional counters was varied from 7 to 20 atm, 
depending on the neutron emission angle, and was 
held constant within +0.5%. The length of the ef- 
fective volume of the counters was ~ 20 mm, and 
the working voltage was 600 —1200 v. To maintain 
the gas amplification factor constant, a continuous 
convective flow of helium was maintained in a 
metallic-calcium column, connected to the counters 
and heated to 300°. 

Departing from previous practice, 1-3] the pro- 
portional counters were calibrated with Po?” a 
particles. The polonium was deposited on a plati- 
num foil, which was fitted tightly to the inner walls 
of the counter. The presence of a constant back- 
ground of Po! q particles had no effect on the 
asymmetry measurements, since their energy was 
less than the energy of the recoil He‘ nuclei over 
the whole of the angular interval used. A fission 


chamber was used as a monitor, and a current in- 
tegrator applied to measure current passing through 
the target. 

We did not know in advance either the angles at 
which the neutrons were polarized in the T(d, n)He* 
reaction or the n-He‘ scattering phase shifts at 
neutron energies Ey 2 20 Mev. Preliminary meas- 
urements of the azimuthal scattering asymmetry 
were therefore made as a function of the neutron 
emission angle (6,) with the counters set at gq 
=+35° [@q = (™T—-@n)/2, where @y is the scat- 
tering angle of the neutrons on He‘ nuclei in the 
center-of-mass system (cf. Fig. 1 in (21)). This 
angle was chosen from polarization curves for 
p-He4 scattering at Ep 218 Mev./4] As a result, 
the following values for the azimuthal asymmetry 
R=1,/I, are obtained (I, and I, are the counting 
rates in the directions +~q and —@q, the + sign 
referring to the case when gq is taken in the 
same direction as 0@,): 


On (1.s.), deg: 30 50 60 “70 90 
En, Mev: 25.8 23.6 22,2 20.7 17.9 


R:  1.0340.03 1.124+0.03 1,06+0.04 4.34+0,09 1,06+0.08 — 


Since the measurements were made in a ‘‘good 
geometry’’,[*] anisotropy of the angular distribu- 
tion in the T(d, n) He* reaction was not taken 
into account (the correction was ~1%). The tar- 
get construction permitted measurement of the 
background associated with neutrons coming from 
the diaphragms, the target backing, etc. The back- 
ground was negligibly small at small 6n; at Oy 
= 90° (lab. system) it was ~ 15% of the counts in 
the utilized analyzer channel. 

The second stage of the work consisted of 
measuring the dependence of the azimuthal asym- 
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metry on the angle gy of neutron scattering on 
He‘ nuclei at the angle 0, = 70° (lab. system) 
of neutron emission from the target. R and the 
product of the polarizations for the given reaction 
and analyzer are connected by the well-known 
relation: 

Pr (82) Pre (Qn) = (1 — R)/(1 + R), 


where P7(@,) is the neutron polarization in the 
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reaction T(d, n) He! (neutrons emitted at an 
angle of @y to the target); Pye(yy) is the polar- 
ization of neutrons scattered on He‘ at an angle 
of gn; and R is the azimuthal asymmetry in the 
scattering. The polarization is considered posi- 
tive in the direction n =k, <x kg. 

The following results were obtained: 


@n(1.s.), deg 90 110 124 136 150 
R 0.74+0.05 1.34+0.09 1,.5340,15 1,50+0.10 1,26+0.45 
—P+(70°) Pre (Pp), % —17-043.4 14.543.3 20,944,5 20.0432 11.545.9 


Only statistical errors are indicated here. 

The figure shows values obtained for P7(70°)x 
PyHe(¢Yn) as well as the results of calculating the 
same quantity from phase shifts for n-He‘ scat- 
tering (according to Seagrave /*]) and p-He‘ scat- 
tering (according to Gammel-Thaler!*]). The 
spread of angles of the recoil He* nuclei inside 
the counters was taken into account in the calcu- 
lation of the curves. 

The best agreement between calculated curves 
and experimental results is attained when the po- 
larization Pye(gyp) is computed from Gammel- 
Thaler phase shifts C6] and the neutron polarization 
in the reaction T(d, n) He‘ has the value 

Pr (70°) = (32,1 + 3,0) %. 

The figure indicates a definite disagreement 
between our results and the Seagrave phases at 
En ~ 20 Mev. It must, however, be observed that 
the Seagrave analysis does not claim to give a 
quantitative agreement at such energies. On the 
other hand, the agreement of our n-He* scattering 
data with calculations from p-He‘ scattering phase 
shifts (which are based on more significant experi- 


-B (70°) Pre (Pn)» Yo 


—P7 (70°) PHe(¢%,) as a function of the angle of neutron 
scattering on He* (Ey = 20.7 + 0.4 Mev). The solid curve is 
calculated from Gammel-Thaler phase shifts, [5] the dashed 
from Seagrave phase shifts.) The curves are normalized to 
the polarization P(70°) = 32.1%. 


mental material) is not strange, since in large 
momentum transfers the angular dependences of 
polarization in p-He* and n-He! scattering should 
not be very different. 

Thus our results may be considered as an ex- 
perimental confirmation of Gammel-Thaler phase 
shifts at En ~ 20 Mev. If this is so, the small 
azimuthal asymmetry in n-He4 scattering observed 
at » q = 35° for neutrons coming at angles @n < 70° 
from the T(d, n) He* reaction is actually evidence 
of small polarization at these angles. 

There is the hypothesis [7] that the reaction 
T (d, n) He* proceeds by the stripping mechanism 
at small angles 6y. In this case the polarization 
in the region of angles around the Butler peak must 
be small for this reaction, since the angular mo- 
mentum of the captured proton lp = 0. Neutron po- 
larization at large emission angles can arise as a 
result of a spin-orbit interaction between depart- 
ing neutron and a particle.{8.91 

The authors express their thanks to the cyclo- 
tron crew of the Institute of Theoretical and Ex- 
perimental Physics for the efficient operation of 
the accelerator, and to V. S. Repin and E. A. 
Mikhaleva for their aid in the measurements. 
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Mercury films obtained by the method of condensation in high vacuum on a backing at a tem- 
perature close to that of liquid helium have been studied. The experimental results are com- 
pared with the Abrikosov-Gor’kov theory of superconducting alloys. 


‘Tae study of freshly deposited metal films, con- 
densed at liquid-helium temperature, |!-® is of 
considerable interest in that it appears that a 
material is obtained which does not possess very 
sharply pronounced peculiarities, although it is 
very different from the initial material. From the 
very high resistivity and the absence of a depend- 
ence of conductivity on thickness [3,5] in freshly 
deposited films in the normal state, it can be as- 
sumed that in the condensation process a deposit 
is formed with isotropic structure, in which the 
electron mean free path is considerably less than 
the thickness of even the thinnest films. 

Mercury is most convenient as a substance to 
study for establishing the process of low tempera- 
ture condensation, since, with a relatively high 
vapour pressure, sufficiently thick specimens can 
be obtained easily while using a very small power 
in the evaporation. Appleyard et al 6) have pre- 
viously studied the specific resistance and the 
superconducting properties of mercury films, con- 
densed on a backing at a temperature from 4.2 to 
90° K. However, films condensed at 4.2°K have 
not been studied systematically. 


PREPARATION OF THE SPECIMENS AND THE 
MEASUREMENTS 


The mercury films were prepared in the appar- 
atus shown in Fig. 1. The backing for the conden- 
sation was the outer plane polished base of a glass 
beaker, through which platinum leads are inserted. 
Before being sealed into the apparatus, the beaker 
was thoroughly treated with a mixture of nitric 
and chromic acids and boiled in distilled water. 

A monel shield was fitted to the beaker, leaving 
open only the middle part of the base of the beaker 
for condensation. A thin walled glass capsule 


~ 10 mm in length with an exit opening 1.0 — 1.5mm 


in diameter served as the evaporator, and the 
platinum wire was wound on the outside and half 


FIG. 1. Apparatus for obtaining the films: 
1 — beaker with plane polished base, 2 — monel 
shield, 3 — capsule with mercury, 4 — side tube 
for filling the apparatus with liquid helium. 


sealed into the glass for better thermal contact. 
The power generated in the evaporator did not 
exceed 0.2 watt. A thin glass capillary was fixed 
into the capsule to avoid bubbles, which could 
form during the working of the evaporator. The 
distance between the orifice of the evaporator and 
the bottom of the beaker was varied from 30 to 
50 mm in different apparatus. The assembled ap- 
paratus was pumped by a diffusion pump to 
10° mm Hg, -and its upper half was baked in an 
oven for 3—4 hours at a temperature of 300°C. 
Condensation of the films took place at 4.2°K 
(the boiling point of helium) at a rate of 
(1.1 — 1.3) x 107° g/min. The thickness of the 
films obtained was calculated from the mass of 
mercury evaporated, on the assumption that the 
distribution of current density of the particles 
evaporating follows the cosine law. As a check on 
the calculated thickness, an experiment was made 
in which one of the thickest films was collected 
from the bottom of the beaker, after the heating, 
and weighed. The thickness, determined in this 
experiment, was 20% larger than calculated. This 
discrepancy can evidently be explained by the 
existence of a directed particle current, not taken 
into account by the cosine law. 
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Films with thicknesses from 0.46 x 107 to 
12.2 x 10° cm (these thicknesses are calculated 
on the assumption that the cosine law applies) 
were produced and studied. Measurements were 
carried out both immediately after condensation 
of the films and after they had been heated to 
liquid-nitrogen temperature. The resistance of the 
films was measured with a standard potentiometer 
circuit, using a measuring current not exceeding 
100 ya. Temperature was determined from the 
helium saturated-vapor pressure. The tempera- 
ture dependence of resistivity in zero magnetic 
field was measured both immediately after conden- 
sation and on cooling the films down a second 
time. These curves for films of different thick- 
nesses are shown in Fig. 2. 

The transition temperatures of the freshly de- 
posited films lie somewhat lower than that for 
bulk mercury (we took the temperature in the 


FIG. 3. The dependence of the transition temperature of a 
film on its thickness: I — freshly deposited films, II — an- 
nealed films. 
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FIG. 2. The temperature dependence of the resist- 
ance of the films: I — freshly deposited films, II — an- 
nealed films. Film thicknesses in 10~° cm: A—0.46, 
@— 0.58, O — 0.89 X — 2.8, O— 4.0. 


middle of the transition as the transition tempera- 
ture of a film; R = 0.5 Ro, where Ry is the resist- 
ance in the normal state). The observed depend- 
ence of transition temperature on thickness agrees 
well with Prozorova’s results.) The transition 
temperature for the annealed films practically 
coincides with the value of the transition temper- 
ature for bulk mercury (4.15°K) and is independ- 
ent of film thickness (see Fig. 3); the supercon- 
ducting transitions are sharper than for freshly 
deposited films. 

Other physical properties of the films naturally — 
change after annealing also. For example, the 
resistivity in the normal state decreases more 
than 10 times. The form of the variation of re- 
sistivity with film thickness also changes. It re- 
mains constant in freshly deposited films up to 
the smallest of the thicknesses studied. The con- 
ductivity of the annealed films, however, increases 
proportionally with their thickness. The absolute 


FIG. 4. The dependence of He. on AT (AT = Tg — T) for 
films of different thickness (in 107° cm): a — 0.47, b—0.58, 
c — 0.76, d — 0.90, e — 2.8, f — 4.2, g — bulk specimen. 
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FIG. 5. The dependence of y = H,/2@ on 
x = 2.57 x 10-*/@d for films of thickness (in 
10°° cm):.4+ — 4,2, © — 4.0, 0.— 2.87410) 
x — 0.9, #— 0.83, D'— 0.81, A — 0.76; 
A — 0.72. Full line is the theoretical curve. 


2 


value of the conductivity of a freshly deposited 
film, measured in a separate experiment, was 
o = 0.15 x 10® egs esu. 

Curves of the destruction of superconductivity 
by a magnetic field, parallel to the plane of the 
films, were also measured for all the films ob- 
tained. Accuracy in setting the film parallel to the 
field was achieved by rotating the field, and did 
not exceed 0.1°. Figure 4 shows curves of 
Ho (AT) (AT =Te — T) for freshly deposited 
films of different thickness. The field at which 
the film resistance reached 0.5Ry) was taken as 
He. As is seen from Fig. 4, He ~ T!” for thin 
specimens, while a break is observed in the curves 
of the dependence of He on AT for thick films. 


DISCUSSION OF THE RESULTS 
The macroscopic theory of Ginzburg and 
Landau! was developed by Abrikosov!®! in a way 


Lt 


applicable to the case of films obtained by low 
temperature condensation, on the assumption that 
the condition x = 1//2 (x is the parameter of the 
Ginzburg-Landau theory ) is valid for them. Such 
an assumption seems quite justifiable, since films 
condensed on a cooled backing show properties 
characteristic of alloys. Abrikosov obtained a 
universal relation, for all superconductors, be- 
tween the critical magnetic field He for a film 
and its thickness d. Taking into account that 
k = (V 2ees¢/tic) Hepd3 where eesf = 2e, this re- 
lation can be written 

H, | 26? = f (2.57- 107 / 6d), 


where 6 =y 2e/ficHgpd) and Hop is the critical 
field of bulk metal. 
We assume that near Te 


Hep =(dHep/dT)r AT; 89 =SyVT (AT) “/ 2. 
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FIG, 6. The ratio He/Hep as a function of 6 (AT)/d. Film 
tHicknessiin 10 cm: A — 4.9, O-— 4,1, x — 2.8, 0 — 1.0, 
A — 0.9. The continuous curve shows the theoretical relation. 


Then 


@=AAT®, A=YVe/2hc(dH /aT)r.VT Soo- 


It can be seen from Fig. 5 that the experimental 
results are in good agreement with the above 
theory. 

The constant, A, can be determined from the 
part of the curve corresponding to the limiting 
case d/é, > 1, and the constant coefficient 6o9 in 
the temperature dependence of the penetration 
depth near T, can be calculated. From our data 
Ong = (22.6 + 2.3) x 10° cm. 

In the other limiting case, when d/5) «1, we 
have 


H./ 202 = V3-2.57-10-*/ 6d. 


From this, the film thickness d can be determined. 


The calculation made for the thickest film of all 
agrees, within the limits of accuracy, with the 
value of the thickness obtained as a result of 
weighing the film itself directly. 

From the new Abrikosov-Gor’kov theory of 
superconducting alloys [8] the parameter 69 can 
be calculated from the value of the normal con- 
ductivity. It follows from this theory that for 
1 «6, (where J is the mean free path and 6, the 
penetration depth ) 


(3) ahi: —/2 
89 (AT) = 3,065 Vie AT 


where o is the conductivity in the normal state. 
We obtained for freshly deposited films the values 


Sau. Pp Oh 
00° -3.06z RT Jou 


6=0.15-10% egs egsu, O55 = LOU om: 


This value of 599 is somewhat lower than that ob- 
tained from data on critical fields. However, this 
discrepancy can be explained if we take into ac- 
count that the calculation of o was made for a 
film which was close to the evaporator when being 
produced, and in which, therefore, there might 
have been partial recrystallization and, conse- 
quently, an increase in the value of o. 

The experimental data on the critical fields of 
the annealed films agree well with deductions 
from the Ginzburg-Landau macroscopic theory./4 
The dependence of the critical fields of the films 
on thickness follows the following two equations 
in the limiting cases d/6) > 1 and d/é) «1 re- 
spectively 


HefHa=1+6,/4,0 Hej lap=2V Oona. 


The results of the confirmation of these relations 
are shown in Fig. 6. 

Considering the region T— Tg, where we can 
write 


ya (ar — (dF ep / al); AT, 5, fe Vireo 8),AT#/ om 


we calculated the value of the parameter from the 
experimental values of Hg for thin films 


(d < V 569), 
Oso == (0.2 4 0,6): 10-° Gm: 


In conclusion I thank A. I. Shal’nikov, under 
whose direction this work was carried out, very 
sincerely, and A. A. Abrikosov for discussion of 
the results obtained. 
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Data obtained in the stratosphere are presented on the energy spectrum and time dependence 


of the total intensity of solar flare protons. 


INTRODUCTION 


Ir has been established that cosmic ray bursts 
recorded in northern latitudes of the stratosphere 
are produced by primary protons generated during 
large solar flares. For example, in July, 1959 
three large class 3+ flares occurred separated by 
one and two days, respectively. Large increases 
of cosmic ray intensity with the same time se- 
quence were recorded in the stratosphere during 
July.{1:2] However, there are instances when it is 
difficult to associate a definite solar flare uniquely 
with a registered cosmic ray outburst. This ap- 
parently results from the fact that occasionally 
some relatively small flares are cosmic ray 
sources. Solar flares below classes 2 and 3 in 
importance occur more frequently, so that it is 
not always possible to associate individual solar 
flares and cosmic ray bursts uniquely. Neverthe- 
less, cosmic ray bursts in the stratosphere that 
are not associated with any specified flares are 
also attributed to solar-emitted protons. 

The pattern of effects associated with a cosmic 
ray burst can be outlined as follows. In most in- 
stances cosmic ray bursts are observed a few 
hours later than a solar flare.!!] A period of mag- 
netic storms, ionosphere disturbances, and in 
some instances aurorae begins about a day after a 
flare. At the onset of a magnetic storm or a little 
later a decrease of high-energy cosmic ray inten- 
sity is registered on the ground (the Forbush de- 
crease). In some instances the cutoff energy of 
primary particles also changes.*! There are also 
cases when a cosmic ray burst in the stratosphere 
is not accompanied by geophysical effects. The 
associated flares ordinarily erupt at the edge of 
the solar disk, emitting corpuscular streams that 
miss the earth. It is naturally of interest to inves- 
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tigate cosmic ray intensity increases in these in- 
stances. 

It has been found from the study of bursts in 
the stratosphere that the Forbush decrease be- 
comes more pronounced with increasing amplitude 
of the bursts induced by solar protons,! thus in- 
dicating that some relation exists between these 
two diverse events. It has also been found that 
sudden magnetic storms accompanying a Forbush 
decrease (according to measurements at sea level, 
where most of the cosmic ray intensity is due to 
high-energy primary particles of galactic origin) 
were not associated with reduced proton intensity 
in bursts.“ A proposed explanation is that solar 
protons registered during the Forbush decrease do 
not move outside of the corpuscular streams but 
are carried by the latter.“4 Another step forward 
in accounting for this interesting property of solar 
corpuscular streams has been an investigation of 
the flare proton energy spectrum before and during 
the Forbush decrease. 

If it should be assumed that during a Forbush 
decrease solar protons strike the earth outside of 
the corpuscular streams, we would expect a flatter 
proton energy spectrum during this time than be- 
fore the Forbush decrease, as occurs in the en- 
ergy spectrum of galactic cosmic rays.{5,6] The 
bursts actually present the reverse of this picture, 
—a steep spectrum during the Forbush decrease, 
followed by a flat portion. This effect, which we 
first noticed in July, 1959, also suggested the 
aforementioned property of solar corpuscular 
streams.\ We shall here present new data on the 
energy spectrum of solar flare protons. 

We also investigated the time dependence of 
primary proton intensity. The burst of May 4, 1960 
in the stratosphere furnished data for the initial, 
as well as for the following, period of burst de- 
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Table I 
Gy v, 
Date Time* m | hrs Data Time* | m hrs 
April 1, 1960 10" 30 4 2 |May12,1960| 08" 30° 3 2 
April28, 1960} 08 30 7 May 13,1960} 08 30 5 
10 43 3 e 41 30 2 6 
13 27 7 “ 14 30 4 
20 45 4 Septemper 3,, 9g 30 50 
May 4, 1960 11 28 34 1960 13 15 70 «| «| 
13 55 300") 18 48 20 | | 
16 30 16 September 4,| 08 15 20 
19 29 10 | 1960 13 26 11 } 
May 5, 1960 02 30 4 130 September 5,, 08 923 y 
08 31 Ds 1960 13 47 1.5 
11 32 9 | 19 30 0.5 
14 30 2 
18 29 ae, 


*Universal time. 


velopment. These data suggest certain conclusions 


regarding the propagation of low-energy solar 
protons in interplanetary space. 


MEASUREMENTS 


Measurements were obtained with a radio- 
sonde!! carried into the stratosphere by balloons. 
Altitude dependences were measured for single- 
counter readings and for double coincidences in a 
telescope consisting of two Geiger counters sep- 
arated by 7 mm Al. 
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FIG. 1. Number N,, of double coincidences (with normal 
background subtracted) vs pressure P. 


1 September 3, 1960 

@) September 4 11 56 
3 May 4, 1960 9 58 
4 May 4 

5 


May 5 


Table I contains the data on the registered 
bursts. The third column gives the relative inten- 
sity increase of primary radiation m = (Nexo 
— No)/Np, where (Nexe — Ny) is the excess, and 
Ny is the normal primary cosmic ray intensity. 
The values of Nexe — Ny were obtained by extra- 
polating the measurements to a pressure of 
5 g/cm’. The fourth column gives the duration T 
of the observed bursts. The events of May 4, 12, 
and 13, 1960 were not accompanied by a Forbush 
decrease. 

The event of April 1 was registered by the 
Winckler ! and Simpson"! groups, with equipment 
installed in the American space probe Pioneer V, 
at 5 x 10° km from the earth, and by the Van Allen 
group [10] using the American satellite Explorer 
VII. The combined data for the event of April 1 
provide good confirmation of the extraterrestrial 
origin of the stratosphere bursts. The event of 
May 4-5, 1960 was also registered on the ground. 


SPECTRUM OF PRIMARY PROTON RANGES 


The bursts of May 4 and September 3, 1960 are 
of greatest interest with regard to the energy 
spectrum of primary protons and the time depend- 
ence of their intensity. These bursts had large 
amplitudes and the most prolonged duration. 

Figures 1 and 2 show the measurements ob- 
tained with a telescope and with a single counter 
during the events of May 4 and September 3. The 
experimental points are the averages over three 
minutes. The slopes of the absorption curves for 
different times during a burst differ only slightly. 
The steeper slope of curve 3 is associated with the 
time dependence for the beginning of the event 
(see below). Curve 2 in Fig. 1 was obtained 29 hrs 
after the measurements on September 3 (curve 1). 
After this period the amplitude of the burst was 
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FIG. 2. Proton count N. (after background SOS Rie) 
_ obtained with a single counter vs pressure P. 


1 Septemper 3, 1960 

2 September 3 11 45 
3 September 4 6 45 
4 September 5 6 53 
5 May 4, 1960 15 00 
6 May 5 1 00 
7 May 5 


reduced to less than one-fourth without much 
change in the slope of the absorption curve. The 
same applies to curves 4 and 5 in Fig. 1 for May 
4 and 5. Curves 1—4 in Fig. 2 for the September 
burst, based on measurements with a single coun- 
ter, also have similar slopes. 

Curves 5, 6, and 7 in Fig. 2 present a similar 
picture for the single-counter measurements of 
May 4 and 5, although segments of the curves in 
the long-range region exhibit a tendency toward a 
gradual increase of steepness. This indicates that 
high-energy flare protons disappear somewhat 
sooner than protons with lower energies. We thus 

arrive at the general conclusion that there is no 
essential change in the primary-proton absorption 
curve throughout the duration of a burst (30—50 
hrs). 

Figure 3 shows the energy spectra of primary 
protons in different bursts measured with the tel- 
escope. Here we took into account the ionization 
losses and proton absorption due to nuclear colli- 
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FIG. 3. Integral proton spectra. Curves 1 and 1'— Sep- 
tember 3 and 4, 1960; 2 and 2'’—May 4 and 5, 1960; 3 —May 
13, 1960; 4—April 28, 1960; 5 and 5’—July 11 and 12, 1959. 
N, is the number of protons and Ep is the proton kinetic 
energy. 


sions in air. The figure also includes the meas- 
urements of July 11 and 12, 1959 (curves 5 and 5’). 
The slope of curve 5 is somewhat less steep (for 
Ep < 200 Mev ) than that shown in"; this is asso- 
ciated with the subsequent improvement of the 
altitude graph of the measurements. 
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FIG. 4. Integral proton energy spectra. 1 — average spec- 
trum in the absence of magnetic storms and Forbush decrease; 
2—the same, allowing for proton absorption resulting from nu- 
clear collisions in air, as well as ionization losses; 3 —de- 
rived from curve 2 by taking into account approximately the 
proton diffusion time in space as a function of velocity; 

4— average spectrum during magnetic storms and Forbush 
decrease. 
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Table II 
————— 
: nN’ u 
Date Time Prgfem ls aan | wierd N’/N” Remarks 
May 4, 1960] 17" 03° 18 2600 | 2900 1.9 Magnetic storms 
16 28 53 680. 580 22) and Forbush 
decrease absent 
September 3,1960| 8 32 20 7500 | 8000 0.94 a: 
8 04 57 4 600 4 600 1.0 
May 12, 1959 13 23 23 900 320 2.8 Magnetic storm and 
Forbush decrease 
present 
July 12, 1959 1342) 17 2 950 4 440 2.0, a 
13) 44 52 82 48 “es es 
July 15, 1959 13 20 21 13 200 2 200 6 
43 01 57 2 180 60 36 


The spectra in Fig. 3 (with the exception of 
curve 5’) were registered at a time when no mag- 
netic storm nor Forbush decrease was observed. 
The average spectra from these data are repre- 
sented by curves 1—3 in Fig. 4. Curve 1 takes 
only ionization losses by protons into account. 
Curve 2 was derived from curve 1 by also taking 
into account proton absorption in nuclear collisions. 
The nuclear absorption coefficients for protons as 
functions of energy were obtained from the litera- 
ture.{11-13] The absorption coefficient in air, con- 
verted from data in nuclear emulsion and copper, 
is 300 g/cm? for 350—400 Mev protons! 11/12] and 
170 g/cm? for 660-Mev protons.'®] Curve 3 was 
derived from curve 2 by taking into account ap- 
proximately the proton diffusion time in space as 
a function of velocity. With these corrections, the 
Spectrum 3 in the 100—400 Mev range has an ex- 
ponent y close to 2.0. Spectrum 4, recorded dur- 
ing Forbush decreases (May 12, July 12, and July 
15, 1959) has y & 5.0. 


INTENSITIES FROM TELESCOPE AND SINGLE- 
COUNTER MEASUREMENTS 


Our measurements were performed with a 
single STS-6 counter having 0.05 g/cm’ wall 
thickness, and with a telescope incorporating a 
7-mm Al absorber. As reported in [4] the emis- 
sion intensity registered by the single counter 
considerably exceeded that registered with the 
telescope. This indicates that during the event 
particles with ranges under 7 mm Al were also 
present in the stratosphere. It was noted in [4] 
that this effect could be attributed qualitatively to 
hard gamma rays from inelastic collisions of 
evaporation neutrons in the stratosphere. R. R. 
Brown of the University of California has informed 
us in a private communication that the unusually 
high intensity of 2—3 Mev photons registered by 
him in the stratosphere during the burst of July 


15, 1959 can hardly be attributed to evaporation 
neutrons. Our data for July 15 also exclude this 
interpretation. 

A Gross transformation of the number Ny, of 
double coincidences gave the total proton flux at 
different altitudes. Ny. and the single-counter 
readings were obtained during the same flight. In 
the absence of a Forbush decrease the single- 
counter and telescope measurements agreed. How- 
ever, during a Forbush decrease the single-coun- 
ter intensities exceeded the expected transformed 
values. This is illustrated by Table II, where P 
is the pressure, N’ is the single-counter reading, 
and N” is the transformed number of protons. 
The sixth column gives the ratio of the measured 
to the expected transformed count. The seventh 
column indicates the absence or presence of mag- 
netic storms and Forbush decreases. 

The data for May 4 and September 3, 1960 show 
satisfactory agreement with the measurements 
and the transformation. However, for May 12, 
July 12, and July 15, 1959 during magnetic storms 
and Forbush decreases the single-counter result 
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FIG. 5. Flare proton intensities during bursts in the stra- 
tosphere. Curve 1—May 4, 1960; curve 2— September 3, 1960; 
curve 3 — burst registered February 23, 1956 at sea level in 
Chicago. 
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FIG. 6. Time dependence of the relative 
increase of cosmic ray intensity in the stra- 
tosphere (N/N,, curve 1) and at sea level 
(AI/I, curves 2, 3, 4). t, —time of stratosphere 
measurements on May 4, 1960; t, —time of 
neutron monitor measurements; t—time after 
onset of solar flare. The rectangular steps 


represent the duration of the solar flares. The 
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was three times greater than the transformed 
(telescope) proton count for May 12, twice as 

large for July 12, and six times greater for July 
15. Thus during a Forbush decrease the strato- 
sphere is penetrated by particles with ranges un- 
der 7 mm Al in addition to protons. It is also pos- 
sible that these short-range particles in the strato- 
sphere are associated with outer Van Allen belt 
electrons.! 41 


TIME DEPENDENCE OF PRIMARY PROTON 
INTENSITY 


The foregoing results furnish information re- 
garding the time dependence Np(t ) of primary 
proton intensity. Figure 5 shows Np(t) for May 
4-5 and September 3-5, 1960. The onset of the 
corresponding solar flares was taken as t = 0. On 
May 4 the solar flare had the coordinates 
g = +10°, 7 = +90° and lasted from 1015 to 1117 UT. 
The flare of September 3 had the coordinates 
gy =+17°, 1 = —90° and began at 0040 UT. Curve 3 
represents Np(t) at Chicago for the event of 
February 23, 1956.'18] The peaks of all three 
curves are seen to agree in height. 

The errors in the data represented by Fig. 5 
resulted mainly from the extrapolation of the 
measurements to the top of the atmosphere, and 
for most points do not appear to exceed 20—30%. 

The curves in Fig. 5 exhibit segments of ap- 
proximately constant intensity lasting 3—5 hrs 
for May 4 and 10—20 hrs for September 3. The 
longer duration of the September burst compared 
with the May event is represented by the flat seg- 
ment of curve 2. The slopes of Np(t) on the de- 
scending portions of the curves are similar 
(At, © At, for the shaded triangles in the figure). 


straight line represents pressure vs time on 
May 4, 1960. 
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This is in accordance with proton diffusion in in- 
terplanetary space. The decrease of proton inten- 
sity at any given energy depends only on the me- 
dium of propagation. Here we must consider that 
interplanetary space contains scattering centers 
of cosmic rays in the form of magnetic clouds.!> 16] 

On this basis it is interesting to compare the 
data for Np(t ) in the stratosphere for primary 
protons above 0.1 Bev with the data for 3-4 Bev 
protons registered in the event of February 23, 
1956. Figure 5 shows that the rate of decrease in 
this instance (curve 3) is about four times faster 
than for curves 1 and 2. It will be shown subse- 
quently that this difference resulted in the fact 
that the diffusion coefficients for primary protons 
at low and high energies differ by a factor of 4. 

Our measurements of May 4 were obtained at 
15 km. At this same time neutron monitors reg- 
istered a 10 + 2% peak of enhanced cosmic ray 
intensity at Prague [17] and 8% at Leeds."!8) Curve 
3 in Fig. 1 represents the progress of the strato- 
sphere burst, based on the altitude dependence of 
Ny. A sharp rise of Ny with decreasing pressure 
was observed when the pressure on the instru- 
ments was under 90 g/cm?. The arrival of low- 
energy primary protons in the stratosphere must 
be assigned to this period. 

For P < 90 g/cm? the measurements of Nj» 
were converted to the initial intensity of protons 
above 100 Mev (the open circles in Fig. 6). For 
P > 90 g/cm? unconverted values of Nj. are given 
(filled circles). Figure 6 also includes the data 
for May 4, 1960 at Sulphur Mountain!) and for 
February 23, 1956 at Leeds [15] and Chicago. 18] 
The latter data are compared with those in [19] for 
t = 115 min. We observe that on May 4 and Febru- 
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ary 23 cosmic rays lagged approximately 15 min. 
behind the onset of the solar flare. Maximum 
cosmic ray intensities are reached in 8—10 min. 
Low-energy protons lag 25—30 min behind the 
arrival of high-energy protons. This is a short 
period of time, considering the fact that most 
protons in the atmosphere have velocities 8 = 0.5, 
while on the ground 8 * 1.0. It is therefore possi- 
ble that on May 4, 1960 low-energy and high-energy 
protons were generated simultaneously on the sun. 


DISCUSSION OF THE TIME DEPENDENCE Np(t) 


On the basis of the data for February 23, 1956 
many authors have stated that for a long period 
following the peak of a burst the cosmic ray inten- 
sity is described by A/t®/*, and that during this 
time the spatial distribution of primary protons 
is isotropic. Both effects were accounted for by 
the diminishing primary proton intensity registered 
on the ground as a result of diffusion in interplane- 
tary space. On the basis of the fact that the buildup 
time of the burst of February 23, 1960 was very 
much shorter than its decay, Meyer, Parker, and 
Simpson [15] have constructed the following model 
for the spatial distribution of scattering centers: 
The diffusing magnetic field is situated mainly 
outside of the earth’s orbit and there are no scat- 
tering centers between the sun and the earth. We 
shall show below that the experimental results can 
be accounted for without recourse to this special 
model, as was pointed out by Dorman.) We shall 
now attempt to describe our results in the strato- 
sphere on the basis of proton diffusion in inter- 
planetary space. 

The differential equation of diffusion in a spher- 
ically symmetrical uniform space, 9Np/at 
= DV’ Np; with the injection of a number B of 
particles at the point r =0 and time t =t) has 
the solution 


N(R, t—to) = +B [xD (t — to)! “exp [— R*/4D (t — t)]- 

(1) 
Here N)(R, t — ty) in our case is the primary- 
proton intensity as a function of time on the earth; 
R is the sun—earth radius, t is the observation 
time; t) is the flare onset time; and D is the dif- 
fusion coefficient 


(2) 


where 7 is the mean free proton path for scatter- 
ing, and v is the proton velocity. 

Efficient scattering of protons by magnetic 
clouds at the distance J requires the condition 
H > p/3002, where H is the magnetic field 


D = lv/3 
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FIG. 7. Primary-proton intensity calculated from Eq. (1) for 
D = 5.5 x 10” cm?/sec and t, = 0, 0.2 and 0.4, e—May 4, 
1960; O — September 3, 1960. 


strength in the clouds and p is the proton momen- 
tum. 
The hypothesis that magnetic clouds are dis- 
tributed uniformly around the sun is not only un- 
supported by any experimental data, but actually 
makes it impossible to account for some observa- 
tions. However, this simplification is apparently 
justified as a means of explaining the principal 
features of the phenomena. 

The behavior of Np(t — ty) in (1) for t — ty 
<« R’/4D is basically exponential. For this case it 
is extremely important to note the exact value of 
ty. The maximum of Nj)(t — ty) appears at t — ty 
= RY/6D. When t — t) > R’/4D, we have 


N,(t—t,) = B/8 [xD (t —t,))". (3) 


The constant B is determined experimentally 
from the maximum of N)(t). For the burst of 
May 4, B = 2.5 x 10° protons, and the energy 
carried off by the protons was 6 x 1078 ergs. 

The curves in Fig. 7 were plotted from Eq. (1) 
for three values of ty with D, = 5.5 x 1074 cm’/sec, 
and are compared with the data for May 4 and 
September 3. For May 4 time is measured from 
the onset of the solar flare. For the data of Sep- 
tember 3 zero time is 20 hrs after the flare onset. 
This was done because the greater duration of the 
September 3 event resulted from the prolonged 
emission of protons directly from the source 
(Fig. 5). In order to have approximately identical 
initial conditions for diffusion in connection with 
both bursts, this period of time must, of course, 
be excluded. With D known we thus obtain from 
(2) the mean free path of low-energy protons, 
which is about one-tenth of the sun-earth radius. 
From the condition H, > p/300/, and p; =5 
x 108 ev/e we obtain H, > 1.5 x 10-® gauss. 

From (3) and the recorded data along the de- 
scending segments of the curves in Fig. 5 we find 
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that the diffusion coefficient D, for 3—4 Bev pro- 
tons is about four times larger than D,. The mean 
free path of high-energy protons is J, = 2.2 

x 10!2 cm. The magnetic field in clouds for the 
high-energy case is correspondingly H, > p./3001, 
=7.6°x110°* gauss (py = 5 -<110" ev/e). 

The data for J; and 1, and the corresponding 
values of H; and Hy, lead to the conclusion that 
the density of magnetic clouds in space is inversely 
proportional to the magnetic field strength. 

For t <1 Fig. 7 shows the best agreement be- 
tween the data and calculation for t) = 0.3, but the 
significance of this agreement is not clear. The 
cosmic ray burst at Sulphur Mountain was regis- 
tered 15 min after the onset of the solar flare. 
Taking into account the time required for protons 
to reach the earth, we obtain a period 0—7 min or 
~ 0.1 hr during which protons could begin to flow 
from the solar source. Assuming the simultan- 
eous generation of low- and high-energy protons, 
we have t) ~ 0.1 hr. However, for t) = 0.1 hr the 
first two experimental points in Fig. 7 lie off the 
calculated curve. It is difficult to determine 
whether this means that slow protons are gener- 
ated later (t) = 0.3 hr), or whether it results from 
neglecting the nonuniform spatial distribution of 
magnetic clouds, which are somewhat denser near 
the sun than near the earth. We note that the ob- 
served disagreement between the cosmic ray 
burst onset on the earth and the presumed begin- 
ning of proton flow from the sun also character- 
izes high-energy protons (February 23, 1956). It 
is reasonable to assume that this disagreement 
results from neglecting the higher magnetic cloud 
density near the sun. 

For high values of t the experimental points 
lie below the straight line in Fig. 7. This result 
can also be attributed to lower cloud density at 
great distances outside of the earth’s orbit. 


ENERGY SPECTRUM OF HIGH ENERGY FLARE 
PROTONS 


The low-energy protons registered in the 
stratosphere and the high-energy protons respon- 
sible for the cosmic ray spike at sea level on May 
4, 1960 were clearly generated during the same 
solar flare. It remains to determine whether both 
high- and low-energy protons were generated by a 
single mechanism and therefore belong to a single 
energy spectrum. 

Let us consider the data for the proton spectrum, 
We assume that the 10% peak cosmic ray increases 
registered by a neutron monitor at Prague on May 
4 can be attributed to primary protons above 3 Bev 
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(the cutoff for primary protons at the latitude of 
Prague is 2.0 Bev). This increase corresponds to 
a flux of 0.5 primary protons per cm?-min-sr. 
From stratosphere data the primary-proton inten- 
sity above 400 Mev was 30 protons per cm?-min-sr. 
These results indicate that in the 0.4—3.0 Bev 
range the spectrum had the exponent y = 2.0. Data 
for the February 23, 1956 event lead to about the 
same result.2 This is an improbably low value 
of y, since the measured primary-proton energy 
spectrum at sea level usually has y =5.0. The 
low value of y can possibly result from the in- 
correct assumption that low- and high-energy 
solar protons belong to a single spectrum. Inde- 
pendent generation mechanisms for low- and 
high-energy protons are also indicated by the 
stratosphere event of September 3, when the pri- 
mary-proton spectrum practically coincided with 
that of May 4, although the amplitude was about 
twice as great, whereas there was almost no cos- 
mic ray increase at sea level on September 3. 


CONCLUSIONS 


1. The energy spectra of primary protons from 
the sun were measured during the bursts of April 
28, May 4, May 13, and September 3, 1960. The 
spectra were similar and underwent no essential 
change throughout the two to three day duration of 
each burst. It follows that solar generation of 
primary protons occurs during a time consider- 
ably shorter than the duration of the observed 
bursts. The proton generation mechanism also 
seems to be the same in all of these bursts. The 
integral proton energy spectrum as a function of 
their kinetic energy E, can be described by a 
power law with the exponent y = 2.0 for Ey from 
100 to 400 Mev. 

2. The energy spectrum of solar flare protons 
was moderated during a Forbush decrease 
(y * 5.5). This effect combined with the simul- 
taneous harder spectrum of cosmic. rays of galac- 
tic origin during the Forbush decrease shows that 
solar corpuscular streams carrying frozen-in mag- 
netic fields are carriers of solar-generated pro- 
tons. In accounting for this effect we must assume 
the existence of magnetic traps in the solar cor- 
puscular streams. 

3. During a Forbush decrease the stratosphere 
is penetrated by other particles with ranges under 
7 mm AI, in addition to protons. The origin of 
these short-range particles appearing in the 
stratosphere only during a Forbush decrease is 
not clear. 

4. The time dependence of primary-proton in- 
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tensity in stratosphere bursts agrees satisfactorily 
with the theory of proton diffusion in inte rplanetary 
space containing magnetic clouds as scattering 
centers. Data were obtained characterizing the 
density and magnetic fields of magnetic clouds re- 
sponsible for the scattering of ~ 0.2-Bev protons 
in interplanetary space. 
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The c.m.s. angular distributions of protons and 7 mesons emitted in emulsions in proton- 
proton collisions were measured. The proton angular distribution is symmetric and pos- 
sesses a pronounced anisotropy. The m-meson distribution is symmetric and more iso- 
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tropic. The angular dependence of the total energy in the c.m.s. has been determined for 
protons. It is shown that, on the average, protons expend about 74% of their energy in the 
c.m.s. on meson production. Within the limits of experimental error, the mean values of 
the transverse momentum and the total energy in the c.m.s. are the same for various 


multiplicities. 


A large number of experiments!!-31 have been 
carried out during the last two years to study the 
interaction of protons with nucleons at 9 Bev. In 


these experiments, the main features of pp colli- 


sions were revealed, and certain ideas on the nu- 
cleonic ‘‘dimensions’’ were also obtained. Unfor- 
tunately, the energy measurements and the identi- 
fications were carried out mainly for slow parti- 
cles, and the results obtained by various authors 
are not always in agreement. Because of this, we 
have continued the study of pp interactions at 9 
Bev energy. 

An emulsion chamber consisting of layers of 
NIKFI-R emulsion was used. This chamber was 
irradiated by 9-Bev protons from the Joint Insti- 
tude for Nuclear Research Synchrotron. The 
chamber was scanned along the tracks of primary 
protons using a magnification of 630 x. In all, 

593 m of tracks were scanned, and 1609 nuclear 
interactions and scattering events at an angle 

@ = 5° were found, which gives a mean free path 
for the interaction equal to 36.9 + 0.9 cm. This 
value, within the limits of experimental error, is 
in agreement with the results obtained earlier by 
other authors .4+2 

The selection of inelastic pp interactions was 
based on the known criteria.4»?»45] tt should be 
mentioned that among the number of disintegra- 
tions studied there was not a single case accom- 
panied by the emission of at least one slow proton 
with range / = 4 mm. 

Out of all the disintegrations found, 123 were 
considered as inelastic pp colisions. Their dis- 
tribution with respect to the number of secondary 
charged particles is as follows: 
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Number of events: 2 4 6 
Number of interactions,%: 44.7 6.1 48.0 6.2 7.3 + 2.4 


The mean number of charged particles per pp 
interaction was 3.25 + 0.16. 

The secondary particles produced in inelastic 
pp collisions were identified by multiple Coulomb 
scattering and by the blob density along their 
tracks. The scattering and ionization measure- 
ments were carried out in an emulsion layer at 
least 20 p below the surface, along tracks having 
an angle of dip g = 5°. There were 147 such 
tracks. 

In order to increase the measurement accuracy 
of both the multiple Coulomb scattering and the 
blob density, the tracks were followed in emulsion 
layers adjoining the ones used for the measure- 
ment. 

Coulomb scattering was determined from the 
measurement of second differences of coordinates 
of three multiple cells.{¢-®) This method, as is 
well known, makes it possible to exclude false 
scattering for each separate track. 

On tracks for which the number of independent 
second coordinate differences on double and 
quadruple cells is small, the quantity p@ was de- 
termined with account of false scattering averaged 
over the given emulsion layer. The mean values 
of second coordinate differences for false scatter- 
ing Dg are as follows: 


2000 


Cell length, p: 500 1000 
: 0.411 


De, pt 0.141 0.221 


To increase the accuracy of the estimate of pf in 
all events, we have taken the relation between the 
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count. 

The particles were identified from the well- 
known dependence of ionization on particle veloc- 
ity 191 The corresponding curve was verified in 
the region of velocities greater than 0.94 of the 
velocity of light by measurements of the blob den- 


sity along 9-Bev proton tracks and along tracks of. 


electron-positron pair particles with sufficiently 
high energy, produced by high-energy y rays. 

The identification of particles with pf between 
1.5 and 2.5 Bev is very difficult and not always 
unambiguous. In the present experiment, the par- 
ticles belonging to this range were identified by 
the method proposed by Kalbach et al [4] Asa re- 
sult, 32% of the particles with pS between 1.5 and 
2.5 Bev were identified as protons, and the re- 
mainder as 7 mesons. 

Using such an approach to the particle identifi- 
cation, the emission half-angles in the laboratory 
system (1.s.) for protons and 7 mesons in the 
doubtful energy range were found to be, on the 
average, equal to 6) = (6 +1)° and 0, = (18 + agi 
Momentum and angular distributions in the l.s. 
for well-identified protons and 7 mesons have 
gaps in the range corresponding to 1.5 = pf 
= 2.5 Bev which disappear if we include protons 
and a mesons from the doubtful range in the dis- 
tribution. 

The identification showed that, out of all 147 
measured tracks, 70 belong to protons, 74 to 7 
mesons, and 3 to K mesons. Taking into account 
the geometrical correction introduced by a method 


Cos @” 


similar to that of Bogachev et al, t10J the number 

of protons was found equal to 141, that of 7 mesons 
255, and that of K mesons 26. The mean number 
of protons per interaction is n, = 1.2 + 0.2, and 
the mean number of charged 7 mesons is Nz 
=19'+..0.22 

The angular distribution of secondary protons 
in the c.m.s. is shown in Fig. 1. It is character- 
ized by symmetry with respect to the angle 
0’ = 90°, and by sharp anisotropy. The emission 
half-angle for protons emitted forwards equals 
(33 + 7)°. The angular distribution of 7 mesons 
in the c.m.s. (Fig. 2) is also symmetrical with 
respect to the plane dividing the forward and back- 
ward hemispheres, but is characterized by a 
markedly smaller anisotropy. The emission half- 
angle obtained by the same method as for protons 
equals (51+ {,)°. 

The other main characteristics of secondary 
protons and mesons are shown in the table, where 
the values of the total energy E’ refer to the 
c.m.s. It can be seen from the table that the mean 
proton energy emitted forwards in the c.m.s. is 
identical with the mean proton energy emitted 
backwards in the c.m.s. The same is also ob- 
served for the meson energies. However, the 
energy values obtained by us both for mesons and 
protons differ from the results of 1. we have ob- 
tained somewhat higher 7 meson energies, while 
the proton energy is lower than that of 3] 


a EE EEE EEE =>! 


E’, Mev 
= BD, M Particles | Particles 3 
. Bry MANS emitted emitted an ee 
forward backwards 
Prot 4.20+0.14 437+52 4 34153 4 257477 4 280442 
id cadena 4.900. 20 31437 509-59 52724132 518461 
K mesons 0.47+0.10 — — 920+240 920+240 
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FIG, 3. Variation of the total proton energy with.the angle 
of emission in the c.m.s. 


We believe that one of the possible reasons for 
this discrepancy may lie in the different approach 
to particle identification in the doubtful region 
1.5 =pf =2.5 Bev. As arule, protons having pf 
between 1.5 and 2.5 Bev in the l.s. are emitted in 
the c.m.s. with small energies and at large an- 
gles to the direction of motion of primary parti- 
cles. It is therefore natural to expect that in the 
c.m.s. their mean energy will be lower, and the 
mean angle of emission greater, than for protons 
with values pB < 1.5 and pB > 2.5 Bev. 

This is illustrated by Fig. 3, which represents 
the dependence of the mean total proton energy in 
the c.m.s. on the angle of emission in the c.m.s. 
The angle of emission for a particle going forwards 
in the c.m.s. is measured from the direction of 
motion of the primary proton, while, for particles 
propagating backwards in the c.m.s., it is meas- 
ured from a line placed at 180° to the direction of 
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FIG. 5. Dependence of the transverse momentum of protons 
(solid line) and 7 mesons (dashed line) on the angle of emis- 
sion in the c.m.s. 


the incident particles. The solid lines correspond 
to the case where all protons, regardless of the 
value of pf in the l.s., were included in the calcu- 
lation, and the dotted lines to the case where pro- 
tons with pB between 1.5 and 2.5 Bev were ex- 
cluded from the calculation. It can be seen from 
Fig. 3 that the mean proton energy decreases with 
increasing emission angle @’. 

An analogous dependence of the total energy of 
m™ mesons on the angle of emission in the c.m.s. 
is shown in Fig. 4. The c.m.s. angular distribu- 
tion of transverse proton and 7-meson momenta 
is shown in Fig. 5. The corresponding mean 
transverse momentum, both for protons and 7 
mesons, depends weakly on the angle of emission 
of the particle in the c.m.s., with the exception of 
the range of small angles where the momentum 
conservation law begins to be felt (111 

The calculation of the correlation coefficients 
between the total momentum and the angle of 
emission @’, and between the transverse momen- 
tum and the angle 09’, has shown that, for protons, 
the total momentum varies more with the angle 
than the transverse momentum. 

A similar calculation carried out for the 7 
mesons has led to the conclusion that the depend- 
ence of the total and of the transverse momenta 
on the emission angle of the particle in the c.m.s. 
is of similar magnitude. 

The inelasticity factors determined from nu- 
cleon and 7 meson energies in the c.m.s. are 
equal to 0.74 + 0.09 and 0.68 + 0.15 respectively. 
If we assume that the difference in the inelasticity 
factor obtained by different methods is due to the 
underestimate of the proton energy, then it follows 
from the proton energy balance in the c.m.s. that 
the mean proton energy is E’ = 1.37 + 0.05 Bev. 

A calculation carried out under the assumption 
that the mean energy of neutral and charged mesons 
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is the same shows that the mean number of neutral 
m™ mesons per interaction decreases from 2.7 (in 
stars with two charged particles ) to zero (in 
events with ng = 6). The total average number of 
m mesons per interaction is 3 or 4 for stars with 
different multiplicity, and the fraction of 7° mesons 
on the average amounts to 0.4 + 0.1 of the total 
number of mesons. 

From the calculations carried out for events in 
which the momenta of all charged particles were 
measured, it follows that ~ 3.7 7 mesons are pro- 
duced on the average, in the reactions of the type 
ptp—~pt+pt+nnr and pt+p—-pt+p+a +r 
+n’. 

The result that, for protons and 7 mesons, the 
mean values of transverse momentum and of the 
total energy in the c.m.s. do not vary with multi- 
plicity within the limits of experimental error is 
in agreement with the results obtained by other 
authors £3, 11, 12] 
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Excitation of electromagnetic waves ina plasma by a superluminal ion beam is considered by 
taking into account the motion of the ions in the plasma. The geophysical significance of this 


problem is pointed out. 


‘Tae radiation of an oscillator moving in a mag- 
netoactive plasma with superluminal velocity has 
been investigated by a number of authors (1-6) and 
the anomalous Doppler effect arising from such 
motion has been considered. In the present work, 
additional account is taken of the motion of the 
ions of the plasma, and certain geophysical appli- 
cations of the results are indicated. 

1. Let anion of mass M; move ina plasma 
along the external magnetic field H with a velocity 
u. Inasmuch as it simultaneously rotates about the 
lines of force of the field H, it can be regarded as 
an oscillator with a set of natural frequencies wg 
=sQ,(s =1, 2,...; 2, is the Larmor frequency of 
the ion). Substituting in the formula for the Doppler 


effect 

et ae 

(un/c)cos§ —14 

the well known! 7] expression for the index of re- 
fraction of the extraordinary wave (with account 
of the ions), we find the following expression for 
the dimensionless frequency n = w/Q for the case 
w< WH < Wp, e and 6 = 0 (i.e., for propagation 
along the field): 


u/v,=(1+ Q/n)V(1 +7) (1 —ayn), (1) 


where m—mass of the electron, M— mass of the 
plasma ion, a = m/M, Q = M/M,, N—concentration 
of ions in the plasma, va = H/V 4a1NM — the Alfvén 
velocity. 

The approximate values of the roots of Eq. (1) 
are: 

= v,/4u, No = (u/v,)*, Ns = 1/a—(u/v,)?. 

2. The plot of the right side of Eq. (1) is shown 
in the drawing (curve 1). From this plot, we ob- 
tain the following results: 

1) When u> (4) va VM/m, the ion excites a 
wave of only one frequency F;. 

2) When ‘Ava VM/m > u > 2.6va, the ion ex- 
cites waves in the three frequency ranges Fj, F, 
and Fs. 
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3) When u < 2.6va,, the ion excites (in the case 
of superluminal motion) a wave only in the region 
of gyromagnetic resonance of the electrons ( w 
~ wH). When w~ wy it is also necessary to take 
into account the collision-free resonance absorp- 
tion and to compare the decrement associated with 
it with the increment brought about by the ion (or 
by the ion beam). 

The essentially new effect, which follows from 
Eq. (1) and the figure, is the excitation by the ion of 
electromagnetic waves with a frequency less than 
the ion Larmor frequency, i.e., the excitation of 
magnetohydrodynamic waves. It is also of interest 
that the ion excites electronic plasma vibrations 
as well (the range F3).* 

3. For waves propagating at an angle @ to the 
field H, the condition for excitation is similar to 


(1)* 


u Q 1 c 
rete ated (2) 


Vas nO, n)cos§ v4 ’ 
but the dependence of the index of refraction n on 
6 and 7 has'a much more complicated form {7 
The right side of Eq. (2) is shown in the figure by 
the curves 2 and 3 (@ = 30° and @ = 60°). 

There exist three cones of radiation, corre- 
sponding to the three frequency ranges F;, F5, and 
F;. In the first of these (F,) the minimum fre- 
quency is propagated along the field, and the ra- 
diated frequency increases with increase in angle 
6(nmax ~ +1). In the second cone ( F,), the fre- 
quency is inversely proportional to the angle. For 
the third cone ( F3), the elementary theory devel- 
oped here is insufficient; as was shown above, one 
must also take into account the spatial dispersion 
in the plasma. 

For Q = 0, Eq. (2) is the condition for Cerenkov 
radiation (the corresponding curves are shown as 
dashed lines in the figure). 


*The correlation predicted in the present paper between 
the radiation in the ranges F,, F, and F, was discovered ex- 
perimentally in; [*) the radiation frequencies agree with Eq. (1). 
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Condition for radiation: solid curves — for the 
anomalous Doppler effect, dash-dot curve — for the 
normal Doppler effect, dotted curve — for the Cerenkov 


effect. 
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In the range of frequencies an® <1(w<VwH ) 
the following approximate expression for n was 
used in constructing the curves of the drawing:* 


2 1 — nP) cus? y A (3) 


Obviously the low-frequency vibrations also excite 
relativistic particles, for example, relativistic 
protons of the internal radiation belt. For rela- 
tivistic particles, the term Q/n in (1), (2) must 
be replaced by ( Q/n) (1 =r cr vars 

4, The sun periodically emits streams of 
protons; these are the solar corpuscular streams. 
On the other hand, it is known that the magnetic 
field of the earth undergoes vibrations of small 
amplitude—the so-called short period variations 
with frequencies of 10-*-10 cps. In the present 
article we advance the hypothesis that one of the 
possible mechanisms of the short period variations 
is the radiation of the protons of the solar corpus- 
cular streams, due to their Larmor rotation 
around the lines of force of the earth’s magnetic 


_ field (cyclotron instability of the stream in its 


*Equation (3) was obtained independently by V. D. Shafra- 


nov. 


eae ee 


‘ion 2000 


superluminal motion in the earth’s plasma). The 
vibrations with frequencies of the order of a frac- 
tion of a cycle per second correspond to the mag- 
netohydrodynamic branch of the radiation ( the 
range F, in the drawing).* 

MacArthur!!9J and Murcray and Pope C11] ex- 
plained the radiation of the solar corpuscular 
streams as being an incoherent cyclotron radiation 
along the field (9 = 0) of ions moving in the 
earth’s plasma. In contrast with our assumption, 
the forward motion of the ions is assumed by them 
in this case to be subluminal, u < c/n, and conse- 
quently the condition (1) is replaced by the expres- 
sion 

w/oa = (1 — Q/n) Vii + 1) (1 — am), 


*For the Alfvén wave [which corresponds to the plus sign 


in front of the root in (3)], the condition for cyclotron excita- 
tion is similar to (2): when 7 <1, we have n = va/u (6 40), 
i.e., waves of a single frequency are generated at all angles 
to the field. It is also important that the group velocity of the 
Alfvén waves is parallel to the magnetic field for any 6. As a 
result, the amplitude of the Alfvén wave at the earth’s surface 
is much larger than the amplitude of the oppositely polarized 
magnetoacoustic wave. The polarization observed inl) can be 
explained in this manner. 
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which is shown in the drawing by the dash-dot 
curve. But it follows from the general expression 
obtained by Eidman"4] for the radiation of a parti- 
cle moving in a gyrotropic medium (supplemented 
by account of the motion of the plasma ions) that 
when u < c/n the ion does not radiate along the 
field: the Doppler-effect equation for the frequency 
has no roots for the ordinary wave, while there are 
roots for the extraordinary wave (they were found 
by MacArthur!1°1),, but the intensity of the radiation 
is equal to zero at 0 =0. 

5. We now consider the radiation not of an 
isolated particle but of an unbounded ion beam. 
Assuming for the beam a shifted Maxwellian dis- 
tribution: 


f (v) = const - exp {— S? [v2 + C(O tt) 21), 


where S =( 2xnT) nu” — thermal velocity, we 
calculate the index of refraction at 6 = 0 from 
the general formula for the permittivity of a hot 
plasma (see, for example,{!?J); 


2 iVx Seas 
she orrresrepen 2 » 
l=1 


= (0 iy — hu W (p)), 144) 


where k— wave number, y — increment 
(E, H~ eYtei(kz-wt)), 
OF Op ,+ iy — ku, 


Rises RS; 


p 
W (p) =e (1 a yaw 
The sum in (4) is carried out over the electrons 
and ions of the plasma and the beam (1 =1, 2, 3, 4). 
Assuming the beam to be hot and the plasma 
cold, we find from the equation k” = (w + iy)*n?/c? 
the following expression for the increment: 


* o—ku % 4 


Gun RS. @? 2€p1 + Ode) / do * 


Equation (5) is obtained for |p,| «1 (that is, w 
— ku +, =0, cyclotron instability), for low 
beam density (y/kS « 1), and for not too high a 
temperature (w/kS > 1). In (5), 


€p, = (¢/0,)? ((1 + n) (1 —an)]” 
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is the permittivity of the cold plasma, w,) — plasma 
frequency of the beam. 

In the case of an anomalous Doppler effect 
(w—ku + &, = 0, superluminal motion), it follows 
from (5) that y > 0, the beam is unstable, the am- 
plitude of the wave increases. Conversely, for the 
normal Doppler effect (i.e., for w—ku—Q, = 0, 
subluminal motion), it follows from (5) that y < 0, 
i.e., in this case the buildup is replaced by damp- 
ing. 

The author is grateful to V. D. Shafranov and 
R. Z. Sagdeev for discussions. 
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Spin-lattice relaxation of hydrated metal ions in aqueous solutions due to the interaction 
between the ion spin and the internal vibrations of the complex ion is investigated by the 


method of the theory of random processes. 


1. INTRODUCTION 


‘Tins paper is devoted to the calculation of the 
lifetime of the spin of a paramagnetic ion ina 
liquid solution in a given energy level. We base 
our discussion on the generally accepted notion 
that in solution a paramagnetic ion M forms to- 
gether with the nearest diamagnetic particles Xj 
a stable paramagnetic complex ion whose vibrations 
can be characterized by a set of normal coordi- 
nates Qj: The oscillations of Qj produce varia- 
tions of the electric field due to the particles Xj; 
at the position of the paramagnetic ion at the cen- 
ter of the complex ion and interact via the spin- 
orbit coupling of the ion (Hg) =AL-S) with the 
spin S of particle M. On the other hand, the os- 
cillations of Qj interact with the Brownian motion 
of the particles of the liquid surrounding the com- 
plex ion, giving riseto a set Q; (t) of independent 
narrow-band random Gaussian processes; the 
properties of the latter have been studied in de- 
tail [1-3] Although the energy hwyym’ released in 
the reorientation of the spin is small compared to 
the energy intervals hwj between the sublevels of 
the oscillators Qj; the random nature of the vari- 
ation of the coordinates Qj determines the possi- 
bility of the transfer of the spin energy of the ion 
M to the oscillations of Qj describing the com- 
plex ion. Weshall treat the coordinates Qj semi- 
classically; a quantum mechanical treatment of 
the interaction of the oscillators Q; with the 
medium yields results which are basically in 

agreement with the classical discussion. 3] 

The energy of interaction of the spin S of the 
central ion of the complex with the oscillations of 
Qj can be represented in the general case in the 
form of the series 


d= HO +H +... = SP; (S) Qe + DY) Pu(S) QQ) 4-.., 
a (1) 
where P;(S), Pi; (S) are quadratic functions in 
the components of the vector S (Sx, Sy» Sz). If 
xX, y, Z, define the laboratory system of coordi- 
nates, then the coefficients Pij (Sy; Sy» Sz) will, 
under rotation of the complex ion, turn out to be 
functions of randomly varying angles specifying 
the orientation of the complex ion with respect to 
the x, y, z system. 

In the aide by one of the authors together with 
Altshuler! a calculation was given of the rate of 
relaxation of the spin S due to the terms linear in 
Qj in the expansion of the spin energy. Analysis 
shows, however, that a more effective relaxation 
is induced by the terms in the expansion of ae (2) 
which are quadratic in the Q;-* The same conclu- 
sion was obtained independently of us by Aleksan- 
drov and Zhidomirov™! who considered the re- 
laxation of the spin of a free radical due to its in- 
teraction with intramolecular oscillations. There- 
fore, for the analysis of this problem we refer the 
reader to the Papen by Aleksandrov and 
Zhidomirov. 

We shall evaluate the probability of relaxation 
transitions between the spin energy sublevels by 
means of the perturbation theory formula 


wu mt ="? S| < M| Piz (S)|M'> QQ; ? 2, (Oy, > 2) 
tj 


*Although the quadratic terms in the expansion give rise 
to a more rapid spin relaxation than the linear terms, a satis- 
factory description of the experimental results was achieved 
inl] because the expression exp (—Aj|t!) describing the cor- 
relation of the amplitudes Aj(t) of the processes Qj(t) 
= A;(t) cos(wt + 9) was chosen for the correlation function 
of the random processes Qj(t). 
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where pi! ww,M’) is the spectral density of the 
perturbing energy 3c") at the transition frequency 
wy, Mm’; the bar above the expression denotes 
ease es over the arguments of anes By treat- 
ing # 2) asa product of independent random proc- 
esses <M|Pjj(S)|M’> and Q;Q; we evaluate 
the density p(wjq jy’) by means of the formula! 7] 
-+oo 
p(w) = \ exp (iat) g(t) dr, 


—co 


(3) 


where g(7T) is the product of the correlation func- 
tions of the corresponding independent processes 
normalized to g(0) =1. On assuming for the cor- 
relation functions the expressions |!»? 


a0 = exp(— (A, + 4,)|t|) cos w,t cos @,t, 
Se (t) = ++ = exp (— 2Aj|t|) + + exp (— 2A,| t]) cos 2ayr, 
i 
4 


Epis) (t) = exp (—|t|t7), t, = 1na®/kT, (4) 


we obtain for the densities pijw) and p;,( w ) 


1 N+ Ay + i 
Pi; (o) = SG i on. SREB Sn ae TET 
(@; + @; — ©) + (A; + Ay + 1, ) 
4 1 A, +A, +474 
2 (oot o)?+ (A+ A+ tt)? 
A, +4,+ 4,7 


{ 
2) (o— o— oP + (+4, 4+ 477) 


we 4 A, +A; + ke 
2 (w;, — @, + @)P+ (A; + Ay +t)? 
rae ‘ Qn ae 
Pi (@) = = —— cipal via ia atth 
Bi Thee ort @ + (24; + T, ) 
2h; =f pun 2h, a. Lebey 


(5) 


(20, +474)? + (c@/+ 0)? © (24, -+ 17 1)?4+ (20, + 0)? 
The parameters A; appearing in (4) and (5) can be 
interpreted as the probability for the dissipation 
of the vibrational energy of the complex ion. In 
accordance with!®, Ap~Te for wjTo > 1, 
while the value of A; is A; ~ 10!2 sec7!. The fre- 
quencies wj are of the Beyer ~10? em-!. There- 
fore, for wy mM’ “Aj we obtain pjj(w) © 107! sec, 
pij( Ww) 10748 sec. In the case when the coordi- 
nates Qj; and Qj are degenerate (wj = wj), we 
have pij © pjj- 


2. RELAXATION IN AQUEOUS SOLUTIONS OF 
Cr*? SALTS 


The energy of interaction 3c) of the magnetic 
electrons of the ion with the vibrations of Qj has 
the form* 

*The evaluation of N@) has been carried out for us by 


A. M. Leushin, to whom the authors express their sincere 
gratitude. 
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H = W, (2Q; + 2Q3 + 203 — Qi— Q5— Qi) 
+ W3(2V2Qi1Q2 + 2Q2Qs)+ Ws (2V. 20105 + Q2— Q3) 
+ W3(V3Q5— V3) + Ws (2Qi— Q3—Q?) 
+ 2W1Q2Qa + Wa(Q2Qs + V3Q2Qs) + Wa (Q2Qc 
—V3Q5Q¢) + Ws (2V2Q:Q4 + 2Q5Qu) + Ws (2V 20105 


=i V 3Q:Q;5 — Q3Q5)+ Ws (2 V 2Q1Q¢ rae V3Q2Q5 


— Qs Qe) + WoQuQs + WeQeQe + WeQsv, (6) 

where 
W, = A—20F (x44-y*+-24 — 3r4/5), 
Ws =BYV 3 (x*—y?)—20F V 3(x4—y/), 
W. = B(r°—3z*)—20F (x+y — 22!), 
W3=CV3(x2—y*) + 11 V3 (0494), 
Ws = C(r?— 32%) 11 F (x4+-y4—22), 
Wa = 48F (x8y — xy’), 

a = 48F (x8z — x23), 
W, = 48F (yz? — zy’), (7) 


Ws = V3 Dxy+16 V3 F (x8y+- xy’), 
W5=V3Dxz+ 16V3 F (x8z + xz'), 
Ws =V 3 Dyz + 163 F (y2z-+- yz), 
¢ = Exy + 48F (x8y + xy’), 
We = Exz + 48F (x8z + xz), 
W, = Exz + 48F (y?z + yz’); 
A=— = ee'R™, B=— Zee'RS (4— 25r?R™®), 


C = See’R*(2—55P°R*), D = Lee'R*(4—15°R%), 


Ea = ee'R™ (1+-15r?R®), (8) 


Here r(x, y, z) are the coordinates of the mag- 
netic electron of the ion; R is the equilibrium 
distance between the nucleus of the ion and the 
center of charge e’ of the diamagnetic particle 
appearing in the complex ion. 

The ‘F term of the free Cr*® ion in the cubic 
field due to six particles Xj; is split in such a way 
that the lowest orbital level turns out to be single; 
the remaining orbital levels are separated from 
the lower one by ~ 1074 cm™!. The matrix element 
of the perturbation 3c(*) + 7 LS connecting the two 
spin levels M and M’ appears in the third order 
approximation and is equal to 


mm =81[(— V3 Q2Qs + 2(Q3— Q8)) (Sy —S¥) 
+ (382 — S4(— 2 (Q3— Q3) + 4 (2Qi— G2 — Q2))] 
cts & [Q5Q6 {SySy} at Q,Q; {SS} FP Q1Qe {SySz}], 


aaa (a) eae om ae (a) ee wee) 
(9) 


— 35 5p! R-7 
F=—ee'R : 


; 
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Here A is the total splitting of the *F term in the 
cubic field; figure brackets denote the symmetrized 
product: {ab} =ab+ ba. The data of Van Vleck!" 
have been utilized to simplify the expressions for 
€, and €. We also note that in (9) we have omitted 
products of the coordinates Qj with different fre- 
quencies which, in accordance with Sec. 1, give no 
essential contribution to spin relaxation. Before 
evaluating the matrix element between the spin 
states M and M’ the spin variables in (9) must 

be transformed to the laboratory system of coord- 
inates with the z axis parallel to the constant 
field Ho: 


Oy = OO Sir = BOs 


Sys = ee Ba Mee 0, 2. (10) 
Here ay, By, Y« are the direction cosines between 
the axes of the moving system of coordinates 
(corotating withthe complex ion) andthe laboratory 
system. In averaging | 3C |? over the sphere it is 
convenient to express Oy» Bes and y, in terms of 
the Eulerian angles; in this way we can easily ob- 
tain 


| (Se) uae |? = is 4S; Sal Moweaas = (Sk )M,M-t25 


|(S2- — Si )M,M | pe = {SiS2}M,m4a3 x (Sz) M.M-tes 
SwSy3]? =2{SS3anmas 2 (S2)Mape- (11) 


By combining (2), (9), and (11) we obtain for the 
probability of the transition M, M+ 2 


WM,M+2 = (Sx \u,m4si? {&; [= (QiPo2 + Q3Ps3) + = Q> Q5pes 


263 74 PBy2 Pi 16m Bao 
+= Qs Pos +2 (6) (Q5 P55 + Qé Pes) ] 775, &e [Qi Qi Pas 


+ Q5 Qe pss + Q5 Q6 Pas]}- (12) 
Herel®] 
2. ning h ho; th ws 3 2 i ho, 4 


Similarly we can obtain the probability of the 
transition M, M+ 1; it is of the same order of 
magnitude. 

In Eq. (12) we have, in accordance with (5), 
pig piy = 1071! sec. We set Q' = 1.5 1073" cm’; 
by utilizing the values for the other constants 
quoted in'4 we have obtained €;=1, & = 0.1 and 
Wm,M+2 ~ © 10’ sec™', which is lower Pan ee 
experimentally observed width (~5 x 10° sec’ , ) 
by an order of magnitude. It should be noted in 
this connection that we have not taken into account 
the contributions to the line width due to the parts 
of 3c(*) diagonal with respect to the spin which 
describe the shifts of the spin levels due to the 
oscillations of Qj: Moreover, in the perturbation 


*cth = coth. 


—_—- 
‘ 


term 3¢?) we have not retained the coordinates of 
the vibrations of Q;... , Qi; which are not sym- 
metric under an inversion. We also note that the 
values of many of the parameters are known only 
up to an order of magnitude, and, therefore, the 
agreement between the calculated and the observed 
widths can be regarded as satisfactory. 

Formula (12) gives a reasonably good represen- 
tation of the temperature dependence of the width 
of the resonance line of the Cr*® ions in an 
aqueous solution of Cr(NO3)3 where AHexp is 
equal to 245, 190, 125, 107, and 105 oe respec- 
tively at temperatures!? J OP SUS, we20n oO tase aes 
and 473°K. On taking AHtpeor (303° K) = 245 oe 
we have obtained values of AHjpeor equal to 200, 
137, 106, and 89 oe corresponding to tempera- 
tures of 323, 373, 423, and 473°K for Wj = 560 
em! and E/k = 1250°K. 

In the case of an anisotropic g-factor or of a 
Stark splitting of the spin sublevels of the ion 
(S> ys) a different relaxation mechanism is pos- 


sible which leads to the relation! 1011] 
Ty’ ~1%,[(1 + @M,M’t7)- (14) 
In accordance with our calculation 
Ty ~cth? (ho,/2kT) t,/(1 + ©, wt). (15) 


As can be seen from (14) and (15), up to tempera- 
tures T ~ hw; /2K the dependence of TT) fone? ain 
the theories of McConnell!!9] and McGarvey,!!!] 
and in the theory under discussion here, is prac- 
tically identical. As the liquid is heated further 
the decrease in ry predicted by formula (15) 
will be slower than in the theories of McConnell 
and of McGarvey, and one can even expect an in- 
crease in Tj! at temperatures T > hw; /2k. Ap- 
parently, this case is in fact realized in aqueous 
solutions of Cr*® salts. 


3. WIDTH OF THE RESONANCE LINE OF Cu*? 
IONS IN AQUEOUS SOLUTION 


The problem of the nature of the width of the 
resonance line of the Cu*? ion in an aqueous solu- 
tion deserves special consideration. The energy 
level diagram for a doubly ionized copper ion 
surrounded by six particles forming a slightly 
distorted octahedron is shown in the figure. The 
orbital levels are characterized by the following 
wave functions! 17] 


po = (2 + P/V 2, Yo = Vor 
Ya = (*b, “ ~a/V 2, pe = (‘py = pyV 2. 


The intervals A and 6 respectively amount to 
~ 10 and ~ 10? cm™!. The spin sublevels arising 


Ye = (th. — p_2)/V 2, 
(16) 
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The progressive split- 
ting of the fundamental 7D 
energy level under the ac- 
tion of a strong cubic field, 

y, a weak tetragonal field, and 
a magnetic field. 


1 


when a constant magnetic field is applied are 
characterized by the quantum numbers M = zu. 

We have found that the width Av of the reso- 
nance line observed as a result of transitions a, 
M=-'4— a, M=+', is determined not by the 
spin-relaxation transitions a, M = '4 — a, 

M = —'4, excited by the combined action of gel?) 
the Zeeman and the spin-orbit interactions of the 
ion, but by the relaxation transitions between the 
orbital sublevels a and b excited under the ac- 
tion of 3¢) alone with the interaction AL-S taking 
no part. 

Indeed, in accordance with the general princi- 
ples of quantum mechanics the width Ap of the 
resonance line of the transition a, M=—'4,— a, 
M = +'/, is equal to the sum of the probabilities 
of relaxation transitions from each of the sublev- 
els a, M=+'/ to all the other sublevels. The re- 
laxation transitions between the orbital sublevels 
a, M='4,— b, M='/4 and a, M=-'4— b, 

M = —'/, broaden the levels a, M =+ '/ in the 
same way as do the transitions a, M=+',= a, 

M = —'/. However, the direct transitions a— b 

are considerably more probable than transitions 
accompanied by a reorientation of spin. The 

matrix element of the direct transitions calculated 
with the aid of (6) and (16) is in the first approxima- 
tion: 


HO. =a (Q5— Qs) + 6Q2Q3 + ¢Q5Q¢; 
9V3 825 
eS pe ay 


Neexee OF ie, 


b= — 18(A, —= 


16 A,), 


A, = ep r*R7, 


a= — 3B = 2/21. (17) 
[The probabilities of the transitions a— c, d, e, 
which are proportional to the Boltzmann factors 
exp (—A/2kT), are small and are therefore not 
considered.] At the same time the matrix element 
for the transitions accompanied by a reorientation 
of spin a, M = Vas a, M=- /, arises only in the 
third approximation taking into account the ener- 
gies of the Zeeman and the spin-orbit interactions 
of the ion: 


K. A. VALIEV and M. M. ZARIPOV 


Hla.t), >a), (MgB g/A®) HO ~ 10° Hoe. (18) 


We also note that the contribution to the width 
made by spin-relaxation transitions will be pro- 
portional to the square of the field Hp, while the 
contribution of the direct transition a— b is in- 
dependent of the field; experiments also did not 
show ony apparent dependence of the width on the 
field. {19 

We now evaluate the probability of the transi- 
tion a— b. The matrix element (17) is invariant 
under rotations of the complex ion; therefore, in 
writing down the probability of the transition 
a— b we should set T; =@ in formulas (5). 
Moreover, the transition frequency w,} ~ 10° 
cm! is large compared to Aj, So that 

pij = 4h,/302, + 24j/(@ay — 204)” + 21j/(Wan + 20)”, 
Pig = Ay (2/2, + (an — 20;) * + (Wav + 20;)). (19) 


By utilizing (2) and (17) we obtain for the probability 
of transitions a b 


Wap = h-* [a? (Q4p55 “i= Q4p¢6) a PQ? Q?p og 
sr CO? Qtpisl ex Pn 


The temperature dependence of (20) is given by 
the relation 


Wa,b ~ exp (— 6/2RT) cth? (hw;/2RT) dj, 


(20) 


(21) 


with Aj ~ exp (- E/RT) where Eis a parameter 
which has the significance (and the order of mag- 
nitude) of the viscous barrier for the liquid. "8 We 
set 6 = 10° cm}, fiw; = 500 cm™, E = 2 kcal/mole 
= 700 cm~!, then in accordance with (21) the 
probability wa,ph increases by approximately a 
factor of 4.2 as the temperature of the liquid 
varies from 300 to 400° K. In accordance with 
Kozyrev’s experiment, 8! an increase in the line 
width by a factor of 1.8 is observed within the 
same temperature interval, and this is close to 
the calculated increase in width. The order of 
magnitude of (20) also agrees with the width ob- 
served in an aqueous solution. By setting, in 
agreement with Van Vieck,“] R=2A, r’? =4.4 az, 
r! = 31.2 a4 e’ =e, we obtain |a| = 2.4 x 10’, 
lb| =6x 104, |c| =10°; further, at T = 350°K 
we have wg = 3 x 107% g(the mass of a molecule 
of water), wj = 500 em! =10! sec"! and Q! 
=1.5x 10 3" cm!; finally, on taking Pie 20ij 

~ 1078 and exp (—6/2kT) * 0.1, we obtain Wa,b 
= 5x10? sec™!. 
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Equations are proposed for the partial scattering amplitudes at low energies. The derivation 
of the equations is based on the double Mandelstam representation and the unitarity condition 
in the two-particle approximation. The characteristic feature of the equations is that the 
number of subtractions allowed in them is independent of the number of waves taken into 


account. 


W:z consider here the expansions of the scatter- 
ing amplitude in partial-waves, used in the deriva- 
tion of equations for the partial amplitudes in the 
low-energy region by methods based on the Man- 
delstam representation and unitarity condition in 
the two-particle approximation!1-31 

The results of this investigation enable us to 
obtain for the partial amplitudes at low energies 
new equations, in which the number of subtractions 
is independent of the number of waves taken into 
account. 

We base our analysis on the scattering of 
scalar particles of unit mass. Let s;, S,, and 83 
be the Mandelstam variables and let z;, Zz), and 
Zz be the corresponding cosines of the scattering 
angles. We start from the double Mandelstam 
representation with one subtraction (see, for 
example,-41), which can be written in the form!*] 


3 
A (Si, Se, S3) = A+ >, a (S;,-2;); 


t=1 


a; (x) dx 
& (Sz, 2) = (8; — sia) | (®=s,) (%—S,9) 
4 
e dx 
Sian Goaycas) 
4 


x | dy ox, 9) | 
16 
where ixj # k. 
The partial amplitudes f,(s) are the coeffi- 
cients of the expansion of the scattering amplitude 
in Legendre polynomials of the cosines of the 
angles in reaction I: 


A(S1, Ser Ss) = >) f1 (Si) Pz (21) (2) 
i 


(y —s;) (Y¥ — jo) (¥ — Sp) Y — Spo) | 


(1) 


We introduce the quasi-partial amplitudes defined 
by the relation 


fu(s) = \ dePy (2) (s, 2). (3) 


Unlike the partial amplitudes, the quasi-partial 


amplitudes are the coefficients of the expansion of 


only part of the scattering amplitude in terms of 


angles of one process. 


Let us write down the formal expansion of the 


amplitude in quasi-partial waves; this expansion 


is known to be correct in the region of elastic 
scattering (Sj, S9, S3 < 16): 


A (Sy Sor $3) = + > fr (s:) Pr (zi). (4) 
a4 


It follows from the crossing symmetry that we 
need sum only over even l. 

From (1) and (3) we see that i] (sj) has a left- 
hand cut in sj when sj < —12 (this cut is con- 
nected with the vanishing of the denominators in 
the integral with respect to y in formula (1), 
possible only when s; or s3 are greater than 16). 

It is easy to show from (8) and (4) that fJ(s) 
has a zero of order | at the point s =4. Taking 
into account the unitarity condition in the two- 
particle approximation, taking into account also 
the threshold behavior of fj (s) and neglecting 
the left-hand cut of f] (s), we can write for the 
quasi-partial amplitude a dispersion equation 
which together with (4) yields the following integral 
representation for the scattering amplitude: 


A (Si) Se, S3) = 4 + dit (si) P: (zi); 


A (5) 
Pe if | Fy (x) |? dx 
js (s1) = (52 — Si) (Si — 4) | a ee 
si — 4\! ~ 
For large values of x, the factor mpm Pa (5) 


tends to unity and consequently does not change the 
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asymptotic behavior of ff (s). This factor compen- 
sates for the pole in Py (2j), since Zj 
= (sj — sk)/(si- 4). 

It is seen from (5) that neglect of the 1 -th 
partial wave in the physical region of the corre- 
sponding process is equivalent to neglecting the 
1 -th quasi-partial wave in the physical regions of 
all the processes. 

From representation (5) we can obtain equations 
for the partial amplitudes as proposed in several 
papers 1-3] 

Investigating the analytic properties of the par- 
tial amplitudes with the aid of representation (5), 
we obtain the Chew and Mandelstam equations [1] 
(this was done for Kr seg in a recently 
published paper by Gourdin et al/®]), When z, 
=1, the term i =2 has the form 

3 2 
Pl = )(—s)4' | Or 
4 


ee (6) 
X (X — Sao) (% — 4) 
This term increases at infinity as s, raised to 
the number of waves taken into account, and calls 
for the same number of subtractions in the equa- 
tions of Chew and Mandelstam (more accurately, 
an analogous term in the absorptive part). 
Essentially the same fact is noted in the paper of 
Efremov et al!2J, Choosing Soy = 0, we leave an 
analogous term in the derivative of the amplitude 
with respect to z, for z, =1. 

The equations of [3] are obtained by neglecting 
the term with i = 2, which in the vicinity 4<s 
< 16 can be readily shown to be greater than the 
term with i = 3, which gives the left-hand cut in 
S,. It can be shown that the polynomial (6) cannot 
be compensated for in the region of elastic scat- 
tering by the analytic contribution of the higher 
approximations. Thus, the analytic continuation in 
the region s; > 16 for the forward scattering am- 
plitude distorts the asymptotic properties of the 


solutions of the equations for the partial amplitudes. 
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We shall show now that we can obtain equations 
with asymptotic properties independent of the 
number of waves taken into consideration. For 
this purpose we equate the right-hand parts of 
(5) and (2) and their derivatives with respect to 
Z, at z,; = 0 (scattering by 90°). The first equa- 
tion of the system has the form 


Di fi (s) Pi (0) = 0 + dP (0) (5s — si) (s — 4)' 
l 


° Leite ara : 
lea DPS) 


Sod \( RUSE R ay | fy (x) |? dx 
2 


) sic cage? 


where we put for simplicity sSo9 = Sgo. 

The angle 90° is singled out by the fact that in 
this case we obtain an optimal distance from the 
regions of non-vanishing spectral functions; this 
is quite important because the cosines of the 
scattering angles of reactions II and III in formula 
(5) are nonphysical. 

The procedure proposed is being applied at the 
present time to specific processes. 

The author is grateful to V. Ya. Fainberg for 
numerous discussions and valuable advice. 
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The Mossbauer effect in solid solutions is studied. We take into account explicitly the de- 
pendence of the change in vibrational energy, which is associated with the change in mass of 
the emitting or absorbing nucleus, on the configuration of the atoms of different types sur- 
rounding this nucleus. An estimate is made of the resulting broadening of the Méssbauer 
line. The line shape in solid solutions is considered for the limiting cases of large and 
small natural width. Other causes of broadening of the Mossbauer line in solid solutions are 


mentioned. 


Tae position of the line from no-phonon absorp- 
tion or emission of photons by nuclei in a crystal 
( the Mossbauer linet] depends slightly on tem- 
perature [2.31 This dependence results from the 
small difference in masses of the nuclei in their 
ground and excited states, which leads to a differ- 
ence in the vibrational energy Ey of the lattice in 
the initial and final states, even when the oscillator 
quantum numbers n are not changed. In ideal 
crystals the same energy difference En appears 
for excitation of any nucleus in the lattice so that, 
as shown by Snyder and Wick 4] there is only a 
shift of the line but no broadening. In solid solu- 
tions, however, this change in energy En must 
depend on the type of atom located in the neighbor- 
hood of the radiating (or absorbing) nucleus. 
Thus the position of the maximum of the Méss- 
bauer line will be different for different configura- 
tions of the atoms in the solution surrounding the 
radiating nucleus, and the resulting spectral dis- 
tribution should be broadened in accordance with 
the numerous different configurations around the 
radiating nucleus. In the present paper we treat 
the width and shape of such a spectral distribution. 
Let us consider a binary substitutional solution 
A—B, in which photons can be emitted (absorbed) 
by the nuclei A. To simplify the formulas, we 
shall restrict ourselves to the case where the 
relative difference in masses of the component 
atoms is much greater than the difference in the 
interatomic force constants, and shall not take the 
latter effect into account. Then the problem re- 
duces to finding the change 6Epn in the vibrational 
energy when the mass of the s-th atom A changes 
by 6m =AE/c} (where AE is the difference in 
energy of the nucleus in the ground and excited 


states, and c, is the velocity of light) as a func- 
tion of the distribution of masses ma and mp on 
the other lattice sites s. We shall characterize 
the distribution of A and B atoms over the lattice 
sites by giving the numbers cg, which are equal to 
1 or 0, according as the site s is occupied by an 
A or by a B atom. The dependence of the vibration 
energy change on configuration is then determined 
by the dependence of 6En on the variables cg. 
This dependence can be found explicitly for the 
case of small mass difference of the atoms, or 
when the concentration of one of the components 
is low. 

It is obvious that 
a &m = Caren 6m = 


h?6m 
2m, 


bE, = (7 As tpn); 
where H is the oscillation Hamiltonian and Ag’ is 
the Laplacian for the atom s’. For sufficiently 
small ma — mg, no local oscillations appear in 
the crystal. According to [4] we do not have to 
take account of fluctuations of the oscillator 
quantum numbers, and can replace these quantum 
numbers by their average values in the final ex- 
pression for 6En. Obviously we can then write 
6Ey in the form 


SE, = 5 h?m 3?6m Sp [Ave 1] [Sp & eae (1) 
where A = 1/kT, and the trace is taken over the 
complete system of oscillation wave functions for 
a given configuration of A and B atoms. 

As the zeroth approximation for the problem of 
oscillation of a solid solution containing atoms of 
different masses we choose a crystal with the __ 
average reciprocal mass of the atoms m™! = mg. 
We assume that there is one atom in the unit cell 
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of such a crystal. The Hamiltonian for the vibra- 
tions of the solid solution is expressed in terms 

of the phonon creation and annihilation operators 
Ajj» 2kj (where k is the wave vector and j the 
branch number) as follows (cf., for example, (51). 


H= 4D ho. (445, Aj +x jaf; ) a lake 
kj 


(2) 
, 1 1 , 
H! = % DY) Vicinity + 4 > Vujer7? Qj + Hoe. 


kjk’;’ kjk’j’ 


Here 

RS mils ie ej 

Vike = oy ope aie V Oxjn7 (Cx; e&7) 24 (Cs — ©) 
s 


X exp [i(k —k’) Rs], (3) 


N is the number of atoms, ek = ~ en; are polari- 
zation unit vectors, c is the concentration of A 
atoms. The expression for Vigjk’ j’ is obtained 
from (3) by replacing k’ by sl Similarly, the 
operator h’5m ( 2m) ‘Agr is expressed in terms 
of al» aj by formula (2) for H’, if we replace 


(ma —mp) 27 (cs —c) exp [i(k—k) -Rs] by 
= Smexp [i(k — k’) Rel 
A 


in expression (3) for Vkjk/j’- 

Substituting the expressions for H and Ag’ in 
(1), expanding the exponential operator in series 
in H’ and stopping with the linear terms, we can 
easily compute the trace in (1). As a result we 
find that, to terms of order 6m( ma —mg) inclu- 
sive, 6En can be represented as a linear form in 
the cg: 


bEn = ho + >) has (Cs—c). (4) 


S#0 


Here 
tA lp. Om neon Pirie, 
os = 5N2 oF Mm = OxKjOx’;" | C/E; | cos (k — k’, Rs) 
gp — Myer A ys + ye 
« ? 
Ou; — Ox; Dy + Our; (5) 


where the nyj are the average quantum numbers 
of the oscillators kj, a) is the value of ag for Rs 
= 0, and the coordinate origin is taken at the site 
8’. 

If the mass difference of the atoms is large, 
but the concentration of one of the components is 
so small that we can neglect configurations in 
which there are two (or more) impurity atoms 
in the neighborhood of the given site, then 6En 
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can again be written as the linear expression (4) 
in the cg. The quantities a, ag appearing in this 
expression are, however, not given by formulas 
(5) in this case, but rather by more complicated 
formulas, which can be found without the use of 
perturbation theory by the methods which have 
been applied in numerous papers [8] 

The dependence of the change in vibrational 
energy 6En on the atom configuration (on the cg) 
results in a broadening of the Mossbauer line. 
Obviously the intensity distribution will be quali- 
tatively different in those cases where this broad- 
ening is much larger or much smaller than the 
natural width [. First let us consider the case 
where the broadening is much greater than I, and 
set [ = 0. Then the spectral distribution of the 
intensity of the no-phonon emission of photons 
with wave vector q by the nucleus s’, per unit 
solid angle and per unit frequency range, is given 
by the formula 
6(q, ©) = 2- (ceD8 (@—dEn/h) > 
| dite <cyD exp (— i8Ent/h) >, 


—oo 


Cen nfl 
~ Ame 2 


(6) 
D = exp [— Ms (cs, q)]. 


Here o° is the integral intensity of emission in 

the absence of vibration, D is the Debye factor 

for attenuation of the intensity of the no-phonon 
emission for the site s’, w is measured from the 
frequency AE/h, corresponding to the unshifted 
emission line, <...> denotes an average over 

all possible configurations of atoms on the lattice 
sites. Like 6En, D also depends on the configura- 
tion of the atoms around the site s’. But the differ- 
ences in D for different configurations are propor- 
tional to ma —mg. Thus in determining the spec- 
tral distribution, neglecting terms ~ (mA — mp)’, 
we can take D with the average value 

exp [— MA(q) ]. 

The spectral shape is conveniently characterized 
by giving the moments of the function o(q, w). 
Substituting (4) in (6) and integrating by parts, we 
find that the moments are given by the formulas 


Sm (q) =| (o— 2°)" 5(q, @) do; 


65 (q) = \5(q, ©) do = = expl—Ma (q)}; 


I 8 


fy ie! cA eneenal > 


Hi: So (q) 


(7) 


(the site s’ is at the origin of coordinates). 
Formulas (7) express the moments in terms of the 
constants as, the concentration, and the correla- 
tion parameters. In the case of an ideal solution, 
where there is no correlation, <c PSC 
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<cgitegy > = c?(s, # S)) etc, and it is easy to ob- 
tain expressions which give explicitly the concen- 
tration dependence of the first few moments: 


6 =0. 9,=c(l—c) >) a2, 6, =c(1—c) (1 —2c) >) a8, 
s+0 s#0 


d= ¢(1 —c) (1 —3e + 3c°) > at+tc2(L—c)? > O12 Or? . 


S#0 Sq,9%0, Si#So 
(8) 


The first moment o; determines the average 
frequency of the emitted radiation. Since o{ = 0, 
in ideal solutions the shift of the average frequency 
resulting from the change 6m in the mass of the 
radiating nucleus is determined by the quantity 
a°. Except for a numerical factor which is almost 
equal to one, the value of V4 is equal to the half- 
width 6 of the spectral curve. It follows from (8) 
that, in the case we are considering, the concen- 
tration dependence of the half-width of the curve 
is determined by the factor Vc(1—c). At high 
temperatures, according to (5) and (8), the half- 
width is proportional to T, andas T — 0 it tends 
to a nonzero limit. The third moment o3 deter- 
mines the asymmetry of the spectral distribution. 
In ideal solutions with stoichiometric composition 
(c ='4), the asymmetry disappears, but for other 
concentrations the asymmetry index is different 
from zero and must have opposite sign for c > 4 
and c < ‘4. The spectral curve is then obviously 
significantly different from the Lorentz shape. 

For a rough estimate of the order of magnitude 
of the broadening 6, we consider, for example, 
solutions with a face-centered cubic lattice, and 
include in the sum over s for o% only the terms 
corresponding to the first and second coordination 
spheres (for large Rg, ag falls off like ay: For 
T = 0, in the Debye approximation, it follows from 
(5) that 


h, Kp, 


ws ——— 


pe Tee SSAA OAS : 
(Am =m,a —MB, Wy is the maximum vibration 
frequency, a° is the line shift). From this it fol- 
lows that 6 is of order 


8 ~2V2aVc(l —6) dg ~ 0.03V'c (1 —C) w°Am/m 


ane Bien hee 
m . m 


(where z,. is the coordination number). Since the 
value of a° varies between the limits ha’ ~ 10° 
— 3x 10° ey, in concentrated solutions (c ~ un) 
with large relative mass difference of the atoms 
(|Am|~ m) the width can be of order 6 ~ 107'° 
— 10° ev. Thus 6 can be much greater than the 
natural width I only for the narrowest lines, such 
as for example Zn®"(r =5 x 10°" ev). We should 
note that the use of the true vibration spectrum in 
place of the Debye spectrum in evaluating the sums 
(5) may change this estimate. 
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In the case of nonideal solutions, the moments 
depend not only on the concentration but also on the 
parameters determining the degree of order in the 
solution. For example, when there is short range 
order in disordered solutions, the first moment, 
according to (7), is given by the formula 


= » (Ps —C) Oss 
s+0 

where ps is the a posteriori probability of finding 
an A atom at site s if there is an A atom at the 
origin. Thus when short range order is established 
in a solution one may observe a significant shift in 
the Mossbauer line. Similarly, short range order 
may affect the width and shape of the line. We also 
see from (7) that the second and higher moments 
depend on the parameters for short range order 
for three and more sites. 

The establishment of long range order may have 
an even more marked influence on the Méssbauer 
effect. To be specific, let us consider solutions 
with a body-centered cubic lattice, like B -brass 
(CsCl type). When long range order is present, 
the probabilities of occupying sites of the first and 
second types with A atmos are different: pi 
=c+7/2 and py =c — 7/2 (where 7 is the degree 
of long range order). In the case of an ordered 
solution, the energy change 6En given by (4) is 
conveniently written as 


6En = ha + hat + > hoa, (Co—Cz)- 
8+0 
or to p 


(9) 


Here Gg is equal to ph? 


the type of the site s; 


(nie ile +50( Dy %— Dd) 4); 


8%0 s 


@) depending on 


where the plus sign corresponds to a radiating 
nucleus on a site of the first type, and the minus 


sign to one on a site of the second type; the summa- | 


tion 2” goes over even coordination spheres, the 
sum 2’ over odd ones. 

For the case of large values of 7, the correla- 
tion in the solution is unimportant. Neglecting cor- 
relations, we can easily determine the moments 
for the spectral curves corresponding to radiation 
by nuclei on sites of the first and second types, in 
the same way as we did above, and then we can 
find the moments for the resulting intensity distri- 
bution by combining the results. The first moment 
is equal to 


(10) 


: 2 ” ’ 
6, = (SY a, — Yas). 
S#0 8 
Thus the shift of the average frequency w relative 


to a° when long range order is established, is 
proportional to n’. The second moment, defined 
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relative to the average frequency a) + 0; (the 
_ dispersion of the curve) is equal to 


- 4 
a @— a? 
2 Saul ( 
oes ¢ 
at gh) po? x a? 


— p®)] yt a2 


Sf 


o py p? (a as — Hi as) i 


s#0 


— 6))*6(q, @) dw 
+ 55 Upp)? (1 — po?) 
atpo))’ 


+- 


(11) 


For solutions with stoichiometric composition 

(c ='4), this formula simplifies: 

= —W)D a+ pl — a) (as — 
s#0 (12) 

As it should be, with ordering of the solution, when 

” — 1, the dispersion and width of the curve tend to 

zero. 

Let us now take into account the finite value of 
the natural width [ of the emission line. Expres- 
sion (4) then determines the positions of the max- 
ima of the Lorentz curves with width I for the 
different atom configurations in the solution. For 
nonzero, but small, r (It « 6) it is obvious that 
the spectral curve in the region of the maximum 
lw — a°| <6 is only slightly smeared out. How- 
ever, including the finite value of I essentially 
changes the spectral distribution in the ‘‘skirts”’ 
of the curve, for |w — w?| > 6. Whereas, when 
T = 0, the quantity o(q, w) falls off faster than 
any power of 1/w (all the moments oy are 
finite), for I = 0, in the region |w — a°| > 6 the 
quantity ie: w) & of lor(w — a°)* |" falls off 
like (w — a°)7?. 

It is easy to see that including the finite width 
T in the integral representation (6) for o(q, w) 
reduces to adding the factor exp(—I'|t|/2). In 
particular, for ideal solutions, performing the 
average, we get 


one dt exp {i i(o—o+c Soy: } 


oo s+#0 (13) 
x] tl —e4 ce-stjexp(—T'|t| /2). 
S#0 
Performing the integration, we can represent 
o(q, w) as a sum of Lorentz curves: 
6(q, @) = <2 A {| — a? 
[oe] ee 
= >) a(pi — a =f r4 | (14) 
f=1 


Here i is the number of the coordination sphere; 
aj is the value of ag for the i-th sphere; pj 
=1, 2,..., Zi, zi are the coordination numbers; 
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z,! 
A, = || ———_—_—_” 
f II P;! (2; — p;)! 


i=1 


1 eye Pe 


The superposition of Lorentz curves (14) usually 
describes a smooth spectral distribution. Only in 
special cases, when TI is very small and the con- 
centration of one of the components is low (or the 
solution is almost completely ordered) can one 
observe the fine structure of this distribution, 
which is given for ideal solutions by formula (14). 
The shape of the smooth curve which is obtained 
for o(q, w) when I is small (I< 6) was dis- 
cussed above. Now we shall investigate the oppo- 
site limiting case, when [ > Vo}, i.e., the broad- 
ening caused by the dependence of 6Ey on atomic 
configuration is much smaller than the natural 
width. In this case we can make an expansion in 
(14) (or in the analogous expression for nonideal 
solutions) in powers of a and keep only the lead- 
ing terms in the expansion. Then the characteris- 
tics of the spectrum can be expressed in terms of 
the same constants as for the case of I « 6, if 
we note that 


A — aie ok ie 
eee) lee 


As a result we find that the frequency wy, corre- 
sponding to the maximum of the spectral curve is 
given by the following formula, which is valid for 
both nonideal and ideal solutions: 


Om = 4° + 6, —8o,/T?, (15) 


Thus the dependence of wy, on the order param- 
eters for large values of I is found to be the 
same (neglecting higher order terms) as that 
found above for the Be rage frequency when I is 
small. 

We get different corrections € to the width 
I + € of the spectral curve for o{ = 0 if we define 
it as the integral width or as the width at half max- 
imum. This correction is expressible in terms of 
the second moment, and is equal to 


e=4oi/T, (16) 
in the first case, and to € = 604,/I in the second. 
From (8) and (16) we see that for large IT the 
width depends linearly on c(1—c) and not on 
¥c(1—c), as it does for small IT. In contrast to 
the situation for small I, where this type of 
broadening is proportional to (ma —mp)/ m, for 
large I the correction € is proportional to 

(m, —mp)?/m?, and is unimportant when the 
relative mass difference is small. The dependence 
of the maximum intensity om(q, w) on the con- 
stants a is determined by the factor (1—<«/1). 
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The asymmetry index of the curve is expressed 
in terms of the third moment, and is equal to 


(044, — 0-y,) [T= 8dT°. (17) 


As for the case of small I, the asymmetry van- 
ishes in the ideal solution when c = '4. At the 
same time the asymmetry index in this case is 
~(I/6)° times smaller than for small I. 

As already mentioned, the integral intensity of 
the line is determined by the average Debye factor 
<D>=exp[—Ma,(q)]. We know that in ideal 
cubic crystals, in the harmonic approximation, 
Ma is proportional to q’. But in solid solutions, 
according to Ci) MA ~ q’ only for small q. For 
large q the Debye factor is a more complicated 
function of q. In particular this has the conse- 
quence that even in cubic crystals MA depends 
not only on the magnitude but also on the direction 
of the vector q. Thus if the nuclei emit high 
energy photons (large q) one should observe a 
dependence of the emission (or absorption) inten- 
sity on the orientation of the emission direction 
relative to the axes of a cubic single crystal. 

It has already been pointed out (cf., for 
example, [8] ) that the intensity of the recoilless 
radiation can be increased by increasing the 
Debye factor, by introducing the radiating atom 
as an impurity in a crystal consisting of atoms 
with large masses. We have given an estimate of 
this effect£"] Here we mention only that at high 
temperatures, when the classical approximation 
is applicable, Ma does not depend at all on the 
masses of the atoms of the solution, and MA can 
be reduced only by increasing the atomic inter- 
action constants. 

When we go over from ideal crystals to solid 
solutions, the distribution in intensity of the one- 
phonon and multiphonon emission also changes. 

In particular, the singularities in the distribution 
function of the vibration frequencies and the singu- 
larities in the frequency dependence of the proba- 
bility for one-phonon emission, which must occur 
in ideal crystals, are smeared out in solid solu- 
tions (cf. Sy. 

We have here treated the broadening of the 
Mossbauer line associated with the dependence of 


the change in vibrational energy 6Ey on the 
atomic configuration. In a solid solution the dif- 
ference in energy between the excited and ground 
states of the nucleus may also depend on the atomic | 
configuration for other reasons, for example as a 
result of nuclear isomeric shift or magnetic shift 
of nuclear levels in a ferromagnet. In many cases 
these level shifts, in some approximation, depend 
additively on the nature of the surrounding atoms, 
i.e., they depend linearly on the numbers cg ina 
formula of the type of (4). It is obvious that in 
these cases the spectral distribution of the Moss- 
bauer line is again given by the above formulas. 
The only difference is that now the constants a, 
which appear in these formulas have a different 
physical significance. 
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DETERMINATION OF THE XK" — 27+ DECAY AMPLITUDE FROM DISPERSION RELA- 


TIONS AND UNITARITY 


I. G. IVANTER 
Submitted to JETP editor March 3, 1961; resubmitted May 16, 1961 
J. Exptl. Theoret. Phys. (U.S.S.R.) 41, 773-783 (September, 1961) 
The effect of mm interaction on the amplitude for the radiative 9* decay is taken into account. 
An expression for the amplitude is obtained in terms of P-wave mz -scattering phase shifts. 


The Omnes-Muskhelishvili method for solving the integral equation is generalized to the case 
when the inhomogeneous part of the equation is a singular function. 


‘Tue radiative 0* decay K'—1a*+ 7°+y has 
been discussed by Good,{!] without taking into 
consideration the final state interaction between 
the pions. In the present paper the interaction be- 
tween the 7 mesons is taken into account and the 
mK interaction is neglected. 


1. GENERAL FORM OF THE AMPLITUDE 


The amplitude for the indicated process con- 
sists of two parts, corresponding to electric and 
magnetic radiations: 


M = (Ry — R,W,) Puqv + i&pvap (Rap — ReWa) Pugvy. (1) 


Here k and w are respectively the 4-momentum 
and polarization of the photon; p and q are the 
4-momenta of the 1* and 7° mesons; and g and 
x are functions of the invariants in the problem. 
Internal bremsstrahlung of the K* and 1° 
mesons contributes only to the ‘‘electric’’ part of 
the amplitude, i.e., to the function gy. The internal 
bremsstrahlung diagram is shown in Fig. 1. The 
corresponding amplitude is given by 


Mr= (So ee) emG, 


SE eats 2 
(Qk) (pk) (2) 


where G is the Kjqz decay coupling constant, m is 
the mass and Q is the 4-momentum of the K* 
meson. M7 may be expressed in the form 


(3) 
(4) 


Mr = qpPv (Rp — Wyk) Po’ 
Po = emG/ (pk) (Qk) = 4meG/ (s — m*) (t —p*), 


FIG. 1 


Tr. 
SS 


PLGaee 


where p is the mass of the t* meson, and s and 
t are the invariants corresponding to the m*7 and 
mK* channels (see Fig. 2): 


s=(p+q), t=(k+>p). (5) 


In addition to internal bremsstrahlung one has 
radiation from the block of heavy particles (‘‘vertex’’ 
radiation). This radiation has an electric and a 
magnetic part. The part of the amplitude corre- 
sponding to this radiation depends only weakly on 
the invariants and may therefore be written in the 
following form 


M p= Apydy (Rpwy — Rvww,) + Dpyqvityuvap (Rap — Rp@a). (6) 


Here A and D are constants connected with the 
electric and magnetic parts. 

The electric part is of greatest interest because 
of the importance of the interference between the 
‘‘vertex’’ radiation and the pole term. On the other 
hand the interference between the magnetic and 
electric radiations vanishes after summation over 
polarizations £11 Thus, what is taken into account 
below are chains of the kind illustrated in Fig. 3, 
as well as chains involving internal bremsstrahlung 
of the kind illustrated in Fig. 4.* We leave out 
contributions arising from radiation from the 


*Chains with an odd number of pions give contributions 
that are even less than those that are referred to below as 
small, because virtual decays of K+ mesons into an even 
number of pions are forbidden by isotopic spin selection 
rules. 
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FIG, 3 


mm-interaction vertex, i.e., radiation from the 
entire block atthe strong interaction vertex (see 
Fig. 5). The contribution from such diagrams is 
however less than the contribution from the dia- 
grams shown in Fig. 3, because in the diagrams of 
Fig. 5 the K}, decay has to take place first and it 
is forbidden by the AT = % rule. As noted by 
Good, this forbiddenness is lifted for that part 
of the amplitude which is connected with radiation 
from the heavy particles block in the ‘‘decay”’ 
vertex. As a consequence the ratio of the contri- 
butions from diagrams of Fig. 5 and Fig. 3 should 
be proportional to the ratio of the K}, and Kz 
decay constants, i.e., ~ 4). We ignore any effects 
due to the Kz interaction; some estimates are 
made in this connection at the end of the paper. 

The calculation of the magnetic part of the am- 
plitude is made difficult by the existence of dia- 
grams shown in Fig. 6. Here the K3, decay takes 
place at the weak vertex, which is isotopically 
allowed; these diagrams are difficult to take into 
account. 


2. SPECTRAL DECOMPOSITION AND UNITARITY 
CONDITION FOR THE ELECTRIC PART OF 
THE AMPLITUDE 


The spectral decomposition for the electric 
part of the amplitude may be written in the form 


9(s 2) =9o(s + A+ | mw 6)(Saa—g— wr) 


4p? 


co 
ar ' 4 1 ’ 
Pilg ase \ SMO) emnfenage eter CE 
(m+p.)? 
1 C 1 1 
tae \ ps) (Gap a) ae (7) 
(m +p)? 


These dispersion relations have been written with 
a subtraction. The subtraction constant A is con- 
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nected with radiation from the block of heavy 
particles. 

The branch points in the invariants t and u lie 
significantly further than 4, This makes it 
possible to ignore the last two integrals in Eq. (7) 
(u/m approximation). An estimate of these terms 
will be given below. (We may note here that the 
magnetic part of the amplitude cannot be calculated 
precisely because the branch point in the t-channel 
lies at also 47.) Thus we obtain, in first approxi- 
mation, the following expression for the electric 
part of the amplitude 


os) =o.) +A+—\ 1 )|--——e—z |as’. 
4p? (8) 
In writing Eq. (7) we have assumed that the 
channel with four pions, which gives rise toa 
branch point at s = 167, can be neglected. If this 
channel cannot be neglected than instead of Eq. (8) 
we get the more general expression 


F 4 } t dt’ ds’ 
9 (st) = G(s, 4) +A+ |) SEO. (9) 


By averaging Eqs. (4) and (7) over t for a fixed s 
we get 


—AmGe V's In (Ve vee \' 


(s — m?)? Ws — 4p? | eu d 


Po (s) = 

Avast teks { ey ee 

9. ()= A+ o() + + | 1 6)[ [ee | 

4p (10) 

The unitarity conditions connect A and @ with 

each other, but do not couple the electric and mag- 
netic parts of the amplitude. The unitarity condi- 

tions give 
Pr (S) Pudy (Rp 


1 rae 
x im?) Dy Ghan dQ 


= (k,Wy — kyW,) Pyqve—™ sin 419 (s), 


— hyvy) = (hl — Rody) V1 — 4p?/s 
(11) 


where 6, is the P-wave mm scattering phase shift. 
Here we took into account the m7 scattering chan- 
nel (see Fig. 3). If also the second and third 
channels (Ka scattering) are taken into account 
then the unitarity relations for y become 


nr’ 


ne n* 


FIG. 6 
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Pp: = e~* sin 6,9 (s); (12) 
p,=e tsin dig (t), pp=é “tsin dp(u). (13) 
Here 64 is the P-wave Km scattering phase shift. 


In first approximation we obtain according to 
Eq. (10) the following integral equation for the 
function ¢;(s) 

4 4 
91 (5) = 0(s) +A+— | | 


s’ —s—ie 
4p? 


SS =| e—4: sin 6:9, ds’. (14) 


3. SOLUTION OF INTEGRAL EQUATION 


In order to solve Eq. (14) it is sufficient to 
solve an equation of the following type 
A ie =\ 


Hs) 9 (8) ay 
[s— v —ie]}” ut 


s’ —s— ie 2 


p(s) = (15) 


a 


h* —— es sin 6,. 


The function q(s) appearing in Eq. (15) is regular 
in the region a =s< ~. For n=0 this type of 
equation has been solved by Omnes!?1 using 
Muskhelishvili’s method. In generalizing the 
Omnes-Muskhelishvili method to the solution of 
Eq. (15) with n # 0 we found it necessary to con- 
sider integrals of the type 

co 


| Fs) —v—ieyt(f —s— iets’, (16) 
a 
where F(s’) is a regular function. 
Let us evaluate first the integral 
(17) 


= \ F (s’) (s’ —v)-" ds’ 


where the contour L is shown in Fig. 7 and the 
function F (s) is assumed to have the property 
that Im F(s) = 0 if Ims =0. The imaginary part 
of this integral is given by 

Im J = nresJ = nF("— (v) [(n — 1)!]7. (18) 
If n=1 then 


co 
Res,.=—P \ F (s’) (s’ —v) 1 ds’. 
However already for n= 2 the principal value 
integral ©0 
P \ F (s’) (s’ — vy"? ds’ 


a 


FIG. 7 


559 


diverges (equals + ©). The real part of the inte- 
gral J may be calculated in this case directly by 
integration along the contour; on the other hand 

it is equal to the generalized principal value inte- 
gral, which we denote by PP, defined by 


co 


P{ F (s’) (s’ — 


v)"ds’ 
fo) n see 
= lim P{ F(s')| [] (s’ — v — ke) | ds’=ReJ. (19) 
e—>0 a =] 

Carrying out the integration around the pole we 
find 


pp \ ds’ sry (= i) 
Ute yy oe = 


(s’ — v)" 


ft), Gea 


(20) 


Expanding the function F(s) in a power series 
and making use of Eq. (20) we get 


fe | _F (8) ds" _ =|. fae F (s’) ds’ 
? (s’ — v)” (s‘ —‘v — ie)” 
Mg? F(2-1) (v) n—2 es (ee 422-1 4 
Shoe (isa + 2 : ™) & —k—1) kv —a)** 
ite SI ( d 
aan F (s' s—v FH! Si 
: Fe) 2 cE | (s’—v)" 
: 21 
a nt : . ) (s’ = 7)" ( 
For integrals of the type 
eC es VG Ra ie 
fia= We — v)" (s’ —s) =| a ee SE : 
(22) 


along contours shown in Fig. 8, we find after some 
elementary operations the following expressions 


—_— e FF (s’) ies nil F. (s’) , 
hes (s’ — v — ie)"(s’ —s — ie) ee \ (s’ — v)"(s’ — s) 
— inf ~O- fe heel la 3 F—-») (vy) [(s — v4 (n— 1 1) 17 Ar 
(s— 1=0 (23) 
= C 33 Stila (SDs at ati PD C i (8) oe ee 
fi (s’ —-'v — ig)” (s’ — s — ie) (s’ — vv)" (s’ — s) 


n—1 
+ in [FAS — FF we — vad 
(s—v)" 1=0 
Si i (24) 
i. Ey 
v 
: 3 
FIG. 8 
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Here the generalized principal-value integral, de- 
fined by the limiting procedure of Eq. (19), may 
also be expressed in terms of principal value 
integrals 

ce a , 
pp \ Je S) ds 

: (s’ — v)" (s’ —s) 


(> 


F&) (v) 4— (eo 4 yr 


k=0 t=0 
n—1 
(v— ay gets (= sy We, 1] 
pay (+l—n-+1) 
4 v—a—(s— Vv) 

(Saat v—a+(s—v) 

k—1 
+X (swe (wv aye —(— yy + 1} 

l=0 


2v—a 


Co et 


a 


ds’ 
(s’ — v)” (s’ — s) 


F (s’) ds’ 
(s’ — v)” (s’ —s) ; 


+P ( (25) 


2v—a 
In order to solve Eq. (15) we introduce, follow- 
ing Omnes, 2] the new function 


Be) = a ae -) 
and denote correspondingly 
AO raga es ce es EE 


Then the desired function gy can be expressed in 
terms of F(z) as follows 


g (s) = [F (s,) — F (s_)] /f’. 
Equation (15) becomes: 
e-28 F (s,) — F (s_.) = h*(s) fo(s), fo(s) = 4(s) (s— v — ie)”. 
(29) 
The solution of Eq. (29) obtained by Omnes!?1 
is valid also in the case when the function f)(s) 
is singular: 
F (2) = O(2) Q(z), 


(28) 


Q(z) = ex), 


; (30) 
u (2) = =| (2') (2 — 2) ae’, 
EZ 
and if the last integral diverges then we take 
u(z) = A \ 26, (2’) [2’ (2’ — 2)]1 dz’. (31) 
L 
According to Omnes 
Q(s,) = ert, OQx(s:) =e ="; (32) 


I 
IVANTER . | 


p(s)=+ P\6, (s’) (s’ -- s) ds’, (33) 
or, if the integral diverges, 
p(s) = a P| s6, (s’) [s’ (s’ — s)]71 ds’. (34) 


Again, as was the case for Omnes, the equation 


@ (s,) — ® (s_) = f(s) sin 6,(t)e7"® (35) 


is valid, and the general form of the solution is 
preserved: 
@ (2) = 


ds’ 
s’ —z 


1 WN is ' , 
aaj fo(s’)sin 8, (s") e-* 
L 


(36) 


The difference between our solution and that of 
Omnes becomes manifest only when we actually 
use the singular function f)(s) in the contour in- 
tegral (36) to evaluate @(z). Since the integrand 
has a pole of n-th order at the point s’ = pv, the 
integration must be performed according to 
Eqs. (23), (24) and (25). After substitution of 
these results into Eq. (28) we obtain the final 
formula:* 
© (s) = fa (s) + exp [p(s) 


n—1 


+ i6;(s)] \— i [> [sind ,(v) e-P™g (v)]@——» 
0 


jj 


xX [(s —v) 4H (n —1—1)!77 


— q(s) sind, (s) e-*® (s — vy*] + 
oh _ PP \ gq (s’) sin 6, (8) Fel eater 138) 
Here, as above, PP denotes taking the integral 
in the generalized principal value sense, as de- 
fined by Eqs. (19) and (25). Let us point out an im- 
portant property of the generalized principal value: 
if the integrand is of the form F(s’)/(s’ —v)® 
(s’ — s) [with F(s’) a regular function ], i.e. if 
the integrand has a pole of n-th order, then the 
generalized principal value has no poles as a func- 
tion of s. It follows from here that the solution of 
the integral equation (15) has a pole of the same 
order as the inhomogeneous function, and, as can 


*After the present work was completed and sent to press 
the author became familiar with the work of Galanin and 
Grashin, 6) in which a method is given for the evaluation of 
integrals ® (z), Eq. (36), in the case when the phase shift 5) 
is of the form 


y'Vy cot 6: = Lary”, y= 5) 4p 1 (37) 


In connection with the appearance of the paper by Galanin and 
Grashin, 5] Sec. 4 of the present paper has been revised. 
*ctg = cot. 
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be seen from Eq. (37), in the immediate neighbor- We note that the integrals from 2a to 1 canbe 
hood of the pole the coefficients of the pole term neglected. 
in the solution and in the inhomogeneous function Below we give expressions for F(x) and p(x) 
are the same. It further follows directly from for the representation of the P-wave m7 scattering 
Eqs. (24) and (25) that already the first iteration phase shift 5,(x) proposed by K. A. 
of Eq. (15) removes the singularity. This proves Ter-Martirosyan: 
the correctness of our choice of the sign of ie , 
in the inhomogeneous term of Eq. nee Wed a Sali ers Soi se an 
Equation (15) may be easily generalized to the Carrying out calculations according to Eq. (31) 
case when ¢(s) falls off slowly at infinity, or we obtain 
tends to a constant limit. By introducing into p(x) = hs Dea ee Int ale 
Eq. (14) the function @(s) = 9,(s)/s instead of 2 AV 
the function ois) we get a ie = +> + x? +5 xin ue Bt sha tet (45) 
® (s) = ale (S). ~ =\ e—® [s’ — 5s — ie] 1sin6, Dds’, (39) 2 
2 oie F (x)=—sin [x"2(B + yx+...)] e-°)-4mGe (m4 V x) 
i.e. ~,1(S) =s@(s), where (8s) —the solution of x'(1— x)? int ¥* ; (46) 
Eq. (39) —is given by Eq. (38) provided we replace Ace Vii 
in the latter q(s) by q(s)/s. For the derivative of the function F(x) at the 
point x =Q@ we get 
4. THE AMPLITUDE IN FIRST APPROXIMATION : Pe (2) ie 
F’ (a) = sin 6,(a) e—e() 
For simplicity we make the following change of Lum 3 5 
variables —(1— Oar e-ete) | cos 6; (a) (3 B + ae ) 
x = 1— 4p?/s, x’ = 1 —Ap?/s’. (40) s i Vee a, ta = 4 int +Va | 
In this notation the solution of Eq. (14) for the Ve Pi Mad Exot, 
electrical part of the amplitude is given in first > © @ Dae ad sae 
approximation by E ou) n Cae om 14+Va 2(1—4) 
— x)? ; _ 
f= in tht + exp [p (x) + id; (x)] +2 ( 42 Vas a In one 
iF’ (a i [F (x) — F (a) o/2 1 a 
(ee —sq—m) |in +41. i 
1¢ F (x’) dx’ Pee The results obtained in this work are going to 
+PP ae — x) (x’ —a) ala {eos 1 (%) be tabulated on computers. In order, however, to 
1 ; obtain a feeling for the general character of the 
+ rts) = P| sin 6, (x) e-e*) os | : (41) solution we give below the results of approximating 
0 that part of the amplitude, which is connected with 
In Eq. (41) we have used the notation: radiation from the block of heavy particles. 
F (x) = sin 6, (x) e-()q (x), a = | — 4p?/m?; The integrand in Eq. (41) was expanded ina 
ee io evs (42) power series. As a result we obtained (for the 
ay cy case y=0,B <1, x< 1) 
Qa = ere (Bx*/2) + [i e +x+ xi In! =v) 
The generalized principal value integral ap- 4 : Ey 1+ Vx 
pearing in Eq. (41) can be calculated either by the <a (= 113: gs +5 ‘ln: Ta ma} (48) 
limit procedure, Eq. (19), or by expressing it ina (Vein! oer Vi may 
form in which the singularities have already been ie z ys 
removed. Using Eq. (20) we os | haf ence ean ex eRe oe grein: i+ Al }. 
pp eer tS aaa |P SS For the representation of the phase shift in the 
Pater). RIESE) ee 4) form given by Goebel, 
aN er = |+P a fea _ tg8, =O(s/4p?—1)"=b ty, y=s/4p?—1, (49) 
x! (x’ — x) (x —@) (x — a) 


the calculation of e?(S) has been carried out by 


2F (a) [F (x’)—F ene} (43) Ishida et al.(4] We use instead the method of 
(Fe +p [ere ag ta 
2a—t 
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Galanin and Grashin"! to calculate directly the 
contour integral ®, in Eq. (36). Making use of a 
formula from ref [3] and also of Eq. (19) when 
evaluating improper integrals, we obtain 


Qi = a+ @r- (50) 


Different expressions are obtained for the 
“‘vertex’’ and ‘‘bremsstrahlung’’ parts of the am- 
plitude @A and gf depending on the value of the 
quantity b (or p = |b |*%). 


If b< 0, then 

San y—pyt+e?f iy 

a b — iy’ | Le a eh G Foote |: eo 
If b> 0, then 
ids YP, Le es Ce he Ge 


For the part of the amplitude connected with 
internal bremsstrahlung we obtain: 


If b< 0 
my __ emt (1 +y) (y?—py +P?) 
—(9r—fo) 4meG ~~ 16 ps4 b— iy"? 
{i[ q = p(p — 22) 
(22— pz+p?)(z—y) (z—y)(2?—pz+ ?)? 
ore SU ee ee ee 
(z— y) (28 — pz + p?) 
a: y Vityt re). 
Vi ee Vity—Vy 
— Im{ Qu + Virus 
ere gon Sayed " Vitu— Va 
am 2u* 1 | 
\ Pe y) (u*— u) (u*— z)? 
—1| —___——______— 
Vi+z(2@—pz+ p*) y— 2)? 
4 p?— 2? + 2{- 327 4+ pz + p*) /2 
(y—2)(14+2) Vi +2 (2 — pz + 9??? 
= ee | , 53 
Seat | Sed) 


where we have used the following abbreviations 


z= m?/4yp?— |, u = petrs, u* = pe—*/3, 
eye vere wy = 
oat vas eva Vel 
ree 2+2z e Vitz+Vvz2 , Vz. 
24+2)Vitz VWi+tz—Vz Ave 
If b> 1, then 
py me _ im (+y) y+), | q 
— (er— fy) 4meG ~ 6p! 5 iyls ii fs AGEs 


Eis Lees FR ee 
(z + p)(z—y)? 
a oe a ee ig Vity+Vy 
(y+p)(y—z2?Vit+y Vite Ve 
Ve—1(y +e) (e+ a | hE — Vi p—1 


p 
(z— y) (2+.p)? 


IVANTER 


FIG. 9. Comparison of the solu- 
tions for the vertex part of the am- 
plitude for two representations of 
the phase shift 6,: lower curve —B 
= 0.614 (expansion in the parameter 
x = 1—4y’/s); upper and middle 
curves —b equal respectively to 
1.5 and 5 [expansion in the param- 
eter. y = s/4j° =) 1= x/(1-3)k 


ged 2 ate 
Vi+z(z+p) (y—z)? 


ss as Ee Le 
id PIETY AIA ire 
mM ~ (zp—z?-+ 2p) 1 } 
2s (eck py? it 2) 2 Wis 


(54) 


The case 1> b> 0, which corresponds to very 
large phase shifts at the borders of the physical 
region (in excess of 70°), has not been considered. 
Some of the cases are shown graphically in Fig. 9. 


5. AN ESTIMATE OF THE CONTRIBUTION OF 
THE NEGLECTED TERMS 


To prove the validity of the first approximation 
it is necessary to make an estimate of the second 
approximation, in which the Km interaction is 
taken into account. After averaging over s we ob- 
tain the following equation for the second order 
correction g =g~—q,, where ¢ is the exact solu- 
tion of Eq. (8) subject to condition (14), 

G2 = = | exp (i: (81)} sind (6) 2 (8) [Se 
ee 


as =| ds’ + © (s); (55) 


co 


Go (t") exp {— 18; (¢')) sind; (7) [LW 8) 


(56) 


Here the function @(t’) is obtained by averaging 
the pole term in the amplitude 4meG(s — m?)-! x 
(t — uy”)! over s ata given t. 

The ratio of g to the pole term is no larger 
than the ratio of the function ¥(s) to the pole term. 
After taking into account that |exp{ —i64}sin6; | 
< 1, we get from formula (56) the following condi- 
tion for the second order connection to be small 
compared to the pole term: 

E? (Evins Ey) V m2— EL +V EY max — 


¥ max 35s Cee 1,(5 
m3 Vim — 2E, at mj2— y—V Fxmax — Fy z)< 9 


4 
A 
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"4 : 
where Ey is the photon energy. The condition (57) 
is certainly fulfilled for Ey = 0; Ey = Eymax or 
s= 4"; Shean": 

Consequently the most unfavorable case corre- 
sponds to the midpoint Ey = Eymax /2 
=(m? — 4y”)/2m. At that point the expression on 
the left is equal to 1/80, i.e., the corrected ampli- 
tude is valid to an accuracy of ~1%. One obtains 
a correction of the same order if one considers 
the channel with four pions. The reason why the 
approximation is so good has to do with the fact 
that we are seeking in the first place a 10% correc- 
tion to the pole term. However such high accuracy 
presupposes a precise knowledge of the P-wave 
mm -interaction phase shift in a large region, in- 
cluding the singular point s = m? too. For s of 
the order of 20p? the contribution of the four pion 
channel, which produces a branch point in the am- 
plitude at s = 16p”, is unimportant. 

Thus, although the four pion channel does not 
upset things, and a solution of high accuracy can 
be obtained provided the P-wave phase shift is 
known with precision, large errors can neverthe- 
less be introduced in the process of substituting 
concrete expansions of the P-wave phase shift. 
For this reason of the two solutions proposed 
above the first one should be preferred, because 
when the expansion proposed by Ter-Martirosyan 
is used many terms can be included without par- 
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ticular difficulties. The first of the neglected 
terms contains x, At s ~ m’ we have x” ~ tf. 
And if it should later turn out that a larger number 
of terms is needed to describe the P wave phase 
shift then our solution can be extended to cover 
that case without difficulty. 

We gave above estimates of the contribution of 
the Km channels. A 1% correction was found with- 
out taking into account the smallness of the 64 
phase shift. In actuality the contribution from other 
channels with small phase shifts is smaller by 
another order of magnitude, i.e., is of the order of 
0.1% in comparison with the pole term. 

The author expresses his deep gratitude to 
K. A. Ter-Martirosyan for suggesting this problem 
and for discussions, and to A. F. Grashin and 
L. B. Okun’ for discussions. 
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A universal inequality is derived for the minimum number of partial waves involved in a 
reaction in which more than two particles occur in the final state. 


1. INTRODUCTION 


lee minimum number Lmin of partial waves 
occurring in collisions of particles at high energies 
has been determined by several authors. Rarita 
and Schwed!!1 have shown how to calculate Lmin 
for elastic scattering, given a knowledge of the 
total cross section of the interaction. Recently 
Grishin and Ogievetskiil?] have derived an in- 
equality which is very effective in the determination 
of the minimum number of partial waves in two- 
particle reactions, if one knows the total elastic 
cross section and the differential cross section 

for certain angles. 

As is well known, most high-energy collision 
processes are multiple processes in which more 
than two particles appear in the final state. The 
question arises as to how to determine the mini- 
mum number of partial waves in such collisions. 
A knowledge of Lmin is important for the proc- 
essing of experimental results, since Lmin is 
connected with the minimum interaction radius. 

In the present paper the inequality obtained by 
Grishin and Ogievetskii for two-particle reactions 
is extended to the case of reactions in which more 
than two particles appear in the final state. It in- 
volves the angular distribution of one of the parti- 
cles in the final state, the total cross section for 
the given channel, and Lmin. In Sec. 2 we discuss 
in detail the choice of the independent variables 
for the description of the final states of a three- 
particle system. In Sec. 3 the inequality is ob- 
tained for the case of particles without spin 
(0+0—~+0+0+0). In Sec. 4 it is shown that the 
inequality obtained in Sec. 3 can be carried over 
without change to the cases 


0+7/2-+0+0+ "es e+ Ye>0+4%/e+ "2 
e+ 4/2>0+0+0, 0+0—-0+ 3/2 + "/2. 
In Sec. 5 the inequality for the case of three par- 


ticles in the final state is extended to the case in 
which there are n particles in the final state; in 
Sec. 6 applications of this inequality are dis- 
cussed, 


2. KINEMATICS OF THE THREE-PARTICLE 
SYSTEM 


To describe the states of a three-particle sys- 
tem we shall introduce three other vectors instead 
of the momentum vectors p;, Py, pz of the particles. 
As the first we take the momentum of the center of 
mass, P =p, + p. + ps; in the center-of-mass 
system of the three particles (which we shall 
hereafter call simply the 3c system), P=0. As 
the second we choose P3, ( | Psc |, 23), the mo- 
mentum in the 3c system of that one of the three 
particles which can be identified experimentally 
(for example, the recoil nucleon, or K meson, or 
hyperon). In the system in which the other two 
particles, taken as a whole, are at rest (we shall 
call it the 2c system), these two particles move in 
opposite directions, so that as the third vector we 
can take the direction 2. of the relative mo- 
mentum of the two particles in the 2c system and 
the energy Mc of these particles in the 2c system. 

This choice of the independent variables has a 
number of advantages. First, as is shown in the 
Appendix, the integration over the phase space 
can be separated into two parts: 


* dpi dp» d 
\\\ Stee 6 (Ps + Po + Pa — Pr) 5 (Es + Ex + Es — E:) 
= | dmi.G (Mi, Mie) \\ doo!) 


(1) 


Here Mg 3c is the total energy of the three particles 
in the 3c system, and Pj and Ej are the momentum 
and energy in the initial state. The function 

G(®3,, &%_) does not depend on the angles, and 
the limits of the integrations over dQ», and d&Q3, 
do not depend on each other. Thus the integrations 
over the angles and the energies are separated. 
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Second, starting from the work of Chou Kuang- 
chao and Shirokov, 3] one can show that the total 
angular momentum of the three particles can be 
obtained in the usual way by compounding 1,¢, the 
relative angular momentum of the two particles in 
the 2c system, and l13,, the angular momentum of 
the identified particle relative to the two other 
particles in the 3c system. 


3. INTERACTIONS OF THE TYPE 
Oro —- 0+ 0+ 0 


Let us first consider the simplest case, in 
which all of the particles are spinless 
(0+ 0—~-0+ 0+ 0). Let us choose the variables 
as indicated in Section 2; then the general form of 
the amplitude for the process is 


jue DR ‘sey m (Qi) Cf Cp Pci Lge eV pg (Qube) 


Sate, te ge( Osc) (2) 


Here the summation is Waa over all quantum 
numbers. The function Rie, l3¢ depends on the 
total angular momentum L of the three-particle 
system, and on lye and l3c, the angular momenta 
mentioned at the end of the preceding pee 
The other arguments of the function Ree, L3c 
are invariant under Lorentz transformations. 
Yim are spherical harmonics; 2; is the unit 
vector in the direction of the momentum of the 
incident particle in the 3c system; C_"° are 
Clebsch-Gordon coefficients. 

If we choose the z axis in the direction Q3,, 
Eq. (2) can be written in the form 


Bi ret", : 
F = SR ( ae ) Se Igos WP M (Qye) ‘ae M ee 


The angular distribution of the identified parti- 
cle is of the form 


5(0) =| G(ak., m5.) die | FP dQ 


DY \ oe Rize Ean (ani, Pla icisate lie Woe (0) 2 


Mi ila, 
X G(Mec, Mic) Mec, (4) 
and the cross section for the process is given by 


the formula ia ge 
63 = (> (8) d= pa \G (Mec, Mic) dM 2c > ( 2 ) 
LMloe !3¢ 
(5) 


Leal Too, M; lac 0 
5 ge 'se('*2e: “Ps "3c 
ee Gg 


Let us assume that in the expressions (4) and 
(5) we can confine ourselves to a finite number 
Lmin Of partial waves. Then by using the Cauchy 
inequality 
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>| ABiP< S| Ar? S| BP, 
we get 
Aleta Ve ‘ ; 
(<< D2 > Ry" (_—— 3 } Cae ea of 


DY, (0) G (Me, Mi) aM, 


7A fpr alan: 
> Lact loc. M; 
< > | | 1S rad (= = Clee ‘ser ° 


LMlyo 


x G (Mec, Mec) AM 3 pa pee m( 


or 
Ass (0) / 63 < (Lmin + 1)?. (7) 


It must be noted that after the summation over M 
the right member of Eq. (6) already does not 
depend on @; this is unlike the case of the other 
two particles, for which there is no such summa- 
tion over M and the right side of the inequality 
depends on gL] 


4, INTERACTIONS OF THE TYPE 
Oot *—ro+ror+y, 


Let us consider the case 0+ 4 —-0+ 0+ ‘A. 
The amplitude for this process is given by the 
expression 
(ice > Ri'Ch ie, seg Me oie My, a 

2le. + 1 \"e : 

x (Fe) Y a, ar (Gre) V7, a (2a) 
here the summation is over J, L, L’, M, le, and 
Ize, where J is the total angular momentum of the 
three-particle system in the 3c system, L and L’ 
are the total orbital angular momenta, and @ and 
B are the spin projections of the particles in the 
initial and final states in the 3c system. The other 
symbols are the same as in the preceding section. 

The angular distribution of the identified par- 
ticle takes the form 
6 (0) = Di) G (mi. Mec) dM. \| FP dQxc 


ap 
oe baer lg¢ AL's, M—B; V2, Bh 3c 03 Loe» M—B 
he {| 2, Rie Pe Ci,'M Cher 0 tae (9) 


tog, M lye 


(8) 


; PAI TONG ar oh. 2 
x Crass M—a; |e a (== —} Vi, w (| G (Mec, M5) AM. 


Using the Cauchy inequality and making calcu- 
lations like those given in Sec. 3, we get the 
inequality 


Ans (8) | 63 < (Lmin + 1)?, (10) 


where 


= \0 (6) dQ. (11) 
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The inequality (10) is of the same form as for 
the spinless case. It is easy to show that this same 
result can also be obtained for the cases 


Vg + 15> 0+4/2+ Yo, Me +4—-0+0+0, 
0+0—-04 Vise |e 
5. INTERACTIONS IN WHICH THERE ARE n 


PARTICLES IN THE FINAL STATE 
Let us first consider the case 0+ 0 


—(0+ ...+ 0. In choosing the variables for this 
case we can take first the momentum P of the 
center of mass of the n particles. In the center- 
of-mass system of these n particles ( the nc 
system), P= 0. Next, Puo(|Pne|l, 2nc) is the 
momentum of the identified particle in the nc 
system. In the system in which the n—1 particles 
are at rest taken as a whole [the (n—1)c 
system ], it is convenient to take as the variables 
M®(n—1)c, the total energy of the n—1 particles 
in the (n—1)c system, and &(yn—1)c, the unit 
vector in the direction of the relative momentum 
P(n—1)c Of one of these n—1 particles and the 
other n—2 particles, taken as a whole, in the 
(n—1)c system. The remaining ee ge are 
chosen Baal OUn Ny: and are written Min —2)c’ 
Q (n— 2)er++ tee Qoe. The advantages: of this 
choice of the Nalopandede variables have been in- 
dicated in Section 2. 

The integration over the phase space is of the 
form 


-dpidp2... dp, 
\rEE.., éXpwsm Pactent oth Pam: Pe) OtEn cl 
+ En — Ep) =\G (Mics Mey +» Mic) MSc... dM aye 


N | 4Q2¢ Saco (12) 


where G is a function which depends only on the 
energies and not on the angles. 

By means of the set of independent variables 
that has been indicated one can reduce the ampli- 
tude for the process to the form 


toca loan oct lect Lee, Mac lacs p- 
a R! 2c? “3c? lne C (20e7 F 20+ "3c B3cQ3c: 3c} “ac 4c. 
Lae pa L, Lge a aes —1)¢ ~ /3cr Me Lac: Mac 


he Re ede ety ck >P a 
x Cav 1) c 4 (n—1) c lhe Pne Vir M (22;) Vga Poo (025¢) omy 


x oes VA (Q,), (13) 


where L and M are the total angular momentum 
of all n particles in the nc system and the z 
component of this angular momentum; /;, and Hic 
are the relative angular momentum and z compo- 
nent of angular momentum that correspond to the 
momentum Pjc in the ic system; Lic and Mic 


HSIEN TING-CH’ANG and CH’EN TS’UNG-MO 


are the total angular momentum and its z compo- 
nent in the ic system; the summation is taken over 
all the angular momenta and z components. 

Let us take the z axis along {y,; then the 
angular distribution of the identified particle and 
the total cross section can be written in the forms 


Gn (9) = VF 2G (M2, «. -, Mc) dMZ... AMP 190 AQaeee 
sda ne, (14) 
on = \, (8) dQ (15) 


Using the Cauchy inequality, we get from Eqs. (14) 
and (15) 


Ann (8) / Gn < (Lmin + 1). 


This inequality is analogous to the one obtained in 
the case of three particles without spin. For the 
general cases in which several particles have 
spins different from zero it can be shown in just 
the same way that the result is the same as in the 
case of spinless particles. 


(16) 


6. DISCUSSION 


The inequality (16) is useful for the determina- 
tion of Lyjn- It enables us to calculate Lyin if 
we know the total cross section for a process in 
which a definite number of particles emerge in the 
final state and the angular distribution of one iden- 
tified particle (K meson, hyperon, recoil nucleon, 
or antibaryon) in the c.m.s. 

In view of the fact that the right member of 
Eq. (16) does not depend on @, the inequality is to 
be written in the form 


4m (Gn (8))max / Sn < (Emin + 1)?. (17) 


It must be noted that if we take the z axis in 
the direction Qj, then between the angular distri- 
bution of one identified particle out of the j parti- 
cles in the jc system 


Sethe \ Fn|?G (Mc, .. 
& 10, Oe GO eee 


» Mic) AMac.. 
igi 9a 


2 
. AM n—1)c (1 8) 


and the cross section for the process we have the 
relation 


Ano, (8;) [Gn <[(Li)min + 1]?. (19) 


The inequality (19) makes it possible to determine 
the minimum number of partial waves essential 
for the description of the subsystem je. 

The writers thank Chou Kuang-chao and V. I. 
Ogievetskii for helpful discussions. 
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APPENDIX* 


For the case of an n-particle process the inte- 
gral over phase space is of the form 

os dp,...dp,, 

aie sa 


0(pi Pa +--+ pr—p)o(Ei +... 


+ En — Ei). (A.1) 


It can be written in the explicitly invariant 
form 


[= \ tp, ..  d4pnd (pi + m)) ... 8 (pt + mi) 84 (p, + py +... 


= he Pn— pi). (A.2) 
After the transformation 
Pit P2=Re, Py— Po = 20 


we get 


[= \ ates d'qz d*ps...d*pnd WG +r a2) 


3 m)6 (2 ay q2) =e mi) (p3 + m3)...6 (pee m>) 
(A.3) 


PEO (ho 3-1-1 Pan — pi). 
Noting that 
a*q, = > Vee + G2, doo dg? dQ», 
we can perform the integration over d‘qo in the 
2c system, in which 
(RecGzc) = — Reeo4zco 
and Eq. (A.3) then takes the form 


2 2 
OG: Hai ae Reco, 


Z 2 
m, + my 
2 
2c 


Ps (5) AM. dQredthocdps ....d*p,(1—2 


2\"/2 9 2 
2c 
%~ O* (Roc + Ps + + «> + Pa — Pi); 
*An analogous method of integration over phase space 
has been proposed earlier by Kopylov 4] for the calculation of 


statistical weights and distributions in theories of multiple 


production. 


where 
Mee 4 = geo + (m? + m’) /2. 


It is easy to see that Myce is the total energy of 
the two particles in the 2c system. 

Continuing the indicated procedure, i.e., 
setting 


kj a (ae Risa, k; — Piz = 24:41) t= 3, 4, © 8 a9 Mb l 


and integrating over dtai+ in the (i+ 1)e system, 
we finally obtain the integral over phase space in 
the form 
fas \¢ (REE, Re dOY yd eae 
(A.4) 
(Mic is the total energy of particle i in the ic 
system), where 


iN 2 2 1 2 2 
= Deis = Wic ae a (Mier) c aa m;), Mic = Mm, 


Pa ire 9 an: gn?. 2 
G (Mee, ., M2) = (5) ll [ ye es m 
i=? ic 
Maye — MF 27" 
argent | 
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Expressions are found for the coordinate fractional parentage coefficients of an arbitrary 
multishell configuration in the form of a product of single-shell parentage coefficients and 
matrix elements of the transformation matrices of the permutation group and the rotation 
group. Formulas are presented for the matrix elements of the operators F and G in the 

case when they do not contain the spin variables. 


‘Tae problem of computing the energy and other 
characteristics of a system of n identical particles 
meets with difficulties in constructing the wave 
function and in the complexity of the computations. 
The introduction of fractional parentage coefficients 
in the papers of RacahltJ definitely simplified and 
systematized such computations. Later a whole 
series of papers appeared on the calculation of 
fractional parentage coefficients for identical par- 
ticles (for a single shell)."2-" Parentage coeffi- 
cients for a configuration of several shells were 
obtained by Levinson, |! and an expression for the 
fractional parentage coefficients of a two-shell 
configuration was used earlier by Elliott and 
Flowers. 19 Balashov, Tumanoy, and Shirokov't 
obtained formulas for the matrix elements of con- 
figurations consisting of several shells by applying 
the methods of second quantization. 

If the operators do not contain the spin vari- 
ables, then to compute their matrix elements we 
need only know the parentage coefficients of the 
coordinate wave function. In the present paper we 
derive formulas for the coordinate fractional 
parentage coefficients of an arbitrary multishell 
configuration. We show that these coefficients are 
expressible as products of coordinate fractional 
parentage coefficients for a single shell and 
matrix elements of the transformation matrices 
of the permutation group and the rotation group. 
In addition we give formulas for the matrix ele- 
ments of single-particle and two-particle opera- 
tors which depend only on the spatial coordinates. 


1. TWO-SHELL CONFIGURATION 


The primary interest in quantum mechanical 
calculations is the computation of matrix elements 
of operators of the type i 


F= Sho G= > gu. 
= i<j 

It is therefore convenient to represent the wave 
function of a system of n particles as an expan- 
sion in which one or two particles are separated 
out; the coefficients in such an expansion are 
called fractional parentage coefficients. We write 
the formal expansion of the coordinate wave func- 
tion for a configuration consisting of two shells.* 

a) Removal of a single particle, parentage co- 


efficients of the type <n-1, 1|}n>: 
@ (Uf [Ag] Ly, 13? [Ao] eels) [A] (r) LM) 


rae > > ~ (ase [Mil ee. 13? [Ae] oL2)[h"] (r’) L’, 14; LM) 


d, a, LL’ 
xX (LENA ola, be? [Aa] tole) (M1 Lb} a [aa] 


KX Oy Ly ,L8? [ho] AL; [A] L> 


4D oP Tag] obs, EO el Ls) V1) ee 
ry a beh 


GUE [Aa hioalna deter | dade his lottiei tad 


X aly, 2° [As]ooL»;[A] L>. (1) 


The function g is formed as follows: we vector 
couple the wave function of n’th particle to the 
wave function with permutation symmetry 

[A’] (r’) for the configuration of n — 1 particles. 
There is no summation over [A’](r’) since the 
assignment of the Yamanouchi symbol (r) 


*Throughout the paper we use the notation of our previous 
work, ['?] references to which are indicated by a Roman nu- 
meral I. The quantum numbers of the configuration left after 
removal of a particle are indicated by a prime, those of the 
removed particle by a double prime. 


568 


. 


. 


COORDINATE FRACTIONAL PARENTAGE COEFFICIENTS 


uniquely Pe peaee the symmetry of the (n — 1) 
particles (cf.!?-3J), 

b) Removal of two particles, parentage coeffi- 
cients of the type <n — 2, 2|}n>: 


(Ay) ojL,) Ae] pL) [A] (r’r”) LM) 
=D De eG Pay onlay 1? [a] tals) [4] 


ne a oan ag 


x (r')L’, HIN] Ly; LM) 

x (A | hi] Bihay 2° [As] Oly) [A'] L’, 

aa i [N"] ery I [Aa] OL, 13° [Ag] Ale; [A] LY 

4D) Dp (G gl onLy, GP [ag] Ls) (RF)! 


We eee 


Ph EM) (is Val oli, GF? [ho] gl) [WIL 
ar b [rv] Ligh |} ly [Aq] aL, ls? [As] ole; [A] [> 


pe a>) 


My 2 aL eek? | Be 


Se alah Ls LM) < (Us (hg) plea, Ag) gly) 


PCE ialoalas 8 (ahes la) (44 


Pa ye = al (A) "SL I TA, J oily, 2° 
x [he] Ogle; [A] toe (2) 


The choice of the representation [ A’], when re- 
duced to the subgroup Sy-»2 X Sy, corresponds to 
assigning the symmetry of [A’](r’) and [A”], so 
there is no summation over these symbols. 

To find the fractional parentage coefficients 
defined in (1) and (2) we shall start from formula 
I (20). Our problem is to transform it to the form 
(1) and (2). 

Let us go through the derivation for the case of 
removal of two particles. For (r)4 in I (20) we 
choose (r’ r”). Just as in), we divide the sum 
over Q into four sums, according to the effect of 
the permutations on the coordinates of the 
(n — 1)-st and n-th particles: we denote by Q; 
those permutations which bring n — 1 and n to 
the positions n, — 1 and nj, by Q, those which 
bring n — 1 to the position nj, by Q3 those which 
bring n to nj, and by Q, those permutations which 
leave n—1 and n in their places. It is obvious 
that 


— 2)! (n — 2)! 
nMO)= oping (92) =2(Q) = Ga" 
Grail at te 
n(Q4)= a PY n(Q)= > n(Q:) = mina! 
a i=1 


Every permutation Q; can be represented in the 
form of a product QiP;, where Pj brings n—- 1 
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and n to the appropriate places, while Q; does 
not act on them, i.e. Qj€Sp-». It is not difficult to 
show that we can choose the following permuta- 
tions for Pj* 


P oA {Pr.n 2....Ny—1, A—1, A—B 6. Ny No odd, 
i 

ep. ee eee n—3...m,—1 Ny even; (4) 
Pov (epee pickers Fa Ps == Prmabs Py =1¢ 


Let us consider the sum over Q;. When trans- 
formed appropriately, this sum should give ex- 
plicit expressions for the ears parentage co- 
efficients of the type ai ial ie da pi Af- 
ter applying P; to g, we bare 


Dd, Se DD A) (779) Qt 1M (ara) 


rots Q, 
x d.0G: [Ay] (71) tL, 13" [Ao] (ro) Ls: 
SEM 52). oy hy 2, ry a ye 
ih fy myIno! te 
7 at ban nt ; @) 


The arrangement of the particle numbers in the 
argument of the function gy’ corresponds to the 
distribution of the particles over the shells. Since 
we sum over the Yamanouchi symbols, the expres- 
sion (5) can be replaced by the equivalent expres- 
sion 
D=e YD DCA (r’r)| Qa] (4 (na) dare) 
Ky tohgty 2 
< Qi 9G? [aa] (rar) onLa, 15" [al (ro) tae 
SSP SOF 20) Weng on SAN n—2). 
(6) 


ny — leita 


We strip off the particles n —1 and n from 
the first shell using the fractional parentage co- 
efficients for that shell, and then change the order 
of coupling of the orbital angular momenta so that 
the group ils is coupled to 732. When we do this, 
we get a transformation matrix for the rotation 
group, in other words, a matrix which transforms 
between different schemes for coupling the orbital 
angular momenta: [13 


P= De UEP MIG alli. [hel (fe) als) L, 
apie 
GMa) Li; LM) <0 [Ag donLa, Ea] Lis Lala" 
x cee ee LFA eal LAN NOY (7) 


We write the matrix element as Q; = Q;P; ac- 
cording to the formula for multiplication of the 
matrices chosen for the intermediate state with 
permutation symmetry of the function gy” anda 


*We choose for Q the permutations which preserve the 
increasing order of numbering of particles within each shell. 
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definite permutation symmetry [A’] for the first 
n — 2 numbers: 


EA] (1'r") | QP | [A] (rary) Aare)> 
= DY<(A] (r’r”)| Qi] [A] (Fare) ¥’ )> 
~ IM (rire) 4/73) | Pa| [4] (rit) Mare)>- 


(8) 


Since Q{€Sp-», the sum over A’ is replaced by 
6}’,’ and in addition we also get 6,” ,”. It is not 
difficult to show that P, is a matrix of type I (18), 
i.e. it is diagonal in [Aj] (rj ) and is independent 
of the Yamanouchi symbols. Consequently the 
summation in (8) drops out. 

We substitute (7) and (8) in (6). Since 


D>) DXA] (r’) | Qa] LA] (rare)> Qi” (a1 (74), [ae] (2), (471) 


Fairy 
= c'® (((Ay] [heo]) [41 (r’), [0"]), 
Fa 4 
<b OG EIR Ee 
SN Uae jae CEES Bae (9) 


the summation >), finally takes the following 
form* 
Dy See Dy DPD (Tog Us Aa aaa YES 
Ay aL Lb 
x GIA Ly LM) [yon Ly, GLA) Ly; Lai} a a 
x! otyLy> <EA}((Arde)A'R”) || Pr |] [AT ((AA”) Are) 
> <((LqL2) L'L;) L | ((LyLy)LiL2)L). (10) 
Comparing this expression with the first term in 
(2), we get the following formula for the fractional 
parentage coefficients: 
CUP [Aad onli, O2* [Ao] tole) (MIL, GUM IL Li} OP a 
ee 
4 ie it) Pky auth 
Xa4L1, —> 137 [Aa] ale; [4] LD Latin n(n—1) | 
x CEP [Aa] ola, GTM I Ly; Lif} Ga] Ly) 
% TA] (Arde) 170) || Pa | [a] (Aa”) ade) 
x ¢((LyL2) L'Ly) L | ((LiL1) LiLs) Ly. 
Proceeding similarly with the fourth sum, 


which contains a summation over Q,, and com- 
paring it with the second term in (2), we get 


ir? tha Verslal ile eee eee 


i, 


(11) 


(A [Ag] Ly, 
x Uy [Ay] Ly, > Ly* [Ae] tole; [A] Ly 


hh n (n oa 1) te , ee " 
<— - Pee (Ge | dal [As] aslo, 13[N"] L,;L;}} 
x US*[Ao]oteLe><[A]((Aadg)M’R") | [A](Aa(Ao”) X2)> 
x <((LiL2) L’Ls)L | (Ly (LoL2) Le) Ly. (12) 
*To simplify the writing, in indicating the method of re- 
duction we write all the intermediate [);] without the square 
brackets. 


{7 7G@ SKA PAN 


To find the parentage coefficients 
<I", Lyl,|}1;t2> we must combine the 
second and third sums. First we transform the 
third sum: 


Dy = 6D) DCI (7'7") | Pr, na Qe| [A] (tira) Qa 


T3T2 Q 
=>) D}<[N] | Pr, n—a|LA"1>< 14] (r’r")| Qe [4] (rare)>Qa9- 
T1fo Q, (13) 


Combining it with the second, we obtain 


> Eh eg Sh OS a Pe ea eee 
Tyfo Q, 


x <[A] (r’r”) | Qo] [A] (rire)> Qo (07? [Aa] (1) £4, 


—> 13* [he] (fe) Ole; LM|1, 2...n,—F; n—I5 m, 
Phe 3 par (14) 


Next, separating off the particles n-1 and n from 
the first and second shells by using the single- 
shell parentage coefficients and carrying out some 
transformations, we get the required expression: 


c(i [hal onlas 1o% 1 Thpboole) (AL Gigi ie oo 


n—2, nN). 


x i [Ay] a,L, => 13” [Ao] AL; [A]L> 


A iy bis 2nne : 

ef fyb, 2(2—1) 

x Shao [Aa] alas: Ly; Lil} Uf [Aa] aL 

yard le [do] dala Io; Ll} 13? [Ao] %2L2> 

[A] (dads) 2A") |] Po | [A] ((Aa1) Aa (Ao!) 2)> 

x <((LiLg) LL") L | (Lata) Li (Lol) Le) Ld. 

To obtain the fractional parentage coefficients 
<n-1, 1|}n>, we divide the sum over Q in 
I (20) into two sums. In the first sum we include 
the permutations which bring particle n to posi- 
tion ny. From it we obtain the form of the coeffi- 
cients <I17'7}%, 1, |} 1f1172>. The second sum 
includes those permutations which leave the p-th 
particle fixed, and gives us <1, ‘1? , 1,|} 1; 1l,?>. 
As a result we have 
C(I [Ag] ola, Go" Ae] tele) (MIL, Li; Li} At [aa] ola, 


(15) 


nC ee Sega 
— [3° [he] HL; [A] L> _ [pt | de [Ai] Li, 4; 
wha, 7 
Ly le faa Lonla> <A (Gas) 8 es, naa 
x ((A L)Aghe)> <((LiL)L’L,) L((Lih)LiL2)L>; (16) 
<A Dad oka, Bo 4 Poh Oba) IM TL, lar Le goes 
hh le , pate 
= | a gs [As] Oababys 
hrhy n 
Lo |} £3* [Ao] &oL2> <M] ((AaAz) 41) | [A] (Ay (Aol) Ao) 
X <((LyLs) L'ly) L| (Ly (Lala) Le) LY. 


— [3 [Ao] Alo; [A] L> = 


(17) 
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All our formulas for the parentage coefficients 
are diagonal in the shells from which no particles 
were split off, and the transformation matrices 
repeat the coupling scheme in the two parts of the 
parentage coefficient. It is not hard to see that for 
the special case of the antisymmetric representa- 
tion [A] =[11...1] the formulas for the paren- 


_ tage coefficients go over into the corresponding 


errs 


formulas in the paper of Levinson, [8] since, for 


the one-dimensional representations the transfor- 
mation matrices of the permutation group, which 
appear in the formulas, are equal to unity except 
for a phase factor. 


2. ARBITRARY MULTISHELL CONFIGURATION 


When there are k shells present, to character- 
ize a state with a given permutation symmetry and 
total orbital angular momentum we must also give 
k-2 intermediate symmetry patterns and k-2 in- 
termediate orbital angular momenta. We shall de- 
fine the fractional parentage coefficients for such 
a configuration by generalizing the expansion of 
the coordinate wave function for two shells given 
in (1) and (2): 


D (Of [Ay] oly... Ue" (hn) ote Le)” br [A] (r) b2LM) 

£ ie— , La € 

=S SY Y OM Mlah...l: Neat oaty ee 
a a 

a Whe lck,) bw (N] (r') Oe! cly LM) 

(le? [Malonls.. tM obs. de” (el 

x Ogle)” by [N’] OL’, 

— Uy; L)} (GP (Ag) aL - ..)? dx [A] OLL). (18) 


B and B’ are the coupling schemes for the shell 
symmetry patterns and orbital angular momenta 
(cf. I); by and by, are respectively the sets ofin- 
termediate symmetry patterns and intermediate 
orbital angular momenta. The summation extends 
only over those symmetry patterns and orbital 
angular momenta in by and by, which appear 
when we strip off a particle. Furthermore, 


@ ((0f' [Aq] Li. - 


a 


sees 
4 A, by, aL i Lop? 


Ue? [ne] oeLe)® br [A] (r’r") bLLM) 


@ (0 [Aq] ogy. UM 


Shs [\’] (r’) ay i [rv] 
wo dg* [Aa] 


x aL Gi ee [Ae] opp)” 


x Lis LM) <(0e aloals... 0%” [ad ah 
x bi)” by [A’] by L', > li [A] L; ; L}} 


X (UM [Ay] ols. --)? br [0] OLY 


Ceiaaleria t.L ee 
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ee pa Passe Sieh 


i<j Rd; Bo) a; aL, a. eee 
Le [he] oplp)” by [A] 
[Mi] 


aes eae Miaat GL 


om 
aye 


—i 


x (r') byL', bly [NY L"; LM)C (1 [Ag] only. «ty 


SO ae PRES ph ab) Pe helo 
PRON bil, Lilja] tal tae Dale eee 
[A] pL. (19) 


To obtain the fractional parentage coefficients de- 
fined in (18) and (19) we shall start from the ex- 
pression I (21) for the wave function. The compu- 
tations are similar to those for the case of two 
shells, but are more complicated. We shall give 
only the results. 

In the case of <n -1, 1|} n>, 


[Mi] oli. . Le” [hel ela)” Ox [M1 OLL’, 
ee (oe Pe [gl oigly 0y.) Ox FAT Ob 
ih 


1/ 
A; Ths | (2 n;—1 


rue wy cl; [Az] OL L;; Li} L; [AzJozLs> 
x MTA] (Anes Meee Me)” ByA'1) | PPP | EAT (Aa. . « (Az 1) 
Se URN (lg gz aby) teat a 
Ga eed 2 wy da (20) 


In the case of <n — 2, 2|}n>, for the strip- 
ping off of two particles from the same shell, 


CUP Vag] oly. cls [Rf a,L). oi de’ Pal oela) Ga tae 
ibuL, > F(A] Li; Li} (it [Aa] oli...) x [AL OLL> 
Ih: 


., Ni; (n,; —1) | /2 


e in eet Te a) a a, iLi, Ne NG a / ("1 
ivi, n(n—1) | <i, [Ai] [NM] Li; Ley 


X [Me] cbs >< [A] (hye Mee Aa)” Bx WK") || PP) [0] 
yA ERM NETH Ca 4 eee (0 BRIE Be NU) 
Seabank aby dah (inten ul dend 5 Vode thee, Balen la 

For stripping off from different shells, 


(21) 

(Et (90 Gad Dei, aden tlds Da ee 

UR Pha) ovela)™ Bae [A] OurL’,: Ld) [MTL LD (Gal 
he AEs 


{ 2n.n. 


B Dh eee 
“Gnd Rade? \ fy 5A K, n(n—1) | 


Be Galysl. 


1 ad eek EL, goal SG. alae 
| ae { 3 3 ce 

X LAG! [dg] pl j> CLAM(( Agence Apes Me)” bweA'X") |] PH? 

SLA] ((Ageee(Agl) Agee. (Ajl) y...Ae)? ba)> 

Si lilemeliceclduka be Doe L.) bali trae 

3 pA OEY? BEL ys 


asta 
(22) 


(Lili) 


All the permutations in formulas (20)—(22) pre- 
serve the increasing order of numbering of par- 
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ticles within the shells. pi) moves n to the posi- 
tion of the last particle in the i-th shell, whose 


i 

number we denote by mj = 2) ny; P? shifts n 
tel 

and n-1 into the i-th shell; pe takes particle 

n-1 into the i-th shell and particle n into the j-th 

shell, mj < mj: 


Pe SP Ass mys 
(2) n, N—2...m;—1, n—1, N—3... Mm; (n-mj) odd, 
se re Pr, ee yl Ree, n—3... m;—1 (n-mj;) even, 
p® [ Pr, as DSi fam EE Bee (n-m)j) odd, 
i | Pu, n—2...mjPn 1, 2—8... mj—1, Mj—2... m; (n-m}) even. 


(23) 


3. COMPUTATION OF FRACTIONAL 
PARENTAGE COEFFICIENTS 


The expressions found for the fractional paren- 
tage coefficients consist of four factors: 1) a 
normalization factor, 2) parentage coefficients 
for a single shell, 3) matrix elements of transfor- 
mation matrices of the permutation group, and 
4) matrix elements of transformation matrices of 
the rotation group. [A] = [Aa .. a{™)] of the 
permutation group Sy is given by the formula 


mL 


fe nl (hp) nN eg i 


i<j 


,= NM +m—i. (24) 


Single-shell parentage coefficients for stripping 
off of one ene en for the d and p Shells are given 
in’! and!!; those for stripping off two particles 
for the p shell are in (5) Coefficients for stripping 
of two particles can be found from those for strip- 
ping off one particle by using the formulas of [5] 
The transformation matrices for the rotation group 
are studied in detail in the monograph of Yutsis, 
Levinson, and Vanagas,|13] who also give a com- 
plete bibliography of available tables of these 
matrices. 

The transformation matrices of the permuta- 
tion group can be calculated in terms of the 
matrices of the standard Young- Yamanouchi [3,15] 
representation by using the method developed in 
I.* Let us consider some examples: 

CA] ((AaAe) AX”) |] Pa | [4] ((AaA”) Ayre) d=4 DIXTAI (rare) A’) 


x [4] (r)> IAT (r) | Pa! (A (7)> <EA] (9) | LM] (rr) Aare)>. (25) 


*Calculations are being made at present of tables of trans- 
formation matrices of the permutation group which appear in 
the formulas for fractional parentage coefficients of two-shell 
configurations with N = 3—6. Tables are also being prepared 
of coordinate parentage coefficients for vector-uncoupled 
states with numbers of particles from three to six. 
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The Yamanouchi symbols in the matrices for 
transition from the standard basis to the non- 
standard one can be chosen in any convenient 
manner, since the final expression does not de- 
pend on them. The two transformation matrices 


are found from formulas I (13) and I (8). Condi- 
tions like I (10): 
{Ay (MM")}, {A (Agao)},. {A (A Aa)}, {A (AA")} (26) 


are imposed on the symmetry patterns in (25). We 
find the matrix appearing in (12) by choosing as the 
intermediate state the one with the standard pat- 
tern in the reduction: 


<[M] ((Aa,) AX") | [A] (Ag (AGA”) A2)> 


= DF LAI ((rire) Mr") (EMT (> SEAT) | EAT (rs (Far) Aa) >- 
(r) (27) 
Similarly we find the matrices with more compli- 
cated reduction types. 


4. COMPUTATION OF MATRIX ELEMENTS 


In those cases where the operators do not de- 
pend on the spin coordinates, a knowledge of the 
coordinate wave functions is sufficient for com- 
puting the matrix elements. We start from the 
expression for the antisymmetric total wave func- 
tion in the form of a sum of products of coordinate 
and spin functions,* symmetrized according to 


associated representations: /*! 
1 Mig 1 
== ON (28) 
Vay 2 5) 


Using the orthonormality of the spin functions and 
the expansions (18) and (19), we can express the 
matrix elements of the operators F and G for an 
arbitrary multishell configuration in terms of the 
fractional parentage coefficients and matrix ele- 
ments for one or two particles. Here, because of 
the identity of the particles or, what amounts to 
the same thing, because of the antisymmetry of 
the total wave function, the operator F can be re- 
placed by nf, and G by '4n(n-1)gp-1,n- The 
operator f, acts only on the coordinates of the 
last (n-th) particle, and gy-;,n on the coordinates 
of the last two particles; we shall assume it to be 
a scalar, and denote it simply by g. 

For the matrix elements of the operator F we 
get 


*For nucleons we have a spin-charge function in place of 
the spin function, so in the following formulas we must write 
the isotopic spin T in addition to the spin S in the matrix 
elements. 


COORDINATE FRACTIONAL PARENTAGE COEFFICIENTS 


k 


= 6(8SMs, BSMz)n >) > cota] La’ (0) 


f=1 a’r'L’ 


ea <OOIN IL lg DMA flo IML’, 1 LM 


mee (kL, ila {a] Ly: (29) 


To shorten the writing we have omitted the desig- 
nation of the configurations; the sets of orbital 
quantum numbers which distinguish terms of the 
same type are denoted by a, and the set of spin 
quantum numbers by £8. The matrix elements of 
the operator fy can be determined by using the 
algebra of tensor operators developed by Racah, 16] 
For the scalar operator G we have 


Pye 


Rk 
<a [A] LBS|G|a [A] LBS» =22=—4 ¥) 


ESO MERE nN 
X <a [A] Lilo’ [AV L’, id; [A] L"; LY 
x CE; [MY L"| g | lil; [A] LD 


XKa [MIL Ul; (A L"; Li} a [A] Ly. (30) 


A detailed description of the computation of orbital 
matrix elements of the operator g can be found, 
for example, in the paper of Elliott and Lane 

(cf, 10), In the matrix element formulas (29) and 
(30) it is assumed that the same configuration ap- 
pears on the right and left hand sides. In a similar 
way one can obtain formulas for the nonvanishing 
matrix elements with configurations which differ 
by having one or two particles permuted between 
the shells. 

In conclusion, I thank I. B. Levinson for much 
valuable advice during the course of the work, and 
A. S. Kompaneets and V. G. Neudachin for discus- 
sion of the results. 
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Nuclei with doubly filled shells with one added nucleon or with one nucleon missing are inves- 
tigated. Single-particle nucleon energies due only to the central part of the self-consistent 
potential are singled out by taking into account the interaction with the nuclear surface vibra- 
tions. Surface interaction parameters are derived, which explain the experimentally estab- 
lished quadrupole moments and the E2 transition probabilities. The applicability of the per- 


turbation method to light nuclei is discussed. 


‘Tue shell potential in which nucleons move in the 
nucleus is usually determined by investigating 
nuclei having doubly-filled shells with one nucleon 
removed or added. 1,21 Thus, for example, Sliv and 
Volchok] have determined the parameters of the 
potential in the Woods-Saxon form. They noted 
that the nucleon is acted on not only by the central 
part of the potential but by an additional part con- 
nected with the deformation of the potential sur- 
face. However, a hypothesis has been advanced 
that account of this interaction results in a small 
level shift (on the order of 100 kev), which does 
not influence the choice of the parameters and 
whose influence on the E2 transitions can be de- 
termined by perturbation theory. 

A check of these assumptions for O!", Pp?07, 
Pp? and. Bil”, reported in the present paper, 
has shown that the interaction due to the deforma- 
tion of the potential surface is not small in the 
case of heavy nuclei, and is particularly large for 
light nuclei. A more accurate calculation shows 
that perturbation theory cannot be used to account 
for the quadrupole moments and for the transition 
probabilities with the determined parameters of 
the interaction with the surface, not only in the 
region of light nuclei, but also for certain heavy 
nuclei (Pb”°"), We have obtained the true single- 
particle nucleon excitation energies, due only to 
the central potential of the self-consistent nuclear 
field. 


THE NUCLEUS o!? 


The nucleus O!” was chosen for research in the 
region of light nuclei, since it has been relatively 
thoroughly investigated; the quadrupole moment 


and probability of E2 transition (%— °4) have 
been measured for this nucleus. 

The motion of the external neutron and of the 
surface of the nucleus are described by a Hamil- 
tonian 


A=He() +Vs(a, r) + Hs(a). (1) 


Here Hc(r) is the central part of the self-consis- 
tent potential Ci). 
weve h -\2 Is dV 
Fhe VEY RN eel 
where V(r) is the Woods-Saxon potential 


V = Vo b Tees: (3) 


(2) 


Vg(a,r) is the quadrupole terms of the expansion 
of the self-consistent potential in Legendre poly- 
nomials. 

Vg can be regarded as an interaction between 
the nucleon and the oscillations of the potential 
surface: 


Vs (a, 1) = —R(r) DiGopV op (8, ©), (4) 


p. 
where Q, are the parameters of the nuclear 
deformation“): 


Atop = Vio / 2C (by + (— 1)" b-,), (5) 
bi and by are the creation and annihilation oper- 
ators for vibrational phonons with spin 2. Then 


the Hamiltonian Hs, describing the collective os- 
cillations of the surface, is 


Hs =ho >) Cfs + b,0,). (6) 
p 


For small deformations of the potential surface 
we have 
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k(r) =rOV/or. (7) 


Calculation shows that independently of the 
states of the particles, the matrix elements 
(nl | k(r) | n’l’) are approximately constant and 
have a value 

AP. C OV ; 
(ble (r)\n'l) =\ Rus (r) Rev (ry Fo de (— ly", (8) 

0 

where Ryj(r) are the radial functions in the po- 
tential (2). For heavy nuclei in the lead region 
k © 36—40 Mev, while for O!" we have 
k © 30—35 Mev. If we assume k = 40 Mev, as is 
customarily done, the constant C in (5) assumes 
the meaning of the effective surface tension. 

The eigenfunctions and the eigenvalues of the 
operators Hs(a) and Hc(r) are known. An 
eigenfunction of the Hamiltonian (1) is a superpo- 
sition of the product of the eigenfunctions of Ham- 
iltonians (2) and (4), with different particle angu- 
lar momentum j and angular momentum of the 
surface R; only the total momentum of the level 
I is conserved, with 

bi = >) Cali; NR; 1). 
iNR 

The term Vg of (4) is determined by the 
diagonalization of the energy matrices in the three- 
phonon approximation. The nuclear energy levels 
and the coefficients c:)p will be functions of two 
parameters, namely C and the phonon energy fw. 
The matrix element of the operator Vg is 


oe lk >\a,¥5.\ 1; N’RST) 
p. 


(9) 


— (— 1)". 40 Vito / 2C bynes (— 1) RS 
x (F]Y717/) (NRO INR’) W GRR’; 12). (10) 
The matrix elements (NR II b” Il N’R’) given here 


are taken from the paper by Raz L4] and 
W (jRj’R’; 12) are Racah coefficients. 


Table I. Mixture coefficients clink 


at various values of 
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Tables I and II list the coefficients cy for 
C =100 Mev with hw ranging from 1 to 10 Mev. 
When fiw is 1 and 2 Mev, the first excited level 
with I = % is the level witha single phonon; but 
when fiw has values from 3 to 10 Mev, the admix- 
ture of levels with phonons is sufficiently large. 
Since the coefficients of mixture ee depend 
relatively weakly on the choice of the single-par- 
ticle level energy Eg; /2, we can calculate the 
quadrupole moment and the reduced probability of 
the E2 transition ',— °/ without specifically 
fixing this energy. The quadrupole moment of the 
external neutron is determined by the collective 
part of the operator Q C3]. 


Qs 3 (5x)~"ZR5 <0 M=re (11) 


The matrix element of the operator @») has the 
form 


(i; NR | 99 | 7. NR’; LD = Crindie (— 1¥ *" V hope 
x (NR \\62|| NR’) VOT + 1 W (RIR' I; j2). (12) 


Let us calculate now the transition probability. 
By reduced transition probability we mean 


B(E2) = T (E2)/ (AE), (13) 


where T(E2) is the total probability of y transi- 
tion per second; AE is measured in Mev. Then 


Bexp (E2) =0.79- 10°S8eCc 7. Mev, 


Since diagonalization causes the wave function 
of state (9) to be a mixture of states with different 
j and different number of phonons, Bry, (I— I’) 
has the form 


4x 3ZeR3 ” ho ; 
B(E2) = after |e | oe (2 + 1) 
«{ > cue char (— 1" (NRIOIN'R) 
INR,’ N’R’ 


x W(RIRT; j2)}°, (14) 


for C =100 Mev 
fiw for the level I= % 


ee 


ho, Mev 
1 2 3 5 ui 10 
ds; 00; */2 0.762 0.830 | 0.866} 0.906! 0.926} 0,945 
d,'; 12; 5/s —0,524 | —0,443 | —0.392 | —0.327 | 0,287 | —0.248 
in 20. Sy 0.168 0.116 | 0.090} 0,062} 0.048 | 0,035 
ds. 22: 5g 0.029 0.033 | 0.031} 0,025} 0,021] 0,016 
Adee Hy 0.186 | 0,440} 0,113 | 0,082} 0.084 | 0,048 
da. 30: 5g —0.025 | —0,017 | —0.012 | —0,007 | —-0,005 | —0,003 
ds: 32: 5), 0.044 | —0,023 | —0,015 | —0.008 | —0.006 | —0.003 
de ae 0.012 | —0.009 | —0.007 | —0.004 | —0,003 | —0,002 
8 1d hy —0.243 | —0.253 | —0.255 | —0.240 | —0.222 | —0.201 
ie tan 0.124 0,100} 0.081 | 0.059} 0,046 | 0,035 
si. 32: 5/a 9.046 | —0.031 | —0,022 | —0.013 | —0,009 | —0.006 
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Table II. Mixture coefficients cl 


for C = 100 Mev 


at various values of fiw for the level I='/ 


i 


ho, MeV 
sl | 3 | 5 rn 10 
ds; 12; Ye 0.762 0.719 | —0.661 | —0.564 | —0,495 | —U.423 
de), 22; Ys 23,385, + | 0,976: | FOR 105440) ee- 0108346, 0.074 
ys 82s Ya 0.158 0.097 | —0.065 | —0,036 | —0.023 | —0,014 
Si; 00; Ya —0,442 ° | —0.603 | 0,701 |. 0,805} 0.859} . 0.901 
$i, 3° 20; Ys E20 DIGREEO.A7E PO. 143" OOP Pe On077 | 02056 
S13 30; Ys 0,076 0.050 | —0,035 | —0,019 | —0.013 | —0,008 
where Calculations yield 
Ry = 1,2 At 1073 em. Q (ho =3; C= 120)=—0.3-10% em’, 


As can be seen from Figs. 1 and 2, the quadru- 
pole moment Q and particularly the reduced 
transition probability B(E2) are very sensitive 
to changes in C and depend little on hw. We can 
state immediately that the values 50 and 300 Mev 
are not suitable for C, and that C ranges from 
100 to 200 Mev. The value of fiw is determined 
quite stringently by the probability of transition 
from the second excited level. But this probability 
has not been measured experimentally, and we 
can therefore use for the choice of fw the calcu- 
lations of the energy levels and transition proba- 
bilities for the neighboring nucleus 0! for which 
fiw = 2—5 Mev. It is seen from Figs. 1—4 that 
when fiw <7 Mev perturbation theory, accordin 
to which Q and B(E2) are independent of fiw, 5 
is inapplicable. Choosing hw ~ 4 Mev with 
C © 130 Mev, we find that Q and B(E2) are 
close to the experimental values: 


Qexp = — 026-107 cm?, 
B (E2)exp = 0,79- HOLE sec™! Mev~>. 


Q, 10°F ern? 
-84 0-100 


FIG. 1. Quadrupole moment 
of 0?’ for various C as a func- 
tion of fia. 


10 hw 


B (E2) (hw = 3; C = 120) = 0.65-10"° gsec™!. Mev; 
Q (hw = 4; C = 130) = —0.29- 10-5 em’, 
B (E2) (io = 4; C = 130) = 0.70-10! gsec™!. Mev °. 


Having determined hw and C, we must take 
account of the level shifts due to the interaction 
with the surface. Whereas in perturbation theory 
these shifts are independent of the state in the 
second approximation, a more accurate calculation 
shows that the interaction is much stronger for 
I=, than for I= %%. Thus, for C =100 Mev, the 
level I = , drops by almost 2.5 Mev, while the 
level I = */, drops by 1 Mev (see Fig. 3). There- 
fore, when the interaction with the surface is taken 
into account, these levels are closer together than 
in the single-particle case. Thus, the experimen- 
tally measured position of the level I = 0 is much 
lower than its single-particle value. With iw 


-=4 Mev and C = 130 Mev, the distance between 


levels agrees with the experimental value 
(0.87 Mev) at a single-particle energy E,gi/2 
= 178 Mey. 


a2: 10" 


FIG. 2. Reduced probabil- 
ity of E2 transition (4 > *4) 
in O*’ for various C as a 
function of fa. 
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Table III. Comparison of calculated and experimental data* 
for hw =3 Mev and C = 1000 Mev 


Q, 10-74 cm? T (E2), 10% sec? 
Nucleus E, Mev Eexp, Mev 
theory expt. theory expt. 
| 
Pb207 0.48 (I = 5/2) ony let nee 0.9 | 0.9 
Pp209 0.76 ([="/,) 0.75 | =) 260 aie — |} — 
Bi = | 0.93 (I = 7/9) 0.91 t= SER Oe D6 | = 


*E — calculated single-particle energy, Eexp — experimental location of excited levels. 


—_—<<--- 
_ 
mes 


ae 


——— 
4 6 8 10 hw 


a 
L92,0=500 


-—~i=%,0=100 
I= Sp, C=200 


f 
SS 


FIG, 3. Change in energy levels of O°’ due to interaction 
with the surface, as a function of iw. The single-particle en- 
ergies are shown by the heavy lines (levels with I = °4 are 
shown solid, levels with I = % dotted), 


THE NUCLEI Pb2"", Pbh2?, AND Bi2? 


The nuclei Pb", Pb”, and Bi2 were inves- 
tigated analogously. The parameters of the sur- 
face interaction were assumed to be approximately 
the same for these nuclei, inasmuch as the nuclei 
are close. 

From the experimentally known quadrupole 
moment of Bi2* and of the probability of the E2 
transition in Pb?" (°4— 4) we can determine 
fw and C. 

Table III lists the calculated data, from which 
it is seen that when hw = 3 Mev and C = 1000 Mev, 


E, Mev 


FIG, 4. Location of 
level I= 4 in O*’ as a 
function of fiw with Eygsy 
= 1.8 Mev. 


the calculated values of Q and T(E2) are close 
to the experimental ones. If we take C = 2000 Mev, 
then the quadrupole moment of Bi? is also close 
to the experimental value Q = 0.35 x 10! seen!. 
It is obvious that for Pb”? and Bi2” the value of 
C lies between 1000 and 2000 Mev. The transition 
probability in Pb?’ with C = 200 Mev is found to 
be too low, T(E2) = 0.25 x 10" gsec™!; it is con- 
sequently better to take C = 1000 Mev for Pb". 

Choosing the interaction parameters in this 
fashion, we can calculate the level shifts in these 
nuclei. The interaction is most appreciable for 
Pb" (see Fig. 5). For Bi%® and Pb, the dis- 
tance between levels remains practically unchanged. 
In the region of heavy nuclei, calculation by per- 
turbation theory does not introduce appreciable 
errors in the quadrupole moment and in the transi- 
tion probability from the first level. For example, 
assuming C = 1000 Mev, we obtain in the second 
perturbation-theory approximation T(E2) = 0.93 
x 10!9 sec-! for Pb? and Q = -0.50 x 1074 cm? 
for Bi, When C = 2000 Mev, Q = -0.35 
x 107% cm? for Bi, 

However, if the probability of transition from 
the next levels is taken into account, the results 


Qs 


“OS 


FIG. 5. Account of the interaction with the surface for 
heavy nuclei. Left column — single particle energies, right 
column — level shift due to interaction for fiw = 3 Mev, 

C = 1000 Mev; the dashed lines show the levels shifts for 
fia = 3 Mev and C = 2000 Mev. 
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of perturbation theory are no longer correct, [6] for 
they can differ by several orders of magnitude from 
those calculated by the diagonalization method. For 
levels with small j (as for example in Pb") the 
determination of the correct level shifts calls also 
for a more accurate account of the interaction with 
the surface. 

The author considers it his pleasant duty to 
express deep gratitude to L. A. Sliv, under whose 
guidance this work was carried out, and also to 
G. A. Sogomonova, who participated in the calcula- 
tions. 
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The alpha decay theory previously developed for nonspherical nuclei is used to determine a 
new shape parameter, the amplitude of the zero-point vibration of the quadrupole deforma- 
tion. It is shown that different experiments actually measure different deformation values. 
In particular, the difference between the quadrupole deformation determined from alpha de- 
cay and the equilibrium quadrupole deformation can be expressed in terms of the mean 
square fluctuation of the ground state deformation of the nucleus. This mean square fluctua- 


tion is determined from the experimental data for 21 even-even nuclei. 


It is shown that the 


amplitude of zero-point quadrupole deformation vibrations has a sharp maximum at the 
boundary between spherical and nonspherical nuclei. 


Measurements of various physical nuclear 
properties that depend on the quadrupole deforma- 
tion @», are frequently dealt with at present. There 
are zero-point vibrations of this deformation in 
the ground state of the internal nuclear motion. In 
fact, according to quantum mechanics [1] the de- 
formation distribution function has the form 


/ (G2) == 


where x = Q») — Q@, with Q», the equilibrium defor- 
mation. There is therefore a question as to which 
values of the quadrupole deformation are involved 
in the results of such measurements. 

In many experiments (Coulomb excitation, life- 
times of excited states, etc.) the measured quan- 
tity is the internal quadrupole moment of the non- 
spherical nucleus 


2 
Qo = is ZRoX2. 


(2scx*)—* exp { — x?/2x?}, (1) 


(2) 


Multiplying by (1) and integrating over Q», gives 
again Eq. (2) but with a, replaced by GQ». Thus, it 
is the equilibrium deformation Q, that is involved 
in the measurements of the electric quadrupole 
moment of a nonspherical nucleus. 

The situation is different in the theory of alpha 
decay.'#! According to Eq. (2.18) of 4], the proba- 
bility amplitude for emission of an alpha particle 
with angular momentum / depends on the quad- 
rupole deformation of the daughter nucleus through 
a factor Xj(8). The true probability amplitude is 
proportional to the integral 


\ X7 (B) F (40) dete 


With the aid of Eq. (2.23) of), it is not difficult to 


see that X 7 (8) - ef F7(8), where Fj(8) is a 
slowly varying function (in the region of deforma- 
tion values of interest it is sufficient to retain the 
first few terms in the asymptotic expansion of Fy] 
in inverse powers of 86). 

Thus, the dependence of the probability ampli- 
tude on the deformation is essentially determined 
by the factor e ay (ba,), where b = B/@, is given 
by Eq. (2.23) of 4. We transform the integrand so 
as to reveal the position of its maximum: 


ta foxy; 
(3) 
(4) 


e'* F (aig) = exp {— 6°x? / 2 +- bay”) (2x?) * exp {— 


Ng = Ooh Ours 


of) = Oy + bx?, 

We see that the exponential dependence of the 
alpha decay probability amplitude on the deforma- 
tion shifts the maximum of the integrand to the 
point Q»> = af . Consequently, it is not the equili- 
brium deformation @, that enters everywhere in 
the formulas of the theory of alpha decay, but 
another deformation a defined by Eq. (4). 

Since the lifetimes of the rotational 2” states 
in many heavy even-even nuclei have been meas- 
ured by Bell et al, [3] it is possible to use Eq. (4) 
to compute the oobres Perens zero-point vibration 
amplitudes (x’)!/2, The results are listed in the 
table. The deformation a$®) was determines oe 
the alpha decay fine structure and Eq. (2. 22) (2) 
the procedure described in [4] The values of ne 
are taken from [3]. The first lines of the table 
show nuclei near the boundary between the regions 
of spherical and nonspherical nuclei. The nucleus 
Ra”? is apparently of an intermediate type, and 
the theory of nonspherical nuclei is not fully ap- 


579 


580 


VE Ge eNOS OW 


oot al) ay (@ )'/2 (x2 )'/2 [ay be af®) ap (x2) '/2 (x2)'/2 / 
Ra | 0.18 | 0.12 | 0,07 0.6 Th | 0,171 0.15 | 0,04 0,3 
Ra |0,24|0,11] 0,10 0,9 U2 | 0.145 1/0,15 | ~0 ~0 
Ra | 0,22] 0.42 | 0.08 0.7 U2 | 0,22 | 0.16} 0.07 0.4 
Ras | 0,21 | 0.13 | 0.08 0,6 U4 | 0.20] 0.16] 0.06 0.4 
Th26 | 0.23] 0.14] 0.08 0.6 U26 | 0.17 | 0.17 | ~0 ~0 
Th28 | 0.21 | 0.14! 0,07 0,5 U8 | 0.16 | 0.17 | ~0 ~0 
Th? | 0,19 | 0.15 | 0,06 0,4 Pus | 0.19 | 0.17 | 0.04 0.2 
Th? | 0.19 | 0.15 | 0.05 0,3 Puro | 0.17 | 0.17 | ~0 ~0 
Ae the reason mentioned above, the extreme left 
; point of the figure, corresponding to Raz? was 
omitted from consideration) and, assuming that 
. : there is no renormalization in the other fourteen, 
x : ~ 
Ol 2 Sid Rolie ae A ena aX we obtained a corresponding average of In Wa. 
x 
ay Substitution in Eq. (5) gave (x”)!/2 = 0.05. The 
fact that this estimate is somewhat lower than the 
_ ; values in the table is probably due to the neglect 
eT 230 240 2504 


plicable to it.* As is evident from the last column 
of the table, the quantum fluctuations of the quad- 
rupole deformation are quite significant near the 
boundary of the region of stability of nonspherical 
shape. 

An independent estimate of the zero-point vibra- 
tion amplitude can be obtained from the probabili- 
ties Wg for formation of alpha particles within a 
nucleus. These probabilities are determined from 
the observed half-lives.“4>5! It is easy to see that 
the effect of the zero-point deformation vibrations 
is to renormalize these internal formation proba- 
bilities. Integrating both sides of Eq. (3) over dy 
and squaring, we obtain 


Wy = W, exp (— b2x?),  (x?)/2 = b-1 In"? (Wa / We), 


(5) 


where W, is the true internal formation probabil- 
ity and wo is the experimentally observed renor- 
malized internal formation probability, which is 
determined from the experimental data by the 
procedure described in references 4 and 5. The 
values of wo for twenty even-even nuclei are 
plotted against mass number in the figure. The 
general trend of the internal formation probabili- 
ties reflects some increase of the renormalization 
logarithm In (wg/Wq) with decreasing mean 
Square quadrupole deformation fluctuation. Un- 
fortunately, the internal formation probability 
fluctuates from nucleus to nucleus, so that we had 
to average In Wq over several nuclei in order to 
use Eq. (5). In order to estimate the zero-point 
vibration amplitude (x?)'/? we averaged In wo 
over the five nuclei Ra?“ 226.228 ang Th?%6»2%8 (for 


*In this connection, see below, and also the seventh foot- 
note of [*]. 


of the zero-point vibrations in the region A > 228. 

In conclusion, we note that the zero-point de- 
formation vibration amplitude also rises sharply 
if the nonspherical shape stability boundary is ap- 
proached from the region of spherical nuclei. This 
is easily seen from the experimental data on elec- 
tric quadrupole 2*— 0* transition probabilities 
for isotopes of radon"! and polonium.) The 
quadrupole vibrations of spherical nuclei are 
fivefold degenerate. 61 If, of the five degrees of 
freedom, we consider just the one corresponding 
to the oscillation which does not destroy the axial 
symmetry of the nuclear shape with respect to 
some direction in space, then the amplitude of the 
zero-point vibrations of the corresponding defor- 
mation is determined from the relation 


(6) 


Se TNS his Aare 
TINTS. 


oO => =S = 
Zot ene? 


where w is the probability per unit time for emis- 
sion of the nuclear gamma from the 2* first ex- 
cited state, fiw is the energy of the gamma, and 
x2 = as is the mean square quadrupole deforma- 
tion fluctuation in the ground state of the nucleus 
and is actually the measured quantity in this case. 
The mean square fluctuations (a )\/2 calculated 
with an assumed value Ry = 1.2A'4 Fermi units, 
are: 


Nucleus Powe 


tie. 
(a5) # 


Po2t4 Em2!s 


>0.025 


Em?) 


0.035 


Em?22 


0.015 0.021 0.039 


It is evident that large quantum fluctuations of 
the quadrupole deformation are a characteristic 
feature of the nuclear ‘‘phase transition’’ corre- 
sponding to a change in the symmetry of the 
equilibrium shape. 
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A method is proposed which makes it possible to find all symmetry properties of the strong 
interactions which are possible at least in principle, provided the most general form of the 
Lagrangian is given (in the sense of the values of the bare coupling constant and particle 
masses). The method is applied to the Lagrangian in the Yukawa form and to a compound 


model with a four-fermion interaction. 
1. INTRODUCTION 


ly recent years many papers have been devoted to 
the study of the possible symmetry properties of 
the strong interactions. Many types of symmetry 
have been proposed, but all of them, with the ex- 
ceptions of the conservation of the number of 
baryons, and of strangeness and isotopic invari- 
ance, are to some extent in contradiction with ex- 
periment. But both the question as to whether 
some types of symmetry can hold approximately 
and that of the nature of the approximation involved 
in such a case are still unclear. This is due to the 
fact that as a rule it is only by a difficult quantita- 
tive analysis that one can distinguish a violation of 
a symmetry property that is due to its approxi- 
mate nature from the complete absence of the 
property. Nevertheless, the question of the sym- 
metries of strong interactions remains as inter- 
esting as before, and the search for such proper- 
ties continues. 

Theoretical work devoted to the invariance 
properties of the strong interactions is most often 
done in the following way. One writes down a 
Lagrangian ‘‘in the most general form.’’ Its free- 
particle part contains the bare masses of the par- 
ticles, and the interaction contains the coupling 
constants. Both sets of quantities are essentially 
unknown parameters of the theory. The next step 
is to equate some of these parameters to each 
other, and some to zero. The new Lagrangian has 
additional symmetry properties as compared with 
the original Lagrangian. 

The change from the ‘‘general’’ to the ‘‘special’’ 
Lagrangian is more natural in some cases than in 
others, and is usually due to the inventiveness of 
the author. In the present paper we propose a 
rather simple and in some sense standard method 


for this change, which guarantees the obtaining of 
all ‘‘special’’ Lagrangians which are possible in 
principle and of the corresponding symmetry 
properties, as soon as the Lagrangian of most 
general form has been written down. This method 
has been used earlier by the writer, and has 
also been used recently by Behrends and Sirlin. 

The method is applied to the Lagrangian written 
in the Yukawa form. If we assume that the parities 
of A and &, and also of N and &, are the same, 
and that the parities of K and A are different 
(other possibilities are discussed in Sec. 4), then 
in the most general case the strong-interaction 
Lagrangian which conserves baryon number, 
strangeness, and electric charge, and also satisfies 
the requirement of isotopic invariance, has the 
well known form 
L = {gi (NiystN) + go (Aiys® + LiysA) — igs [Zi ysE] 

+ 8a (Birst&)} x + (gs (NivsA) K+-8e(Nivstd) K 

+g:K (Aiysits®) +g eK (Liysitet=)+Herm. adj.}, (1) 
where N, A, and so on denote the operators for 
the corresponding particles in the Heinsenberg 
representation, the bold-face letters are isotopic 
vectors, 7; are the isotopic Pauli matrices, i 
= (mF im,)/2'/, = = (2, + iz,)/2'/, and g; are 
the real, and in general unequal, bare strong-in- 
teraction constants. 

If there exists in nature a p meson which is 
pseudoscalar in ordinary space and scalar in iso- 
topic space, then we must add to L 


L’ = {Q5 (NixsN) + £10 (AiysA) + £u (Liys2) 


+ £19 (Biy;8)} p. (2) 


The p meson may decay very rapidly, and there- 
fore be practically unobservable, but the addition 
of the expression (2) to the Lagrangian (1) in- 
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creases the number of parameters gj which can 
be varied, and consequently increases the number 
of classes of symmetry possible in principle. 

As has already been remarked, for certain re- 
lations between the 8} and also between the bare 
masses, which appear in the free-particle Lagran- 
gian, the theory is invariant under corresponding 
transformations of the operators for the particles. 
The problem is to find all possible relations of 
this kind and the corresponding classes of sym- 
metry of the theory with the Lagrangian (1)—(2).* 

The method proposed for the solution of this 
problem is essentially very simple. As is well 
known, to every symmetry of the theory there must 
correspond a certain current j,, bilinear in the 
operators that appear in Eqs. (1) and (2), and hav- 
ing a vanishing divergence (8j, /8x, =0). There- 
fore the finding of all possible symmetry classes 
is equivalent to the problem of finding all the cur- 
rents whose divergences vanish under various as- 
sumptions about the values of the constants gj 
and masses mj. Because of the isotopic invariance 
of the theory these currents must be either scalars, 
or vectors, or spinors in the isospace. When 
written in the most general form, each current of 
this type contains a certain number of arbitrary 
constants. By calculating the divergence of this 
current by means of the equations of motion, which 
are direct consequences of Eqs. (1) and (2), and 
equating it to zero, one can get a system of homog- 
eneous algebraic equations for these constants, 
and thus for the gj and mj. By finding all the non- 
trivial solutions of such a system one can solve 
the problem of constructing currents with vanish- 
ing divergence, and consequently also the problem 
of determining the possible symmetry classes of 
the theory with the Lagrangian (1)—(2). 

Among the solutions obtained in this way will of 
course be the ‘‘obvious’’ ones, which are valid for 
arbitrary gj and m;. They correspond to conser- 
vation of baryon number, strangeness, and charge 
and isotopic invariance, since these properties of 
the theory are already contained in the expressions 
(1) and (2). Strictly speaking all of the ‘‘nonobvi- 
ous’’ solutions are in contradiction with experi- 
ment, because if they hold then, as will be shown 
below, either certain observed processes must be 
forbidden, or the masses of different particles 
must coincide, which again disagrees with experi- 


*It must be stated at the start that we are concemed with 
invariance properties of the strong interactions under con- 
tinuous transformations of the type of rotations in the iso- 
space; discrete transformations of the type of reflections are 
not considered. 
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ment. Therefore ‘“‘nonobvious’’? symmetry proper- 
ties can hold only approximately. As has already 
been noted, the question of the degree of validity 
of such an approximation is a difficult one, which 
must be given separate consideration in each con- 
crete case and is not in the scope of this paper. 
We can only remark at once that the symmetry 
classes considered earlier by Gell-Mann, 3! 
Pais,““! and other authors are among the ‘‘nonob- 
vious’’ solutions. 

As has already been noted, the problem of find- 
ing the ‘‘nonobvious”’ solutions has been treated in 
a paper by Behrends and Sirlin. [2] These authors 
do not introduce the p meson into the Lagrangian 
and confine themselves to solutions that hold either 
when all the gj(i=1, 2,..., 8) are different 
from zero or when gs = ge = 87 = 83 = 0, 21, So, S3, 
g, = 0. For this reason they do not get the solu- 
tions given in Eqs. (19), (20), (30), (31), and (32) 
and in the Appendix. In the remaining cases our 
results agree. 

In the next section we shall find in explicit form 
the currents that conserve strangeness and have 
zero divergence. For each such current there are 
indicated, at least partially, the symmetry proper- 
ties following from the equation dj, /dx, = 0 that 
are in contradiction with experiment (without 
counting the ascribing of equal masses to different 
particles). An analogous study of the properties of 
currents with parity changes is made in Sec. 3. 
The results obtained are discussed briefly in Sec. 
4, The problem of the connection of the results of 
Sec. 2 and 3 with the properties of conservation of 
the vector currents involved in the weak interac- 
tions is not considered, since the writer has al- 
ready devoted a paper to this.!] The symmetry 
properties of the strong interactions in the Sakata- 
Okun’ model 5-4 are investigated in Sec. 5. 


2. CURRENTS WITH CONSERVATION OF 
STRANGENESS 


If we begin with isotopic scalar currents, in the 
most general form they can be written as follows 
(aj are arbitrary constants ): 


rz == Ly (NyN) + Ao (Ay,A) + ag (Ly) 


+ ay (By.2) — as (KOaK), (3) 


where the symbol 6) has the meaning 
(®,0,®,) = &, 5 — 5? ®. (4) 


A direct calculation of the divergence of the 
current (3) with the use of Eqs. (1) and (2) leads to 
the expression 
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Ojx | xx = [(AjtsZ) m — m (LiysA)] Bo (42 — as) 
[(NivsA) K—K (AiysN)] 25 (@, — Gy — As) 
+ [(Niyst£) K — K (EtiysN)] go (a1 — as — as) 
antlie (Aitsi758) se (BiteiysA) Kg (a, 
+ [K (Litgtiys@) -+ (Btiteiys£) K) gs (ds — da — as). (5) 
If we require that Oj9 / Oxy, = 0, then in Eq. (5) 
we must equate to zero the coefficients of all de- 
rivatives of Heisenberg operators, since these 
derivatives are independent. This gives the sys- 
tem of algebraic equations 


—Ag— dz) 


2 (Az — a3) = 0, 05(Q, — Gz = a5) = 0, 


6 (a, == Gs — as) =— QO, 
&7 (ae — ay — 5) = 0, &s (a3 — Ay — 5) = 0. 


(6) 


The system (6) is satisfied for arbitrary gj if 


ava0s =10 


(7) 


The relation (7) gives three equations for five un- 
knowns, and consequently has two linearly inde- 
pendent solutions, which we can take to be 
lye ach ee 
Dee het, 210), 
Thus for arbitrary values of gj we see that 
currents with vanishing divergence are 


jx, = (NaN) + (AvaA) + (21a) + (Err), 
— (AraA) — (27.2) — 2 Grab) — (KOK), 
which corresponds to the conservation of baryon 
number and strangeness, which was obvious from 
the beginning. 

If we return to Eq. (6) and exclude the obvious 
solutions (8)—to do so it is enough to set a; = as 
= 0—then there remains 


&2 (Az — A3) = B5do = Lez 


1— 4, = Q, — G3. 


a,=0, 
a; = iyo 


ag = a3 =a,= 1, 
Ay = Az =O) 2=— Fh 


(8) 


(9) 


-S 
= 


— a) = 
(10) 
Any solution of Eq. (10) is in contradiction with 
experiment. In fact, if in Eq. (10) g; =gg =0 or 
g7 =g3 = 0, then either the KN or the K& interac- 
tions are absent. This means that either the num- 
ber of particles N or the number of = is con- 
served, and this does not agree with experiment. 
The other possibilities in Eq. (10) are 


27 (2 — Qa) = Ba (As 


1) a=0, a34+0, g.=G6=0, =.=, 
2) a2=0, a3+0, ge=So=9, gr =4,—a=0, 
3) a;=0, a0, S=85=9, 4 =2,=9, 
4) a3=0, a0, g2=85=0, gs=a,—%=0. 


(11) 
These four cases correspond to constancy of Ny, 
Ny + Ng, Na; and Ny + Ne (Np is the number 
of particles R). This means that observed reac- 
tions of the types K7 +p— 2*+7* or K +p 
— A +7 would be forbidden. Consequently, 
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strictly speaking, there can be no isoscalar cur- 
rents except (9) which have vanishing divergence. 

If we now go on to isovector currents, in the 
most general case we have 


ix = 0, (NyatN) + by (AYE + Ly,A) — ibs (Ly2- LI 
+- bg (By.78) = -1Ds [* a: ae al ba Ds (Kx0,K) 
— b, (p0,%) + bs (AyxZ — Ly, A). (12) 


As in the case of Eqs. (5) and (6), the equation 
8jV/8x = 0 leads to the system of equations 


b1B1 = O18. = biG s=br84 = biG, = brB19 = 07811 = OVB12 = 0, 


beBo = Oss = bee = OsGz = Oggg—ds (210 — £11) 
Ss bs (ms as my) FE ie 
(26, + bs) 2, = 9, (b, — be) Zs — bogs = 9, 


(2b, + bs) G1 = 9, 
(bs + 65) Ze + begs = 0, 
(bs + 65) Sg + Doe = 0, 


(b, — 06) 5 — Dogs = V, 
&e (dD, + b, — bs) = 0, 
(b4 — 56) B27 — begs == 0, 


by (my — ma) = 0, (b4 — b¢) £g — bog, = 9, 
bs (£10 — ur) = 9, Bs (Os + 0, — bs) = 0. (13) 
The system (13) has the obvious solution 

by = bs). 22 0, = 0,7 2.== 05, (14) 


bs —— by — bsg = OQ, 
since the vanishing of the divergence of the current 


ix = : (NyatN) — 21 [Ly,-L] + (Fyat#) 


+ Qi [x0 x/ Ox,] — (Kt0,K) 
(instead of 2[ mom/ 8x, ] we can of course write 
[7, 8,7]) is equivalent to electric charge conser- 
vation and isotopic invariance. Components of the 
current (15) occur in the Lagrangian of the elec- 
tromagnetic interaction and in the scheme of weak 
interactions proposed by Feynman and Gell- 
Mann. 81 

In order to eliminate from Eq. (13) the obvious 
solution (14), we can set bs = 0 in Eq. (13). In the 
solution of the system that results from this we 
shall not consider cases in which even any one of 
the equations 


25 G=90, ge=25= 
=8s=9, S=-g=2Z 


(15) 


&s = 0, 
(16) 


By 0, Tos — Bae 
fs, 10, 


holds; these equations mean the unobserved con- 
servation of the numbers of particles N, A, 2, 4, 
or 7, respectively. The cases (16) can be con- 
sidered separately; the results of such a treatment 
are given in the Appendix (the fact that the cross 
section for = production is small experimentally"! 
might indeed mean that gy and gg are small; the 
vanishing of gs, gg, g7, 8g corresponds approxi- 
matel as the ‘‘very strong’’ coupling of Gell- 
Mann!4]), After the possibilities (16) are ruled out 
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the system (13) with bs 
tions: 
1) go = €83, 25 = 86, G2 = 886, E=L1; gy = By, 

My, = Mz, b,=bs=b,=b5=0, b3=b,= —eby, (17) 


= 0 has only three solu- 


i = —e (Ama2 + Ey,A) — i [Ey,-E] — (Kd, K). 
2) @1=81=9, So=— 883, Bs= FG, B= Egs, 
a= bl, £10 = E11) Mya = My; 
- b=, = b,. = 0, b= eb, = Oa Di, (18) 


i.e., with by =1 


= (NyatN) ap & (Ay.= a LyA) —i [Dr -X] + (Gyt8). 
a ge = fe = oy == (), b,=b, = b, = 6, = 0, 
by ad Dg — be, 


i.e., with b; =a 
= (Nyt) + (ByatE) — (Kr0,K). 


The appearance of sign factors € in Eqs. (17) 
and (18) and in subsequent formulas is due to the 
possibility of arbitrary changes of sign of the op- 
erators for the particles and of the strong-inter- 
action constants. The question of the physical 
meaning of the relative signs of these constants 
has been discussed by Kobzarev and Okun’. 

The current vi and the conditions on gj in 
Eq. (17) are equivalent to the symmetry of Pais, 
and the author has discussed them earlier“! in 
more detail [init] the signs of all the baryon cur- 
rents must be changed, and also the sign of < in 
Eq. (17)]. Once again, strictly speaking, the con- 
ditions for the constants gj in Eqs. (18) and (19) 
are in contradiction with experiment. In fact, the 
vanishing of the divergences of the currents j, ? 
and jy means the conservation of the respective 
operators 


Noa N a Noe e (Ny + Nz) —No-+ Ne — Nz-, 
Nn—Nat Ne — Ne- SLOW RNa (20) 
where the particle-number operators Ny and No 
for the spinor ~ and the boson © are defined by 
Ws \ pt (x) p(x) dx, No = —\or (x) 0, (x) dx, (21) 
and Y? = (A° — 5°)/2/?, 79 = (a9 +5°)/2”?. The 
conservation of either of the operators (20) for- 


bids, for example, ™-meson charge transfer 
(7 +p— 7° +n) and a number of other observed 


reactions. 


[4] 


A 


3. CURRENTS WITH CHANGE OF STRANGENESS 


An isoscalar current with change of strangeness 
by two units can consist of only two terms: 
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ik = 0 (Ny. 3) + Ley (K it, 0, K) 
The divergence condition ajp/ 8x, =0 holds for 


(22) 


Cy (Mn — Mz) = Co mi =0, C1(81— 84) = C1 (Sy — B12) = 0, 
C185— C2o8,7=9, CGe—CoGs=90, Cg, —Cog, = 0, 
C183 — Cogs = 0. (23) 
The system (23) has two solutions: 

a)&s=&S,, Se= es, E=L1; B= fs, Lo = Sw, 
ine= Mis, Mr =O; Cy = eC, 

b) 25= 2s =8r: = S8=9, 21= 84, So= Liz, My = Mg; 
Ge 0. (24) 


the first of which has been considered earlier by 
Feinberg and Behrends. [1] The second solution 
requires the absence of K-meson interactions. 

The only isovector current with change of 
strangeness by 2, (Ny,74)[(Ki7,78,K) = 0], has 
zero divergence only under the senseless condition 
that N and & have no strong interactions. 

Currents with strangeness change by unity can 
have only half-integral isotopic spins (7; or %), 
since only expressions of the form (Ny A ) or 
(Ny,=) can be constructed from the quantities of 
the theory. 

Let us first consider the current with isospin 
Y,. In the most general case it is of the form 


jx = dy (NynA) + dy (N22) + ds (Ara ite =) 
+ dy (ZY it, TE) + ds (Kt0,7) + dg (KOnp), 
or, in terms of components 
(Ry = dy (PIn A) + do (Pr. B") + V2 (MMB) + de (AE) 
+ dg [— (2°7. E) + V2 (2* 7.8)] + ds [(K* O00) 


(25) 


+ V2 (K°O,2-)] + ds (K*0xp), (26) 
(fx), = dy (1, A) + de (— (nvaD°) + V2 (pr E*)I 

—d,(Ay, =) + ds [— (21. 2) — V2 (FE) 

+ ds [— (K°0,n°) + V2 (K*0an*)] + dg(K°Onp). (27) 


fpvis as in the preceding cases, the requirement 
ay / 8x, = 0 leads to a system of equations 


—dgi+ d2g.-+d;g5 = 0, —Ad304+ diget dsg7 = 0, 
di82— dog, + dsg,= 0, d38o — digs + 458s = 9, 
dg, —d2g,— 2d5g) = 0, dQ; — dsSg—2d584 = 0, 

d2(gi1— 8s) + ds86 = 9, d4(8a— 8s) +4523 = 9, 

— d84— a8, + dsg3 = 0, d; (Z10 So) + devs = 0, 
do25+ Ase + dso = 0, ds(Ziu— £9) + deh = 9, 
Age+ dg, + dsg2= 0, a3(ie— B10) + dsZ7 = Y, 
dig, + dogg + 2dyg, = 0, dj(Zia— £1) + dogs = 9, 

2doge+ ds85 + digs = 9, 2deg6 + Asg1 — dog, = 0, 
—digs+ dsgz—deg10 = 0, — de85 + da8s — de811 = 9, 


ds (mM, — Mx) = dg (Mm, — mx) = VU, 2dags + AsQ4 — deGi2 = 9, 
d, (my — ma) = d, (my — my) = d; (ma — Mz) 
= d, (my — mg) = 0. (28) 
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The solution of the system (28) is rather cum- 
bersome, although elementary. Therefore we give 
here only the final result. If we confine ourselves 
to the condition that Eqs. (16) do not hold (other- 
wise there are too many solutions), the divergence 
of the current ix is zero in only four cases: 

1) gy = — 882 = — Bs = Ga = O85 = €8'Lg = FE By 
= €6'8"22, eae ae ee tel OF 
£9 = Si = Lu — Lr, MN =—Mpy—My—Ms, M,= MK, 
d;=0, d= — Sed, = #'dz= deed, = <8" d;, (29) 


1.e., with dy =o 
iG fs 3 (NyA) —€é (N72) + 3e’ (AY iT,2) — es’ (Ly iT,t&) 
+ 28” (Kt0,7). 


2) 21 = §22 = 23 = a, 25 = 85 = — &' 27 = — £82, 


n” 
=8'29 = —8 £19 = — 2's = © Bie, 
Cae fs = 1, my = Mp, =My=Msz, Me= Mk, 
a, == 0; d, = ed, = &'d, = t8'dy = e"d,/2, (30) 


i.e., with d, =1 

i = (Ny A) + e (Nay) + &! (Anite) + ee! (Syit.tB) 
+ 2e"(K0yp). 

3) @=2(g1—g1)/V3, gs= 81+ Be 

gs =e" (2g + g4)/V3, o= 88"8a, 

B7 = 8'e"(g1 + 2g4)/V3, Be= — e8'8" gy, 

Bo = 8" (61 + 2g4)/V3, gi = — 2" (B1 — a) /V'3, 

Ou = &" (21 — Ba) /V3, 

io = — 8" (28; + 81) / V3 O)e:,8, 00 Stet, 

hp = My = hy = ts; . nm, =m =k, 

d, = V3 ed, = e'ds = — V3 ee'd, = V3e"d; = 2" 2" dg, 


i.e., with d, = 3!/ ay 
ix = V3 (NyA) + & (NiatZ) + Ve! (Aynite®) 

— ee’ (LY it, tH) + &” (KtOa,n) + V 3ee” (KO, p). 
Opi ee ea fe Be = 0, 
fo=—&2,=— eg, #8 =+1, 
Oo ei eit my =My=mMms, M,=— Mk, 
G3 =a, =a, = 0, ds = tdy = 8'd,, (32) 


i.e., with ds = 1h 
jx = © (NeyaX) + &! (Lr ite 8) + (Kr0,n). 


The last condition on the g; is a special case 
of Eq. (19), and consequently, strictly speaking, it 
is inadmissible, because the vanishing of the di- 
vergence of the current iv is in contradiction 
with experiment. 

In the most general case the current ix with 
the isospin °/ is of the form 
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(7 )aye = — Aa (O12 B) — hg (2* 1, B) — hs (K* On 07), 
Ee = V2 (pry, 2) = (MZ) + he V2 (BZ) ; 

+ (Et yx.B)] + he (V2 (K*0am9) + (K° On 17))}/ V3, 
(n= thy V2 2) + (PVEZ)] + el—VIQMs) 

+ (E12) + As (V2 (KO) + (K* Oan*)]}/ V3, | 
(P= hy (ap. DY) hy (E> 4 BY Hg (KO Op 3 

Instead of ix it is convenient to consider the 
current i that transforms in the isotopic space 
according to the reducible representation 1 x '/ 
and has the property that if we break it up accord- 
ing to the irreducible representations the compo- 
nent with T =*/ is equal to ix and that with T = % 
is zero: 


if = 5 (hy [2(WrE) —i [Nera DN + he [2 Lyrie8) 
—i[Ly-itete]] + hs[V2 (Kom) — i [Kt-O,m]]}. (34) 


If ajX/xy = 0, then we also have 90j / OX =O; 
and conversely. The latter equation leads to the 
system of equations 


(33) | 


hige = — hogs = —hags = hsBa, MSs = — hoe, | 
hogs = —hogsa=hggg, Mgi=hse=—Mgs, M86 = N38, | 

hoGe = hgg7, Nea =hsB2, Mg2= — AsQs, 
hy (S11 — Bo) = fe (G12 —hn) =9, hy (my — mz) 


=hy(my —mg)=0, h3(m,—mr) = 0. (35) 


It is easy to see that there is only one solution 
of the system (35) that is not forbidden by the con- 
ditions (16): 


Fa af OES cog rr ee EL, = 8's, Ce ee oe — e/egy, 


ee =+1, S9= 81 = Sie My = My =Mzp, Mz= MK, 
hy a &'hy a ths. 


The vanishing of the divergence of the current of 
Eq. (36) is compatible only with conservation of 
the iy of Eq. (29), because only in this case (and 
with @=€€’, go = €24, 819 =S9, My =My) do the 
conditions for the coupling constants and masses 
agree in the two cases. Precisely this case was 
pointed out in an earlier paper,“ where the cur- 
rents with isospins % and */, were considered to- 
gether. 


4. DISCUSSION OF RESULTS 


In all of the arguments given above it has been 
assumed that the parities of A and 2, and also 
those of N and 4, are the same (Pay =Pyz =1), 
and that K and A have opposite parities 
(Px, = —1). It is not hard to see that violation of 
these assumptions does not lead to the appearance 


SYMMETRY PROPERTIES 


of any new conserved currents and that the ‘‘ob- 
vious’’ currents ke iS, jx are conserved for 
any relative parities of the particles. As for the 
current jy of Eq. (17), for Pay =-—1 it contains 
(Ayay5Z) + (ZyY5A) instead of (Ay,Z) + (ZA), 
and owing to this the condition my — mq = 0 is 
replaced by my + ma, =0, which is not satisfied 
in any_approximation. Consequently, for the cur- 
rent j,! to be conserved we must have Pay = 1; 
PK, and Py can be either +1 or -1. 

By similar arguments, for the conservation of 
iM, if, i%3 we must have Pay = Pye =—PrA 


=1 (in the last case, we must also have Pyp = — 1). 


Conservation of ix? requires Pay = Py =1; 
PAK = PNp =+1. The solution (24) for the current 
iP holds for Pyz =1. 

It can be seen from the formulas of Sec. 3 that 
the conditions for conservation of currents with 
change of strangeness always include equality of 
masses of different particles, in contradiction 
with experiment (it is not hard to see that owing 
to the symmetry of the strong interactions in such 
a case not only the bare masses, but also the ob- 
served masses must be equal). There are also 
contradictions with experiment in certain selection 
rules, which are consequences of symmetry prop- 
erties. In particular, this is so for all cases in 
which strangeness is conserved, for example, the 
case of Eq. (16) and, as has been noted above, of 
the currents (18) and (19). As Pais has shown, “4 
the symmetry condition (17), which is included, in 
particular, in Eqs. (29) and (30), also leads to 
making observed reactions forbidden. 

It is interesting to note that there is no such 

_forbiddenness in the cases of Eqs. (31) and (36). 
Instead, one can derive a number of relations be- 
tween the amplitudes for various processes. In 
the case of Eq. (36), for example, which allows 
the absence of the » meson, Behrends and Sirlin’?! 
have established a large number of relations be- 
tween the amplitudes for reactions of the type 
meson + nucleon meson + baryon. Namely, they 
have found the following equations: 


Q, = <px*| px*> = <n | n> = ¢pK°| pK°> 
= (nK*|nK*), 
Q, =<2* K*| panty = (D> K°| nx) = — <nK* | pK 
= — (pK°|nK*), 
OQ, = <px- | pn-> = <nx*|nx*> = <pK°| pK) 
SS nits 
Q, = <nx®| pn~> = — px | nn*y = <2" n°| pK) 
=—<(>m|nkK>, * 
OQ, = <2°K°| pn) = — <29K* | nn") = — <don* | pK 
Be 65 n- |nKe), 
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OQ, =<2" K*| pay = (2* K° | nwt = (89 K*| pK» 
= — EK? |nK’), 
Q, = <pK*| pK*>= <nK°| nK®>, Q, = <pK~| pK-> 
= «nK°|nK°), 
Qo = (Ltn | pK-> = (Dont | nK® = — <nK | pK-> 
= — (pK~ | nK°, 
Qi = <2n* | pK~> = (tn | nK% = (2°K? | pK-> 
= — (E-K*|nK®», 
Quy = < 29m | pK~> = < Dn | nK, 
Qys = <AK®| pn-> = (AK*| naty = — (Ant | pK) 
=—<An'| nk"), 
Q,3 = (An®| pK-> = —<An®| nK®y, 
Qu, = <E-K* | pK~> = — (E°K®| nK°> (37) 


(Behrends and Sirlin did not have Qy,, and they 
had different signs for the third and fourth ampli- 
tudes in 2, and the second amplitude in 43), and 
established five additional relations between the 
Q;. It is, however, not hard to find four more re- 
lations of this kind, so that only five of the ampli- 
tudes in Eq. (37) are independent. If we regard 
Q;y, Q3, Qr, Qs, and Oy. as independent, then 


Q, = Q)— Q., Q4 7. Q; = (Q, ane Q3)/V 2, Q, = Qs ca Quy, 
Qa = Q; — Qs, Qho aq Qy aa Qs, Qh, a (82; aig Q23)/2 a Qs, 
Qua = Q. a Qs ar Q, pod Qs, Q43 — Q42/V 2. (38) 


All of these relations are true if in Eq. (36) 
é¢ =€=1 (or if in the formula IV of Behrends and 
Sirlin’s paper 4 11 =N2 =1). But as before they 
are correct if in the definitions of the Qj we re- 
place © by €Z and & by €&. 

Analogous equations can also be obtained in the 
case of Eq. (31). It may be remarked that ina 
recent preprint by Gell-Mann"!#] the symmetry of 
this same case (31) is analyzed with the additional 
condition gj = gy. 

In the low-energy region it is hard to give re- 
lations of the type of Eqs. (37) and (38) any physi- 
cal meaning, if only for the reason that because of 
the difference of the masses it is not clear even 
at what energies one is to compare the amplitudes 
of the various processes in these equations. In 
the high-energy case, on the other hand, when the 
mass difference is not so important, it would be 
interesting to gét comparisons with experiment 
for relations of this type, and of course also for 
the selection rules of Pais. 


5. THE MODEL OF SAKATA AND OKUN’ 


If we assume that all baryons, 7 mesons, and 
K mesons consist of p, n, A, p, n, and A, 56] 
then in this model the most general four-fermion 
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(strong) interaction between the basic particles is 
of the form 


L =-5 Dyfi (NON ;)(NON))+ & Dy fj©(KO;A) (AO;A) 
j j 


+ Df (WO;NO;) (KA), (39) 
J 

where only the antisymmetric interaction types 

contribute to the first two sums. Arguments like 

those that have been given show that for the La- 

grangian (39), with arbitrary values of the , 

currents with zero divergence are 


ik = (NN) + (AnA), ft =—(AnA), 
in = (Nat). 

Moreover, as has already been pointed out by 
Okun’, in this model it is not possible to con- 
struct either a nonconserved isovector current or 
a current with vanishing divergence that does not 
have an electromagnetic analog. In the language of 
Sec. 2, the Sakata model forbids isovector currents 


which are not the same as the if’ of Eq. (15). 
As for the only isospinor current, 


(40) 


ik = (Ny A), (41) 
we have 
se = (my — ms) (WA) — 9) fi (NO,A) (O,N) 
I 
+ 2 fj (NO,A)(AO;A) 
I 
(42) 


+ >) fi [(NO;A) (VO;N)—(NO,A) (AO,A)], 
i 


and the condition aik /Ox, = 0 is satisfied only in 
the case in which f{ = 0 for the symmetric types, 
and for the antisymmetric 


The condition (43) means absolute identity of N 
and A, and strictly speaking is incorrect.!3) Ana- 


logs of Eq. (43) are found in Eqs. (29) and (30), 
where there is complete degeneracy of the baryons. 


APPENDIX 


THE ISOVECTOR CURRENTS (THE CASE OF 
EQ. (16)) 


The solution of (13) with bs = 0 has meaning 
only for by; = 0. Otherwise go = gig = 2114 = Biz, ie., 
the p mesons do not interact with baryons at all, 
and this makes it altogether senseless to introduce 
the term with b, = 0. For the same reason we 
must suppose that b, = 0 for gy =gs5 =g, = 0, bs 


V. M. SHEKHTER 


=0 for g2 =g3 =g¢ = 83 = 0, by =0 for gy = 87 
=g3 =0, bs =0 for gy =g2 =g3 =g4 = 0, and bg 
=0 for gs = ge = 7 = gg = 0. This also applies to 
the same extent to the currents (14) and (17)—(19), 
where all such bj must be stricken out, providing 
only (in the last three cases) that the vanishing of 
the corresponding constants gj is not in contra- 
diction with the conditions on the coupling con- 
stants contained in (17)—(19). 

If now we write out again the currents obtained 
from Eqs. (14) and (17)—(19) by all possible 
‘‘strikings out,’’ then according to Eq. (13) with 
bs = 0 the divergence of the vector current van- 
ishes only when one or another of the following 
systems of equations is satisfied: 


1) 21 = 86 = 87=28=9, Ga Bs 9, 

bs = 0, b3 = 0, = 0; Die he 

2) £1 = Go = £3 = £7 = 8s = 0, 8s, Se =U, 
by, = Da = by == 0, Da De == )05t2 


3) = 8=0, ge=ege#0, e= +1, So = Sa 
mr = ma, bye bia 8; 
a) £2 = £93, by /s=10;, bg = bs = — 8b,' 


b) 22 = — &g3, £1 = 0, Dg = 0, D, = bs = by, 


and also in the cases differing from those enumer- 
ated by the replacement 


£1 Ba Bs Bn Se Os, 01 a. 
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The analytic properties of the imaginary part of the forward amplitude for elastic scattering 
of ™ mesons on nucleons as a function of virtuality (i.e., the square of the four-momentum) 
of the 7 meson are considered in perturbation theory as well as on the basis of the Jost- 
Lehmann-Dyson spectral representation. In virtue of the optical theorem such an analysis 
yields information on the analytic properties of the total 7N interaction cross section as a 
function of virtuality. The role of the ‘‘anomalous”’ thresholds is discussed. The possibili- 
ties for obtaining the total cross section as a multiplicative function of the total energy in 
the center-of-mass system and of the virtuality are discussed. 


If A number of recent papers have been devoted 
to the investigation of inelastic processes at high 
energies in the pole approximation (see, for ex- 
ample, 1-7), The assumptions restricting the pole 
approximation have been enumerated earlier. 41 
Clearly it is highly desirable to go beyond the lim- 
itations of the pole approximation. For this pur- 
pose it is necessary, in particular, to obtain some 
information on the behavior of the total cross sec- 
tion as a function of virtuality.* A first step in 
this direction is the investigation of the analytic 
properties of the total cross section as a function 
of virtuality for a fixed value of the energy in the 
center-of-mass system. In virtue of the optical 
theorem, which relates the imaginary part of the 
forward scattering amplitude to the total cross 
section, the analytic properties of the total cross 
section are given by the analytic properties of the 


imaginary part of the forward scattering amplitude. 


With this in mind, we now turn to the considera- 
tion of the analytic properties of the imaginary 
part of the forward amplitude for elastic ™N scat- 
tering as a function of the virtuality of the 7 
meson. 

2. Let us first determine the analytic proper- 
ties of the imaginary part of the forward elastic 
scattering amplitude in the k? plane, using fourth 
order perturbation theory. The corresponding 
diagram is shown in Fig. 1. The squares of the 
masses of each of the particles and their four- 


*The term “‘virtuality’’ is used to describe the square of 
the four-momentum of one of the incoming particles. We re- 
mark that one is most interested in the behavior of the total 
cross section as a function of virtuality on the real half-axis 
Re k? > 0 (the metric is chosen such that k? = k?—k@). Nf 


FIG. 1. Fourth order dia- 
gram in perturbation theory. 


momenta are indicated. To keep the considera- 
tions general, we shall not as yet assume that 
My = M; = M2 = M3 =m and My =p (m is the nu- 
cleon mass and yp is the pion mass). The imagi- 
nary part of the amplitude for this process is 
written in the form 


‘Ae ae 

Im f4 (0°) = Sn | (1) 
gates (pbk seal M;) 9 (Pj + Ma) 8 (eo Po — Pro) 0 (P30) 
\ [(p — px)? | M3] [(p — pa)? = M2 


Evaluating the integral on the right hand side of 
(1) and introducing the notation 


s=— (p+), T= — ks, B7 = M?/s, (2) 
we find 
: RES ee Gri 
Im f4 (0°) = a5-5 : 2 ; 2 : 
Bea BS 
WAI _ 2/2 
x in (a+ @ ) (ag nt : (3) 
(a1 — Q”) (as +- Q”*) 
where 3 


a; = 2 (82 + Bf — 8?) —(1 + Bo—t) (1 + Bi — Ba) 
(i = 1, 3), 
Q =[(1 + B3—)? — 485] [(1 + Bi — Ba)? — 4831. 
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The analysis of this expression is considerably 
simplified if we assume that M; = Mg; this as- 
sumption does not diminish the generality of our 
discussion in an essential manner. Then formula 
(3) takes the form 

meee [(4 + 82 —B3)*— 42)" A 


> 465s? (v — Ts) (T — Ta) 


3,4 = [Ba + Bi — Bo + Bo (Ba + Ba) 
— (Bi — Bz) (85 — Ba) + iP "1/285, 
P = ((1 + Bi —Bs)® — 484) ((Bo + Ba)? 
— Bi) (81 — (Bo — Ba)?)- (4) 


It is seen from expression (4) that the imaginary 
part of the forward elastic scattering amplitude 
has two poles in the complex 7 plane. The posi- 
tion of these poles in the k’ plane (s is assumed 
fixed and real) can be easily obtained with the 
help of (2) and (4). 

We see that the poles are situated symmetri- 
cally with respect to the real k? axis. At the re- 
action threshold [i.e., for s = (M) + M,)’] they 
coalesce into a single point on the real axis, and 
with increasing s they move away from the real 
axis along a hyperbola in the k? plane with the 
asym ptotes 


[(Mo -+ Ma)? — M2]? [M? — (Mo — Ma)?]' 
Mi MoM, 


Im 2? = = 


< [Re #? + Mi -+ M3]. 


It is interesting to note that for Mj + M? — M? >0 
(this case corresponds to the so-called ‘‘normal’’ 
thresholds'®!) these poles will always move away 
from the region of interest Re k? > 0 as the energy 
s increases.'4] On the other hand, if M? + Mj 

— Mj <0 (this corresponds to the ‘‘anomalous”’ 
thresholds"), the poles will move into the region 
Re k’ > 0 as the energy increases beyond a certain 
value. The distance from these poles to the region 
of interest can be of the same order of magnitude 
as the distance from this region to the point 

He se uw corresponding to the pole of the propaga- 
tion function of the 7 meson. 

We shall not discuss this problem in any detail, 
since the presence of poles in the complex kK? 
plane in perturbation theory and their role in the 
extrapolation procedure proposed by Chew and 
Low"! have already been discussed by Ascoli.f91 
We emphasize only that the above discussion shows 
that these poles correspond to poles of the total 
cross section asa function of the virtuality. For 
an illustration we give the location of the poles of 
the ™N scattering cross section as a function of 


i] 
| 
virtuality in fourth order perturbation theory (i.e., 
for My = My; = Mp = M3 =m, My =p). These poles 

are situated at the following points of the k? plane: 


54a — {s+ 3m? — pe? 
x i (4m?/p? — 1)" [(s —m? + p?)? — 4sp?]"). 


At the reaction threshold s = (m +p)* we have 
kg = ky = —m(2m+p)<—p’. 


3. Let us now consider the analytic properties 
of the total cross section in the k” plane on the 
basis of the spectral representation of Jost, 
Lehmann, and Dyson.“ tt was shown in the paper 
of Lehmann] [formula (23)] that the imaginary 
part of the forward elastic scattering amplitude as a 
function of s and k’ can be written in the form 
[with s =(m +)? in the case of ™N scattering] 


Im T (0°) = 


16 aK? \ dito; u; du; dx? 


x \ do \ dy, \ d (cos q,) d (COS @s) 


® (uy; u?, x2,, COS a Sin i SiN Pz + Cos P1 COS P2,S) | 
[Xi — sin @1 cos x] [Xz — sin q2 cos (x — a)] é (5) 


where 

Xi = (KG + 7 + x02 — [(m? + B?)/2s'2 +- Uos]?}/2K ow; 
(i = 1, 2), 

Ko = ((s + mn? + 2)? —'4mn?s]/4s, 
and the function © is arbitrary in the region 
0< 2 <se/2, —s'2/2+ uz; Quy [s'/2 — u;, 
Moi => Max {0; m, — V (s'h/2 + ug)? — 02 , : 
m, — V (sh/2 — uy)? — 2 } (6) 


(m,; =3yu and mp =m +yp inthe case of ™N scat- 
tering ); outside this region the function ® van- 
ishes. From (5) we can derive the analytic proper- 
ties with respect to the virtuality k”. Indeed, 
singularities can occur only at points k’ for which 
the denominator in (5) vanishes, since the function 
® is independent of k’. If the denominator is to 
vanish, at least one of the conditions 


-isk%<l, —-1<¢%2<1. (7) 


must be satisfied. These conditions are identical 
in the sense that they define the same region of 
analyticity in the k® plane owing to the symmetry 
of the conditions (6) with respect to the index i. 
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We shall therefore leave out this index in the fol- 


lowing. 


Using formula (6), we can express the virtuality 
k? as a function of X, u, Up, Kg, and s. In addition 
to the variables (2) it is convenient to introduce 
also the variables 


ella ented a gem cle 
elas) | 
ig eee eee 
y=[(4—") 27 
x” — x2/s, Zee | XY, BY a ns, (8) 
Then 
ae 2 (y? + B? — x?) (1 — x + 9?) 


4y” + (1 — (a+ y)”) (L—(x— y)*)z 


2V1—z[(t— (x + y)) A —(x— y))]'* 
4y? + [1 —( + y)*] [1 —(«— gy) 2 


x ty? + B? — x*)? — 487y? 
—{l—(x+ y)*] [1 — («— y)?] B?z} 


= 


(9) 


As we have shown above [formulas (6) and (7)], the 


imaginary part of the forward scattering amplitude 


can have singularities only in the following region 
of the variables: 


0 


% > max {0, B) —*; Be—y}, O<z<l. (10) 
The expression under the root sign in (9) can 

be positive or negative. If it is negative, the sin- 

gularities will appear in the complex k? plane. 


Then 


eer chag Al ET, (11) 
where 
t= 1+ 8? ee eh 
y+ [1 —(x + y)*) [1 —( —y*] 2 
= 1+ — — 26, 
2) (1 (e+ yl —@— 9) 


x (87 (4y? + [1 —(« 4+ 97] 
h(x — y)*)z)—(y? + Be — #*)?) 
x (4y? + [1 — (« + 7111 — (« — 9)? zy. 


_ It is seen from (11) that the singularities are 
_ situated symmetrically with respect to the real 


T axis. 
In order to determine the boundaries of the 


‘ region of analyticity, we require first of all the 

- minimal value of 7, for which the variables x, y, 
_ k, and z are in the region (10). An elementary 

x 
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calculation yields 
Tmin = 1 — V3 Bo / Yo 
+ 9 (8 — B?) / 8yo + (Bs + 8) / 2, (12) 
eiere 
Ho = cos= te, cose eee 


Hence the imaginary part of the forward elastic 
scattering amplitude cannot have singularities for 
Tee inet To > 0 

Expression (12) is simplified considerably in 
the case of ™N scattering with s = (m +p)’. 
Noting that in this case (8% — B”)/B, «1, we ob- 
tain 


Ti min = — (2B? me Be) { 2 (B5 


From this we find 


B*) + (38° — B3)/2s. (13) 


(Re A*) 


max 


= § (2m? — m2) | 2 (m2 — m®) — > (3m? — m2), (14) 
i.e., asymptotically (for s ~~) the boundary of 
the region of analyticity in the k? plane moves 
toward the region of positive values of Re k’, the 
shift being proportional to s. 

Let us now determine the maximal and minimal 
values of Ts for a given fixed 7,. We notice, first 
of all, that 


2 =4(6—r)(@/r—D, 


r=(y? + B? — x?) /(L—x? + 9g’). (15) 


Thus, for a given 7, (i.e., for a given b), Th isa 
function of the single variable r. The signs of b 
and r are identical and are determined by the 
sign of the expression y’ + 6? — x’. 

It is seen from (15) that it is sufficient for find- 
ing the maximal value of 7% for given b to deter- 
mine the minimal value of r for the same b 
[taking account of the restrictions on the region of 
the variables (10)] and substitute it in (15). In this 
way we obtain for b= 0 

Teas (4 + B? — 71)? 
= G -Py* 
where q = (B3 — 8”)/28>. For ™N scattering and 
s=(m cara we have q «1, and (16) takes the 
form 


B? 


==, (16) 


fe (1 7) 


ot (Lit B? = ty)? == ABBR? (BE BP? 
Thus, for T min = 71 = 1+ 6", singular points 
can only be found inside the ellipse described by 
Eq. (16). 

To find the minimal value of 7 for given 7, 
we must determine the maximal value of r for 
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given b. The resulting expressions are very 
complicated and are, therefore, given in the Ap- 
pendix. Here we quote only the expression for the 
minimal value of 73 as a function of 7, with 
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Timin = 71 = 6} and the following restrictions on s: 


2 =(=4) ( 


Equation (19) defines the boundary of the region of 
analyticity closest to the real axis. It is easily 
seen from (17) and (19) that the boundaries of the 
region of analyticity in the k? plane move 
asymptotically (for s—~> ©) away from the real 
axis, the shift being proportional to s. 

The shape of the region of analyticity in the k? 
plane for 7N scattering at the reaction threshold 
[s =(m +,)*] is shown in Fig. 2 [ condition (18) is 
not satisfied here, and we must therefore use the 
formulas given in the Appendix]. It is interesting 
to note that at the reaction threshold the cross 
section has singularities on the real axis close to 
the pole of the 7 meson propagation function at 
k? =". Indeed, the closest singularity (point A in 
Figs. 2 and 3) for s = (m +y)* is situated at the 
point k? = — 3u?(2m +p)/(2m — p). 


FIG. 2. Region of analyticity of the total 7N interaction 
cross section in the k” plane with s = (m + yp)’ (not shaded). 
The scale of the imaginary axis is chosen ten times smaller 
than that of the real axis. 


The directions in which the boundaries of the 
region of analyticity and the point A move as s is 
increased are indicated in Fig. 2 by arrows. Fig- 
ure 3 shows in a larger scale the shape of the 
boundary of the region of analyticity near the point 
k?=- yp" for s=(m+uy)*. Forall s satisfying 
condition (18) [for 7N scattering this means 
s = (m +3p)*] the shape of the boundary near the 
point k? = — p? changes (see Fig. 4), while the 
other boundaries keep their previous shape, as 
shown in Fig. 2. The boundary point Re k? 
= -—(3y)* is not shifted any more as the energy 
changes. The other boundary points move along 
the directions indicated by the arrows as the 
energy s is increased. As already noted, this 
shift is asymptotically proportional to s. 


3 (m.—m,)?, 5 (m- m,)’. (18) 
In this case we have 
ae 1}. (19) 
a—d—w@— eH) +B 20—-wWe—e | 


FIG. 3. Shape of the bound- 
aries of the region of analyticity 
near the point k? =—p’ for 
s=(m+ p)’. 


4. From the results obtained above we can 
draw a number of conclusions. First of all, we 
note the following circumstance. We found in 
fourth order perturbation theory that the singular- 
ities of the 7N interaction cross section as func- 
tions of the virtuality k’ can occur only in the re- 
gion Re k? < 0 and are considerably farther re- 
moved from the region of interest Re k” > 0 (see 
the footnote above) than the pole at k? = —y”. The 
spectral representation then indicates the possi- 
bility that singularities may also appear in the re- 
gion Re k’ > 0 of the complex k’ plane; near the 
reaction threshold these singularities may be sit- 
uated at a distance from the region of interest 
which is comparable with the distance from the 
pole of the 7 meson propagation function to that 
region. 

The occurrence of these singularities may have 
a great effect on the possibility of carrying out the 
extrapolation procedure proposed by Chew and 
Low] not only in the ‘‘anomalous’’ cases but also 
in the case of an inelastic NN interaction with 
formation of a single 7 meson. Since, however, 


FIG. 4. Shape of the bound- 
aries of the region of analyticity 
near the point k? = — y? for 
Ss >(m + 3p)”. - 
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the singularities in the complex plane move away 
from the real axis as s is increased, it appears 
to be probable that their effect will become 
smaller as the energy increases. 

Furthermore, it follows immediately from the 
analytic properties of the total cross section as a 
function of the virtuality, as obtained above, that 
the total cross section cannot be a multiplicative 
function of s and k? for arbitrary values of these 
variables. Indeed, if the function o(s, k?) were 
multiplicative, o(s, k”) = f;(s)f,(k?), this would 
imply that the position of the poles in the k? plane 
is independent of the value of s. We have shown 
above that this is not the case either in perturba- 
tion theory or on the basis of the spectral repre- 
sentation. 

However, sometimes one is interested in a 
multiplicative total cross section on the real k? 
axis for 0 <k’< yp? (this problem has been dis- 
cussed earlier), The requirement that the total 
cross section be multiplicative on a small segment 
of the real axis and at the same time have the 
analytic properties obtained above imposes cer- 
tain restrictions on the form of the total cross 
section as a function of s and k’. This problem 
will be investigated separately. 

Ascoli!) has recently obtained the analytic 
properties of the amplitude for processes with an 
arbitrary number of outgoing lines with respect to 
two transferred momenta. If, in particular, we 
consider such amplitudes in the one-meson ap- 
proximation, we expect that the region of their 
analyticity with respect to one of the transferred 
momenta, the other one remaining fixed, is at 
most as large as the region of analyticity of the 
cross section as a function of the virtuality (the 
virtuality of the 7 meson coincides here with the 
transferred momentum ). The region of analyticity 
that we have obtained is considerably larger than 
the region of analyticity in the work of Ascoli, 4] 
since we are interested only in the one-meson 
term in the processes considered by Ascoli. 

In conclusion I take this opportunity to thank 
D. 8S. Chernavskii for his steadfast interest in this 
work and for a discussion of the results. 
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We give here the formulas for the minimal 
value of 7} for given 7}. 
1) For b = by =[1 + (Po — By)") [83 + B” — 2864] 
x4-(B—B,)*: 
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2min 


nin = 4 [b— Rol |S — 9]; 


2 -- 1 
jeeps deel Dy yn. = $—F|p?—3]*cos 2 EP 


Ne ae , 
_ 129° 9p-+27q|_ _ & 
COS @ = op ale” p= g, 1 7: (A.1) 
2) For b = by: 


Tmin = 4([b — Rj) (B?/ Ri — 0); 

Ry = 28s (y2— 9) / [1 — (Be — Bi)? + 2 (Be — Bx) Yel, 

Yo =~ {Bo [1 — (Be — B1)?] — (Se — 81) (82 — 82) 
+([Be (1 (B2 — B1)?) +-(B2 — Bx) (82 — B*)]2 — 46 (82 — 82) 
x [1 — (Be — Bx)*1)"} [6 — Bo (Be —8,) 1. (A.2) 


If conditions (18) are satisfied, (A.1) and (A.2) go 
over into formula (19). 

3) If s does not satisfy condition (18), the coord- 
inate of the point A (see Fig. 2) is determined by 
the expression 


ka = —[sVs—(m,+m,)s 

— (m* — 2mymz) V's + m2 (m,— m)] 

x (Vs+m,— im). 
Formula (A.3) agrees with formula (4.5) of the 
paper of Todorov, 12 in which the boundaries of 


the region of analyticity on the real k”? axis were 
determined. 
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The possibility of observing convective heat transfer and second sound in superconductors is 
discussed. The change in the single-particle excitation spectrum and, in particular, the 
existence in superconductors of exciton excitations can in principle greatly reduce the role 
played by impurity scattering. As a result, the attenuation of second sound may be substan- 
tially diminished, while the convective transfer of heat may increase markedly. Some experi- 
mental data relative to superconducting lead are discussed. A mechanism is indicated which 
may lead to a Knight frequency shift in superconductors in the case of small samples and 


strong magnetic fields. 


Tae possibility of the simultaneous existence in 
superconductors of superconducting and normal 
currents with densities j, and j, should lead to 
the appearance of convective thermal transport in 
a non-uniformly heated metal, particularly in the 
absence of a total current j =jgtiy (see C11), 
A number of estimates"? have led, however, to 
the conclusion that this effect is insignificant. 
This is explained, in the first place, by the strong 
friction opposing the movement of the normal com- 
ponent of the electron fluid, which is due funda- 
mentally to the presence of a residual resistance. 
On this basis, one may conclude that the propaga- 
tion of weakly-damped second sound in supercon- 
ductors is impossible. 

Actually, within the framework of two-fluid 
hydrodynamic theory, by analogy with the case of 
superfluidity “4 we obtain directly, in the linear 
approximation, the equations 


m=. (2 
0 = j/0t = — VP — PaWVn + PoE, 


Ov, e 
BE MY rg Ee 


Op Natta 
3 1 div—-j ==), 
oS + Spdiv vn = 0, 


3 4 
divE = —~ (Pp — Po); dp = S, dT + py dp, 


ai = PsVs + PnVn, is = — PsVs, i= — PrVn- (1) 
Here the zero subscript refers to the ground- 
state values, and is omitted hereafter. The mo- 
mentum current density is taken to be (m/e)j, 
where e/m is the free electron charge-to-mass 
ratio; € is the dielectric constant, which is not 
connected with the motion under consideration, 


and v is a certain effective number of collisions. 


If we discount the possibility that the value of 
€ may be anomalously large ,-§ which in any case 
lies beyond the bounds of the model used, the 
plasma frequency wy = V 4me%p, /m2e turns out to 
be extraordinarily high. The system (1) for the 
propagation of low-frequency waves proportional 
to expi( wt — k-r) leads therefore to the relation 
= wo Ray 


Pp @ 


PrP [OS / OT), (dp / Op) — (OS | Op)r (Op / OT), | 
x : 
pS? (Op / Op)r 


(2) 


We obtain from this, for v = 0 and (aS/8T) ( ap/ap) 


>> (9S/ap)+(89/8T), the well-known formula for 
the second sound velocity in He II: 


us = V p,S°T | pp,C, 


where the entropy S and the specific heat C 

= TdS/eT are referred to unit volume, p is the 
total density,of the electron fluid, and pg and pn 
are the respective densities of the superfluid and 
normal components of the fluid. 

If for normal motion in superconductors v is of 
the same order as in the non-superconducting case, 
then there can be no possibility for propagation of 
low-frequency second sound.* Actually, the attenu- 
ation in (2) will be weak provided vp ~v/lgz « w 
(Vo ~ 10° is the velocity at the Fermi boundary, 


(3) 


*We note that the extremely strong attenuation of second 
sound in superconductors has been emphasized in a number of 
papers. 7**] I, M. Khalatnikov and the author arrived at the 
same conclusion, independently of one another, some two 
years ago. 
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while 1g is the mean free path for scattering by 
impurities). This gives 1g >.v)/w ~ 10°/w, and 
even for w ~ 10° the extremely stringent condition 
lL, > 1 cm must be fulfilled. 

Even this condition, however, is insufficient if 
the inequality A = 27u, /w >> 1), required for the 
application of hydrodynamic theory, is not satis- 
fied. The effective excitation mean free path 1) 
necessary for establishment of hydrodynamic 
flow is of the same order as the mean free path 
le for electron-electron collisions only when le 
«Ig. Further, for a normal metal le ~ (1/ocen))x 
(€)/kT)? ~ 3 x 10°(100/T)?, where og ~ 107°, 

Ny ~ 3 x 107", and «€) is the energy at the Fermi 
boundary (see, for example, [9] ). Hence, for T 

~ 3° we have le ~ 3 cm, while in'a superconductor 
le is even larger, due to the appearance of the 
factor exp(2A/kT) ( 2A is the width of the gap forma- 
tion of two single-particle excitations). For u, 
51.04 (see below) and le ~ 10 we arrive at the 
wholly unrealistic conditions w «le /2mu, ~ 104 

and 1g > 10°/w ~ 104 — 10° cm. 

Nevertheless, the possibility of the occurrence 
of second sound in superconductors merits more 
careful attention. The fact is, that the spectrum 
and character of the excitations in the supercon- 
ducting state differ radically from those prevailing 
in the normal state. Thus, in the isotropic model!83 
the single-particle excitations in superconductors 
possess the following energy and velocity: 


os pp, |. opt 
el 21 A2 = = ; 
[aA a Ve 1 A ? € om om Eo; 
: Wide ge Reap 


Since in the simplest case the number of collisions 
is proportional to v, then in the superconducting 
state v(S) = y(n)v/vp. If the Fermi surfaces are 
complex, one can assume that for a sufficiently 
large number of excitations y(S) is much smaller 
than v(0). It is unlikely, however, that v should 
change in these circumstances by many orders of 
magnitude. 

The situation may prove to be more favorable 
with regard to transverse collective excitations 
(excitons), which appear under certain conditions 
in superconductors* (see [6,8,10-13 J ). The scattering 


*The conclusion that the excitation spectrum of a super- 
conductor is a mixed one, and incorporates both Fermi and 
Bose (photon) excitations was discussed some time ago. | 
Only the microscopic theory, however, was under considera- 
tion (the term ‘‘photon’’ used in [°] for electric waves in the 
medium is identical in present-day terminology with the term 
**exciton;’ [14] inl®] retardation was regarded as of fundamen- 
tal importance, while in [s,10-13] the excitons correspond to 
poles of the permittivity €(, k). 
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of excitons by impurities is diminished for a num- 
ber of reasons. Thus, in the long-wave region col- 
lective excitations are in a number of cases only 
weakly scattered, since the energy of their inter- 
action with impurities contains the wave vector as 
a factor. As an example, we may point to the scat- 
tering of phonons and long-wave excitons (photons) 
in non-conductors. As regards excitons in super- 
conductors in the long-wave region, neither the 
character of the excitations themselves* nor their 
law of scattering is as yet sufficiently clear. This 
region, however, is of least importance, since the 
corresponding excitons are extremely few in num- 
ber and cannot contribute significantly to py. How- 
ever, for excitons having a sufficiently large wave 
vector q, these playing the principal role, the ef- 
fective cross section for scattering by impurities 
can fall sharply, as a consequence of the large size 
of the excitons. 

In fact, to a certain approximation!!?,13] an ex- 
citon can be regarded as an excited Cooper “‘pair’’ 
having the wave function ¥ = e!4°**g(r), where R 
=(m,r, + mpr,)/(m, + m),) locates the center of 
mass of the pair and r=r, — r, is the relative 
separation of its components. We shall now con- 
sider the scattering of the pairs by impurities, in 
which the interaction energy is 


V = AyD, (11) + AsDo (te), \Di2 (r) dr = 1. 


Then, in the Born approximation, the transport 
cross section for elastic scattering of the pairs is 
(M =m, + mp, dQ =sin9dd dg) 


Gtr = pom \ (1 —cos6)|\{A,Di(R — Ta 


+ AsD2(R + ar) el4-aR | @(r) dR dr | "dQ. (A) 


The size of the pairs is characterized by the 
parameter a, which is of the order of or greater 
than &) ~ 10° — 10° cm. D, 2 can therefore be re- 
placed by a 6-function. Setting, for simplicity, 
g(r) =o (r), my =m, = M/2, and Ay = A, =A we 
have 


™ © 
320M? A? 
Ctr = it { 
6.0 


x (1 — cos 6) sin 6d. 
If qa «1, then ot; = 4M?A?/rhi*, since 


2 
sin (gr sin (6 / 2)) | @ (r) 
Sa. canara eee 


(5) 


4ac\| 9 (r) Pr dr = 1. 


*For non-conductors, it is known (see, for example, [4] that 
in the long-wave region one must take retardation into account. 
We are not clear as to the region of applicability of the re- 
sults ofL??*!*], especially for long waves. 
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For qa > 1, on the other hand, the cross sec- 
tion ot, is, generally speaking, extremely small. 
At the same time, for excitons whose energy Ee 
is near 2A, the size of the pairs increases greatly, 
and a > £, (see !!2]). To this must be added the 
fact that the velocity dEg /dq of the pairs is also 
extremely small when q is large and E ~ 2A (see 
the dispersion equation (3.22) in'131), There is 
thus an established basis for assuming that a sig- 
nificant fraction of the pairs is extremely weakly 
scattered by impurities; and the hypothesis that 
for excitations of the exciton type v(S) is smaller 
by many orders of magnitude than v{M) does not 
appear improbable, although it can by no means be 
considered as proven. 

In connection with what has been said, let us 
suppose that there can exist a group of excitations, 
most probably excitons, possessing low friction. 
These excitations, then, could make a considerable 
contribution to the transport processes, and make 
possible as well the propagation of second sound 
in superconductors (the latter, of course, being 
less likely). If we assume that the exciton mean 
free path satisfies certain conditions, which are 
evident from what has already been said at the 
beginning of this article, then the second sound 
velocity Use = VpsSiT/ppneCe, where Se, Ce and 
Pne are the contributions these excitations make 
to S, C, and p, (as before, however, pg and p 
refer to all of the conduction electrons, and, of 
course, p = Pg + Pne)- 

As we pass from one metal to another Pye, Se 
and C, will obviously change.greatly; only for Pb 
and Hg among the metals studied are these quanti- 
ties relatively large. Anomalous behaviour of the 
specific heat is, in fact, observed in Pb and 
Hg,{15] and microwave absorption sets infor hw 
< 2A (see 18171). These two effects, if they are 
to be associated with exciton excitations, cannot 
be explained within the framework of the theory of 
weak binding of the electrons with the lattice [8121 
In both Pb and Hg, on the other hand, the binding 
is relatively strong, and the usual approximation 
is probably not applicable (we note that for Pb, 
Hg and Sn, respectively, the ratio 10°T,/@p has 
the values 76, 52, and19 (see “17J): here Tq and 
9p are the critical and Debye temperatures re- 
spectively). From the point of view of this hypoth- 
esis, second sound propagation may most probably 
occur in Pb and Hg. [If all of the values for Pb 
are taken for the simplest model of a supercon- 
ductor*, then, from Eq. (3), u. = 2.2 x 10* at 

*The following values have been used: [5] p=mn=1.8 
x 107° (AL (0) = 3.7 x 107°), yTc = C, = 1.22 x 10*, T/Te 
= 0.54, S/C, = 0.17, C/C, = 0.59, p,/p = 1—p,/p = 0.21. For 
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T = 3.9°. It may be presumed that u., does not 
differ from u, by more than an order of magni- 
tude, since the quantity S&/ppeCe is considerably 
less sensitive to changes in the various parameters 
than pne,» Se, or Ce themselves. 

If a group of excitations having sufficiently 
small friction exists at all, then propagation of 
second sound is possible in principle, even for 
extremely small values of ppe and Se, although 
in the latter case this sound would be more diffi- 
cult to excite and detect. As regards Pb and Hg, 
one may expect an appreciable contribution by the 
exciton excitations to the thermal conductivity, as 
well as to the specific heat, resulting from con- 
vective heat transfer. The possibility of such an 
effect for Pb was discussed some time 
ago,{18.19.2:3] but seemed highly unlikely on theo- 
retical grounds. On the other hand, an alternative 
explanation of the experiments with Pb — Bi 
alloys, based upon consideration of the part played 
by the thermal conductivity of the lattice, meets 
with difficulties 31 (in order to explain the data 
of [19], the lattice thermal conductivity for an 
alloy containing 0.5% Bi, to take one example, 
would have to be higher than for an alloy with 
0.02% Bi). 

In the light of the ideas advanced above, it 
seems probable to us that convective heat trans- 
port has actually been observed in Pb. We note 
that in non-cubic metals (here, mercury is of 
especial interest) under certain conditions a total 
current j must flow during the heat transfer 
process, and, consequently, that magnetic meas- 
urements are also possible." During convective 
heat transport the normal fluid is transformed at 
the boundary of the superconductor into superfluid; 
as in the case of Hell, therefore, a temperature 
discontinuity can arise. 

We should also point out another possible role 
of the convective mechanism, viewed as an explan- 
ation of the peculiar behavior of the thermal con- 
ductivity in the intermediate state [318.19] with the 
density py there is associated a charge ( e/m) py; 
on the other hand, the mean free path of the exci- 
tons may be large. Their contribution, therefore, 
to the ‘‘normal conductivity’’ and to the surface 
impedance Z might be significant even for small 
Pne- In this view, attention is drawn to the fact 
that in a number of cases the quantity R = ReZ 
exceeds the value calculated without taking exciton 
excitations into account; the complicated de- 
pendence of Z upon an external magnetic fielaltJ 


Sn: C, = 4.1 x 10°, p = 2.05 x 107° (A (0) = 3.55 x 107°), and 
u, = 8.6 x 10° cm/sec (for T/T. = 0.54, T = 2°). 
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also remains unclear. (In computing the effect of 
a field upon the current in a superconductor, 
Miller "221 made use of an assumption which was 
tantamount to neglecting transverse excitons). 
Finally, let us turn to the problem of the Knight 
frequency shift in superconductors. Experimental 
data /3,241 testify to the fact that for T «< Tg, the 
Knight shift is smaller by only 20 — 30% than in 
the normal state. At the same time, it follows 
from theory that at T = 0 this shift must be equal 
to zero!825,26] In view of this contradiction, 
Abrikosov and Gor’kov! 28] not only criticized 
certain hypotheses concerning the origins of the 
Knight shift in superconductors, but also expressed 
general doubts concerning the reality of the effect 
itself. It seems to us, however, that as regards 
the experiments 24] discussed in !?8] these objec- 
tions do not apply at all. In these experiments the 
samples (fine particles of Sn) were of graded 
dimensions, much smaller (by tens of times) 
than the field penetration depths. Furthermore, 
while the fields employed exceeded 1200 oersteds, 
they were nevertheless considerably below the 
critical field [H,.(0) * 2.5 x 104]. There is no 
basis, therefore, for assuming that supercon- 
ductivity was destroyed in parts of the samples. 
Despite the small sizes of the particles, their 
critical temperature was 3.71°, which is lower by 
only 0.02° than the T, of bulk Sn. It must there- 
fore be presumed that the fundamental state of the 
superconductor in the particles investigated in the 
absence of a field was the same as in the bulk 
metal, and conformed to the representation of the 
contemporary theory of superconductivity, which 
for Sn agrees well with experiment /*1 
An attempt can be made to explain the presence 
of a Knight shift as due to the effect of the strong 
magnetic field used in these experiments !?3/24] 
upon the exciton levels. From the constancy of 
T, noted above it may be presumed that for small 
samples these levels are close to the levels in the 
bulk superconductor (the smallest particle size in 
reference 24 is ~ 40 A, which is still considerably 
greater than the electron wavelength at the Fermi 
boundary fi/p) ~ 1 A). In the particles, however, 
it is inappropriate to speak of the motion of the 
exciton center of mass, and the energy of inter- 
action of the exciton with the field H is 
e e 
(Ott cree aki 1677 ec” eB): : 
Here, L is the angular momentum of the 
exciton, which, it is assumed, is composed of two 


*HL =H-L; [Hr] =H xr. 
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identical quasi-particles of charge e and mass 
Meff. Due to the small size of the samples the 
diamagnetic effect is inconsequential; thus, even 
for a particle of dimensions ~ 3 x 10° cm 


AE ~ (e / 16mc?) H?r? ~ 10-242, 


At the same time, the depression, associated with 
paramagnetism, of the lower of the Zeeman sub- 
levels of the exciton level is AE = —eh]H/2megffe, 
where hl is the angular momentum of the exciton. 
Even for 1 = 1 and mef¢ =m we have AE * 10°°H 
> 107 for H> 10%. If the lower exciton level is 
sufficiently low (Ee « 2A ~ 107°), mesf « m, or 
excitons are present with 7 > 1, then in the fields 
used (H> 103) the lower Zeeman sublevel may 
reach the energy of the ground state. The latter 
thereby becomes unstable, and another state should 
arise which may show paramagnetic susceptibility. 

The suggestion just advanced seems to us 
scarcely probable, but it deserves attention in 
view of the fact that the experiments of [23,241] 
have not been explained. Moreover, the hypothesis 
concerning the role of Zeeman splitting of the 
exciton levels can be checked; from this viewpoint 
superconductors should show no Knight shift in a 
sufficiently weak field. 

The problem of excitons in superconductors is 
among those which have been least studied, while 
for the most interesting case of metals of the type 
of Pb and Hg no theory exists at all. For this 
reason, therefore, it seemed appropriate to us to 
devote the present article to questions of merely 
hypothetical character: Moreover, even if our 
suggestions turn out to correspond only in part to 
reality, then the part played by excitons in super- 
conductors may be considered to be as great as in 
the case of semiconductors. Here, evidently, a 
whole province is laid open for new experimental 
and theoretical investigations. 

In conclusion, I take this opportunity to thank 
G. P. Motulevich for discussing the question she 
has raised concerning the possibility of observing 
second sound in superconductors, and L. P. 
Gor’kov for his comments. 
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Integral equations for the probability of t decay are derived. An effective range analysis 
gives s-wave scattering lengths for the 7 interaction; from which the experimental tT -decay 
spectrum can be synthesized. Satisfactory agreement with experiment is obtained for a, * 0.2 
and a) © 0.3. In conjunction with the integral equation for mm scattering, these values speak 
in favor of the existence of a (T = 2) resonance in m7 interaction. 


l. INTRODUCTION 


Das T decay is one of the few processes which 

enable us to investigate the m7 interaction without 
the influence of other particles. The small kinetic 
snergy of the emitted pions facilitates the theoret- 


ical analysis, and the rather extensive experimental 


Jata enable us to compare theory with experiment. 
To investigate the +t decay we propose to use 

the Mandelstam representation. It must be noted, 

however, that such a representation is in general 


valid for decay processes only in a certain approx- 


imation! Fubini and Stroffolini have shown 2] 


that the imaginary part of the spectral functions 
corresponds to processes with three particles in 
intermediate states.* The imaginary part makes 
no contribution in the two-particle approximation, 
which we use. In the present paper we consider 
the consequences of such an approximation. Ana- 
logous considerations were used by Khuri and 
Treiman /31 

For the determination of the t decay we shall 
henceforth write out integral equations with 
account of the interaction between pions in p 
states. It thus becomes possible in principle to 
verify the solutions of the integral equations of 
mm scattering. 

To estimate such m7 -interaction data as the 
Scattering lengths, we can neglect the p waves. 
A comparison of the calculated matrix element 
with the experimental spectrum of the 7 decay 
yields an estimate for the scattering lengths of 
the s waves of the mm interaction. Using these 
Scattering lengths and the integral equations from 
[4] we can obtain further information on the 7m 
interaction. 

__ *The authors are grateful to G. Bonneva for a preprint 
in which this problem is also discussed. 


2, INTEGRAL EQUATIONS WITH ACCOUNT OF 
p WAVES 


To obtain equations for the amplitudes of the 
tT’ and r’* decay into three pions we consider 
the following reactions: 


v +a >a +m, (1) 

tt my > my + my, (I) 

th my > + My; (IID) 

vt my —> my + Mg, (Y) 

vt + mga + mt, (II’) 

i v'* + m3 —> my -|- m. (II’) 
The invariant variables of these processes 
assume inc.m.s. of reaction (III) the form 

$1 = 1 — 2g? + 2Ps4s2s, S2 = ¥ — 293 — 2psqaes, 
Ss = 4 (q?-+ p’). (1) 


Here m and p denote respectively the K -meson 
and pion masses; y =(m? —p”)/2; ps and q3 are 
the momenta of the particles before and after col- 
lision; zg denotes the cosine of the scattering angle. 
Analogous relations are true also in the c.m.s. of 
the other reactions. 

The variables s; satisfy the condition 


Sy Sq + Sy = mm? ++ Sn. (2) 


We shall use also the following invariant combina- 


tions: 
2n1 = Se— Ss = 4119121; 


2No = 83 — 81 = 4P2GoZe, (3) 
23 = $1 — So = 4Ps4s2s- 


We need the values of the invariant variables for 


a 1. In this case we obtain 
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FIG. 1 


9 


S1S9S3 = Ww? (m* — pW). (4) 


Figure 1 is a plot of Eq. (4). Here I, II, and III 
are the physical regions of the corresponding 


scattering processes, while region IV corresponds 


to the decay process. In the case of an unreal 
K-meson mass (m =3y) this region contracts to 
a point. For real sj = 4(v; =1)* with m =3.6y 
the product (pjqj) becomes complex when 


—l<v<0, 


Let us assume the following representation 


OT vera 4.3. 


co 
4! S 
A (51, Sa, 83) = > \ i 1 (s) as! 
ne 


i (s’) RED (5) 


Ss’ — 83 


? — N26 (Ss 
| LEO as +i( 
a 4 
which for m =3 can be obtained, as the Cini- 
Fubini approximation!*1 for p waves, from the 
ordinary Mandelstam representation. For o = 0 
in the s-wave approximation, relation (5) was 
used in several investigations '3.61 

From (5) and the unitarity conditions for proc- 
esses I and III we obtain equations that define the 
functions p, A, and o. We write the partial-wave 
expansion of the scattering amplitudes in the form 


A (v42) = Ao(v) + 3pqzA; (v) (6) 
and define the s and p waves respectively as 


Ag(v) = = {A(4) +A), 
Ay (¥) = ge (A(+)—A()- (7) 


Here A(+) =A(v, z=+4 1); we neglect the d 
waves and higher waves. We denote the amplitudes 


*We put vj = qj and p*=1. 


of the s waves of processes IIlandIby Fo and 
Gp, and the amplitudes of processes II and I by 
f) and gy). The amplitudes of the p waves are de- 
noted respectively by G, and g;. 

From (5), (7), and (1) we obtain 


Fy(s)= AP + —*{ ds’h (s’) 


x s’ —4) (s’ —s) 
“ea 


42s ( ds'p (s) (a — 1) (s' — a) + 4p? 
It s'—¥ (s’ — a)? — 4p2q? 
4 


1c (6v + 4—1) (s’ — a) + 4p%¢? 
—=| dS $(3') age ie 
4 


igi ee (3 
4 
eee 
4 
settles (s') + 4 (s')) See ee 
4 
ll (oye Sa 
4 
sedis = (9) 
4 


where a =(m”* — 1)/2 — 2v =y — 2v. For the 
amplitude F,) the subtraction is carried out at the 
point sj =S, =Y, 83 =4, for Gp) at the point s,; =4, 
So =S3 =Y where AF =A(y, y, 4) and AG 
=A(4,y, vy). These complex constants are related 
by Eq. (5). We note that (8) and (9) actually contain 
only the real parts of AF and AG, and therefore 
only one constant appears. For p waves we obtain 
an analogous equation. 

We note that (8) and (9) contain only even 


' powers of pq, and therefore the imaginary part 


vanishes in the regions where (pq)? becomes 
negative. For p, A,.and o the unitarity conditions 
yield 


: * 4 ‘aa * 
iar S| Gish Petty =, 


Vv 2% vA ite Vv 1* 
he Vogt neatly fon YV sq Gul. 


ne (v) are the partial amplitudes of the m7 scat- 
tering for the isotopic spin T. In the derivation of 
(10) we use the selection rule |AT| = '4, which 
yields the following relations between the ampli- 
tudes that determine the 7 and 1’ decays: 


16 — 220, 


(10) 


Go=fot go Gr=—81- (11 


Equations (8) and (9) can be written in the form 
of dispersion relations in the v plane. It is then 
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easy to verify that the crossing amplitudes in the 
range of the arguments 1 < v© < 4.3 [where v° 
=a(v) — 2pq] make no contribution to the dis- 
persion relations. Therefore the possible reso- 
nance of the m7 interaction in the p wave, ex- 
pected approximately in this region, has practi- 
cally no effect on the values of Fy) and Gy. It must 
be remembered that the region of the physical T 
decay is limited to v © 0.7, and therefore ampli- 
tudes with large values of vy will exert only an in- 
significant influence on the decay. However, in 
spite of the weak influence of the p waves, their 
account may be important for a verification of 
solutions of the integral equations of the mz inter- 
action. 


3. EQUATIONS FOR s AMPLITUDES AND 
ANALYSIS IN THE EFFECTIVE-RADIUS 
APPROXIMATION 


Neglecting the terms containing the p wave in 
8) and (9), we can obtain a system of integral 
squations for the s waves only. However, to obtain 
1 numerical estimate it is more convenient to use 
2 System of integral equations obtained from (5) by 
ntegrating along the lines zj = 0. We therefore 
shoose instead of (6) and (7) the following definition 
or the s waves: 


A(v,z = 0) = Ao(v). (12) 
This leads to the Boone 
ans 
Re Fy(v) =A +P af dv'’ ( (v) {oa eee 
2 1 (73) 
ia { av'p or) {— oa v= Nol.’ 
gre ie 1 
mG (v) = A+ P — \ dv’p(v’) WS} 
0 
ap 2 \ dv’ (v') + a(v')}4 : BF 
im <_ Pp ) l lv —(1— v) /2 yo — Vo} 
; (14) 


Subtraction is made at the point vy, = v, = v3 = % 
=, where A =ReA(vp, Vp, Vo). In the region of 
physical t decay, we have (0 =v =1) 


(15) 
(16) 


Relations (13) and (16) are used for analysis in the 
sffective-radius approximation. This approxima- 
tion can be quite good in view of the weak energy 
Jependence of the t decay probability. In this way 
Khuri and Treiman"?! obtained by comparison with 
sxperiment estimates for the difference in the 


Im Fo (v) = 4 (v) + 2p (1 — v/ 2), 
Im Go (v) = p(v) + p(1 —v/2) +40 —v/2). 


4 


ee ee 
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s -scattering lengths in the mz interaction. Their 
research, however, must be made more accurate, 
for example, by taking into account the influence of 
the imaginary part on the decay probability. 

We start from the following approximation: 


pen Gite? \.. 


(17) 
where art is the scattering length. 
Substituting (17) in (15) and (17), we obtain 


4 ‘ fy i 

Re Fos) = 1+ 22,0) + = Z, (, (18) 

+R eGy(v) = 1+ Bese PZ) es ae Z, (Vv): 

fl / A i ay + Az 49 a a 

x lm Fo(v) = a2 Vv 3 V 5 (O<v¥<}), 
(19) 


{ DM) + 24 /- 5d + 7a {—v ] 
qe uit Gg (Vy eV mr Ue 5 (O<v<)), 


where 


Bas to ao 
—-Vv Ve J Vo In, 2 ve: 


Pe SE OSC ee” 
Zeya Y ain as 


(20) 
Using (18) and (19) as well as the approximation 


V seer a7") 


for the amplitudes of the mm interaction, we obtain 
expressions for p and A, which we substitute in 
(5). After integration and expansion in powers of 
vy; (with account of the fact that py + vp + v3 =1) 
the real part of the decay amplitude assumes the 
form 


Tl} (v) &V var - ivaF 


& Re A =const — © R (as, ay) Vs. (21) 
Here 
al 5 , 
Fi R (2, Go) = (a2 — 4) + -z (4; — 95) 
coe (a3 = 42Qo — 2a?) 5 (a; as) (22) 


and a =4/tme _ 133 —1=0.7 when m’ & 13. 
For vj we have 


(23) 


vz; = a (1 —7;): 


here tj is the kinetic energy of the 7 meson with 
index i in the rest system of the 7 meson. 
Carrying out the subtraction at the symmetrical 
= t) ='4, where A = ReA(ty), we obtain 


(24) 


point tj 
Aca{Re A (¢3)}? 


Here 


— ~- (2ts — 1) R (a, Ao) —— ips 
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= vp = 0.15) 


Tr? = + (2t—1)?{R (as, ao)}?. (25) 


For the imaginary part of the decay amplitude with 


Im A (v1, Vo, V3) = (Vs) = p (V2) + A (vs) (26) 
we obtain from (11), (17’), (18), and (19) the 
expression 
<im A (v4, Ve, Vg) = 1 = (Vv, + Vv) \- (59 -+ G2) 

5 — jo 
wy (A — Aq) (4) — a) + V vst, {1 Hig = (a, — a) 


3 1 Cw 2 ! 5) 
fe +. vit) \5 (5a? + a2) 4 ie (a — a) (4a) — a2)} 


@ (5a) + a.) 


' airs 

++ V5 V “t" {ba (5a) + a,)}. (27) 
With the aid of (23) and (24) we obtain for the 
square of the Feynman amplitude* 
o’ = A-?{(Re A)? + (Im A)*} 

= 1+ (2t3— 1) R (aaa) + K (@2; A; Vi); (28) 
where 

K (a2, A; Vi) = T?+ P?, (29) 


We shall compare this expression with the quantity 
ao, which adequately describes the experimental 
datal?l, 


6=|M\=1+0.2 (2t,—1). (30) 
The quantities o and o’ are related: 
6=6'/[1 + 1? (vo)]. (31) 


We list the data on the dependence of the theo- 
retical value of o on the scattering lengths ay, ay 
[by definition o( 1, =v = v3 ='4) =1). 


*The authors have been informed of Gribov’s paper’), We 
note that the diagrams which he takes into account arise in 
our case by iteration of the resultant system of equations. 


Agreement with the experimental energy de- 
pendence can be obtained, for example, when a, 
= 0.2 and ay  —0.3. In this case R( 0.2; — 0.3) 
= 0.16 and 


B(Vg =O My == Ne = DO) 122, 0.07. 

Bis = Viernes eats =a (Im Ay? =} 0,02. 

O (Ve OW ate eo e015) 0G. 0,00. 
(32) 


The experimental relation (30) for the energies 
used in (32) yields indeed o = 1.2, 1, and 0.8. 
Figure 2 is a plot of the equations R( a», a9) 
= 0.2 and I(v; ='4) = 0. If we allow a 40 percent 
error in the determination of the energy-dependent 
part of o, we find that the values of the area shaded 
in Fig. 2 duplicate the experimental data with a 
sufficient degree of accuracy. 
We have given values for o at equal energies 
V; = Vy. We note that when », # vy, we obtain in the 
shaded region values which differ little from (32): 
6 (vg = O} vy = 0.3) a 
3(V3 = 7/3, Vi = 7/3, Vo =O) HI, 
S(V, = 0.75 Vy == 03, Ve = De 


(33) 


With the aid of the selected scattering ie we 
can duplicate also the experimental data®] on 
m™-meson spectra. Thus, when a, = 0.2 and ay 

= — 0.3 we obtain for the 7 spectrum 


Rly, @y)=02 


FIG. 2 
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{ O92, 
Pet 


YW= 0, Vo = V3 = 0.5, 
LOLI ts, 
V1 = 0.7, Vo =v— = 0.15. (34) 


Knowledge of the mm scattering lengths a, and ay 
obtained from the 7 decay enable us to draw cer- 
tain conclusions regarding the relative values of 
the partial waves of the mz interaction. From the 
integral equations for m7 scattering! 4] we can 
derive the following relation between a, and ay: 


co 


= Urs Ale d 
2a Os ta \ ese {2Im rhs (v) 
0 


— 91m Tj (v) — 5m (v)}. (35) 
For all pairs a, and ay duplicating the experi- 
mental t-decay spectrum, the combination 
(2a) — 5a2) is negative. Such a result does not of 
necessity contradict the possibility of p-wave 
resonance, but in any case is evidence in favor of 
the existence of a (T =2) resonance in m7 
interaction. 

The authors are grateful to V. N. Gribov for 
interesting discussions. 
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A kinetic theory is developed for a paramagnetic gas in an arbitrary magnetic field. A trans- 
port equation is derived with account of rotational degrees of freedom, discreteness of the 
magnetic momentum, and dependence of the scattering cross section on the angle between the 
direction of the molecular moment and the direction of the relative velocity, which is of de- 
cisive importance for the problem under consideration. With the thermal conductivity prob- 
lem taken as an example, a general method for solving the kinetic equation is developed. An 
explicit expression for the thermal conductivity tensor in a magnetic field is deduced and 
comparison is made with the experimental results on the Senftleben effect. 


1. INTRODUCTION 


As is well known, the thermal conductivity of a 
paramagnetic gas depends on the magnetic field. 
This effect. was first observed in oxygen by Senf- 
tleben, [1] and later in another diatomic gas posses- 
sing paramagnetism, namely NO. In the Thirties 
a whole series of experimental papers was pub- 
lished, devoted to this effect, principally in oxy- 
gen, It was found simultaneously that the viscos- 
ity coefficient of a paramagnetic gas also depends 
on the magnetic field.) 

The experimental researches have shown that 
both the thermal conductivity and the viscosity 
decrease in a magnetic field, and this effect has a 
universal dependence on the ratio H/p at fixed 
temperature. At low values of H/p a quadratic 
dependence of this effect on the ratio is observed, 
and with further increase of H/p saturation sets 
in. Special experiments were also used to show 
that the variation of the thermal conductivity de- 
pends on the angle between the temperature grad- 
ient and the direction of the magnetic field. 

A first Ses at a theoretical analysis was 
made by Laue.4 Disregarding the nature of the 
effect, Laue introduced in purely formal fashion 
the hypothesis that the mean free path depends on 
the angle between the direction of the molecule 
velocity and the direction of the magnetic field. 
Treating subsequently the transport phenomena in 
terms of the mean free path, he arrived at a 
phenomenological relation which contained in ex- 
plicit form only the dependence on the. angle be- 
tween H and VT. 

In another paper, Zernike and Van Lier'®]* cor- 
~~ *The authors are grateful to A. Sazykin who called their 
attention to this paper. 


rectly related this effect with the nonsphericity of 
the molecules. They treated the transport phenom- 
ena (thermal conductivity) in the mean-free-path 
approximation. 

In the present paper we uSe the kinetic equation 
for molecules with rotational degrees of freedom 
to develop a theory for transport phenomena in a 
paramagnetic gas situated in a magnetic field; this 
theory will enable us to establish all the funda- 
mental laws. 


2. KINETIC EQUATION FOR A PARAMAGNETIC 
GAS IN A MAGNETIC FIELD 


The effect of the magnetic field on a neutral 
paramagnetic gas reduces to polarization and 
precession of the magnetic moments of the mole- 
cules. At room temperature and reasonable mag- 
netic fields, the polarization is very weak. Indeed, 
if H < 104 oe, then uyH/kT < 107°. The polariza- 
tion thus plays no role in kinetic processes, and 
the effect in magnetic fields can be connected only 
with precession. 

In the case of nonspherical molecules, the in- 
teraction (scattering cross section) will in general 
depend on the relative orientation of the molecules. 
The presence of angular-momentum precession in 
the magnetic field causes the orientation of the 
molecule relative to the direction of its velocity 
to vary continuously if the motion between two 
collisions is free. Since each orientation can, 
roughly speaking, be set in correspondence with 
its own scattering cross section, the precession 
results in an effective increase of the statistical 
weight of the larger cross sections. Consequently 
the kinetic coefficients will in general always de- 
crease in a magnetic field. Obviously, in this 
case the decisive quantity is not u)»H/kT, but the 
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ratio of the characteristic precession time to the 
free path time. The ratio of these times can be 
made without difficulty either much greater than 
unity or much less than unity. 

It is clear from the foregoing that to describe 
the kinetic phenomena in a paramagnetic gas it is 
necessary to examine the kinetic equation for 
molecules having rotational degrees of freedom. 
We confine ourselves to an examination of linear 
(particularly, diatomic) molecules and to a tem- 
perature interval in which the rotational motion 
can be regarded classically and the vibrational 
degrees of freedom are not yet excited. In this 
case the kinetic equation can be written in the form 

or + ¥VE + ay (PM) = [SF] (2.1) 
The form of the left half of (2.1) is connected with 
the assumption that the distribution function de- 
pends on the rotational degrees of freedom only 
through the angular momentum M. In other words, 
we assume equiprobable distribution over the 
angle that characterizes the position of the mole- 
cule in a plane perpendicular to M (see“®l for de- 
tails). 

For a complete determination of the left half of 
(2.1) we must determine M. As is well known, 


M= [pH], (2.2)* 


where yp is the magnetic moment of the molecule. 
However, the magnetic moment of paramagnetic 
molecules is of purely quantum nature, connected 
with the uncompensated spin or orbital moments 
of the electron shell. Accordingly, the value of pu 
must be determined from a quantum-mechanical 
analysis as the limiting value corresponding to 
large rotational quantum numbers. 

Let the magnetic field be limited in magnitude 
so that the Zeeman splitting is small compared 
with the fine structure of the molecular spectrum. 
Then the magnetic moment can be determined by 
averaging over the unperturbed state of the mole- 
cule. In this case 


(2.3) 
(2.4) 


fuss tt = 7M, 
T= pog/h. 
Here py is the Bohr magneton, g the gyromagnetic 
ratio, and M the total momentum of the molecule. 
In considering large rotational quantum numbers, 
we shall neglect the difference between the total 
and rotational momentum of the molecule. 


For diatomic and polyatomic linear molecules, 
the spin-axial interaction energy is always small, 


*{uM] = p x M. 
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at sufficiently high temperatures, compared with 
the energy of rotational motion (case b considered 
by Hund'¥). We confine ourselves to this case only. 
Then, assuming that the spin of the molecule dif- 
fers from zero, we can show that when M >fi we 
have 


Y = 2n0/M, (2.5) 
where o runs through 2S + 1 values 
je = 8. Soy ee th. ere (2.6) 


(S is the spin of the molecule). In (2.5) we have 
neglected terms of order M~?, and consequently, 
in particular, the contribution of the orbital mo- 
mentum drops out. 

It is clear that the distribution function in (2.1) 
should depend on the discrete variable o. The last 
term on the left in the kinetic equation (2.1) is now 
written in the form 


Rc Gee 
y(o) (MH] =. f(r, ¢, v, M, 5]. (2.7) 


Assuming that A/L «1 and Tg9]/T «1 (A and 
Teo] are the mean free path length and time; L 
and T are the characteristic length and time for 
the changes in the macroscopic quantities), we 
seek a first-approximation solution of the kinetic : 


equation (2.1) in the form 
f= fO(L Eye, (2.8) 


where f°) is the local Maxwellian distribution 
function 


ou le : 

pO = nae ) Tero ae (2.9) 
Here 

6 = mu?/2 =- M?/2], u=v—Vvp>. (2.10) 


where v)(r, t) is the macroscopic velocity and I 
the moment of inertia of the linear molecule. 

In (2.9) and what follows we neglect the multi- 
plet-splitting energy (coupling of type b!) and the 
energy of the magnetic interaction (jj~H/kT <1). 
By virtue of this, in particular, f) is independent 
Of 0. 

The conditions imposed on the total distribution 
function are 


fat* =n, \ fedl* = = nkT, 
\ \ 


\ fudl* = 0, ( /Mdr* = 0. (2.4) 
Here 
rrr 1 “on 
\at... = ag q Dal. 
dV = v?duMdMd®.-dQy,. (2.12) 
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(The difference between the phase volume of the 
momentum and the ordinary volume is connected 
with the linearity of the molecule). 

We note that in (2.11) and (2.10) we have as- 
sumed the absence of a macroscopic angular mo- 
mentum. 

Taking (2.9) into consideration, we arrive at the 
following homogeneous conditions for x 


\ foydr* =0,  ( fOyedr* = 0, 


\fyudr*=0, | fyMdI* = 0. (2.11") 


Let us substitute (2.8) in (2.1). Using the con- 
servation laws and retaining the first non-vanish- 
ing terms, we obtain 


By {/ n t ay 
fo 1 = . er | alt a Opt” ) 
( O0op 02%; ) 5, O05; 
Ox; OX, Soa Ox, 
mu 2 2 \ Wy, | 
( Ser bat hi Ox, | 


Co) 
+ [MH] 47 = Jy): 


Joo) = \ FO 7 (y’ 4+ 3 —y — 4) Wal aT” aT 


Cc 


(2.13) 


(By writing the collision integral in this form we 
imply that the collision probability W is an even 
function of the momenta of the colliding molecules.) 

The form of the function W is not known in the 
general case. We start from the assumption that 
the nonsphericity of the molecules is small, and 
that it is difficult for the momentum of the mole- 
cule to change upon collision. Then the effect of 
nonsphericity manifests itself principally on the 
dependence of the cross section of the angle be- 
tween the momenta of the molecules and the direc- 
tion of the relative velocity. It is clear that this 
dependence should not change if M is replaced by 
—M, and the approximate expression for W can 
be written 


Wdl"*dl; = weds, (2.14) 


w= 1—A([Ps (cosgM) — P, (cos gM,) 


4 aN 
te P, (cos g’M) ra Ps (COs g’M;)], 


where g and g’ are the relative velocities before 
and after collision, do—differential cross section 
of elastic scattering of the molecules neglecting 
nonsphericity, and P, is a Legendre polynomial. 
The form of the term in the square brackets is 
connected with the equality of the probabilities of 
the direct and reverse transitions, which follows 
from the principle of detailed balance, and also 
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from the necessary symmetry of W with respect 
to M and Mj. 

In writing out (2.14) we have assumed that the 
momentum of each molecule remains unchanged 
in the collision and that the interaction is inde- 
pendent of o. (In addition, it is assumed that A 
does not change with variation of g* and M’.) 
Such an interaction model is quite satisfactory in 
investigations of the thermal conductivity, first 
viscosity, and diffusion as functions of the mag- 
netic field, but needs to be made much more pre- 
cise for an analysis of second viscosity. 


8. THERMAL CONDUCTIVITY OF PARAMAG- 
NETIC GAS. THE SENFTLEBEN EFFECT 


1. In the thermal conductivity problem, the ex- 
pression for x can be represented in the form 


Y= —V2AT/myvy nT. (3.1) 


The corresponding kinetic equation is written 


— u; (u? + M? —7/5) fF +- yf [MH] 0x4/OM = bor(x2) (3-2) 


Starting from this expression, we shall take u 
and M to mean everywhere dimensionless quan- 
tities that differ from the preceding quantities by 
the factors Vm/2kT and V1/2IkT, respectively. 

We expand the function x in irreducible tensors 
made up of u and M: 


%;(u, M, s) 


= >) Tika, {tue + +) te Meng ees Mes; SB) 
Dp. a 

where the square brackets denote the correspond- 

ing irreducible tensors. The expansion coeffi- 

cients (3.3) are functions of u’, M’, and of the 

index o, and can in turn be expanded in the ortho- 


gonal polynomials 


iach 22 THRE kp gSsip+1 (U7) Siiq(M?), (3.3a) 
where s{m) are Sonin polynomials of index n. 

The coefficients in the expansion (3.3a) depend 
only on the discrete variable o. 

From the form of (3.2) it follows that x is an 
odd function in u and an even function in M. This 
means that the only nonvanishing coefficients in 
(3.3) are those with odd p and even q. 

The conditions (2.11’) leads to the single rela- 
tionship 


Te a, 
Let us write down the equation for the heat flow 


2kT 


qi = — Kil VT Je = AT BE \ jo XU; (u? + M?) dl”. 
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Using (3.1), (3.3), and (3.3a) we obtain for the 
thermal conductivity tensor, in the general case, 


? 


Xin = k(2RT/m) (z Piolo sk TH") 


7 1 

t= esas? (s). (3.4) 
Thus, the thermal conductivity tensor is deter- 
mined in terms of two coefficients of the expan- 
sion (3.3) averaged over o. 

Let us proceed to find the approximate solution 
of (3.2). For this purpose we confine ourselves in 
(3.3) to terms with p=1 and q = 2, and in (3.3a) 
we retain the first nonvanishing terms. Then 


Mi = Tinhe + Tite + Them iim (325) 
Peete —/o),. wpe = u,(M? — 1), 

Wim = Ur(M;>Mn—*/s81m M2), (3.6) 
G2 = fad T2 Be ee T3 Bhs ps 7) 


If we substitute (3.3) into (3.2), we can readily 
verify that the only components of (3.3) contribu- 
ting to the term containing the magnetic field are 
those with q = 0. On the other hand, a detailed 
analysis shows that an account of the terms with 
q>0 and p> 1 in (3.3) yields for the thermal 
conductivity corrections that are proportional to 
the nonsphericity parameter raised to the power 
q+2(p-—1). Since the sphericity is assumed 
from the very outset to be small, the limitation 
(3.5) concerning p and q is of an obvious charac- 
ter [the approximation (3.5) is actually quadratic 
in -Al*. 

The fact that terms with high values of s and 
t are discarded in (3.5) is not connected with any 
explicit smallness parameter. Nonetheless, as is 
well known, it usually turns out that these terms 
are numerically small. We shall later on (Sec. 4) 
refine (3.5), taking account of the terms of next 
higher order in t for q = 2. 

2. To find the coefficients in (3.5) we multiply 
(3.2) by each of the functions (3.6) and integrate 
over the phase volume (without averaging over the 
discrete variable o [see (2.13)]. As a result we 
arrive at the system 


= 6ie = TipA™ + THBY + 2 (Trier — Tine) A, 
> 1B in = TinA® + 2TH, A™, 

— Sl skim Himnp am (Tit mae Ti) Atinp Ais 

+ TiAmnpA® + 2T inp A®. (3.8) 


*We note that actually the nonsphericity parameter em- 
ployed is not A [see (2.14)], but at least 4/5. 


ee 
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Here 
Aitim = —  8ir81m + 8218em + 8imder, 
A inim = hi®em + him®ra + heim + hemdit, 
hie = &iniH //H, 
E(s) = n(V mu9/20 V 2aT/) Ho, (3.9) 


where €j,j is a unit antisymmetrical tensor. 

In the calculation of the term with the magnetic 
field in (3.8) we took account of the dependence of 
the coefficient on the rotational momentum M [see 
(2.5)]. An explicit expression for A®P and B&?P 
is given in Appendix A. 

3. We present the solutions of (3.8) in the form 


T* = X* + Y«(H), (3.10) 


where X@ is independent of H and Y%(0) =0. 
We consider first the case H = 0. We seek the 
tensors X@ in the form 


Xik = X18iz, Xie = X26ir, Xieim = Ag Akin: 


(In the absence of a magnetic field, T% = X@ are 
independent of the discrete variable.) From (3.8) 
we obtain 
5 4 
X= tar X.=34"(!- 


Au a. Bu? 


10 (A%8)2]-1 


X3 = — A®*®X,/2A°%. (3.11) 


The coefficients X; and X, determine the 
thermal-conductivity tensor in the absence of a 
magnetic field [see (3.4)]: 


(ito = %odsm, Xo = nk (2RT/m) (= X,+4X, ) (3.47) 


4, Let now the magnetic field differ from zero. 
Substituting (3.10) into (3.8) we arrive at a system 
of equations for Y®: 


0=Y}AM + Y},.BY + 2 Vin — Yin) A®, 


0 = V7, A” + 2V7,,A%. (3.12) 
As shown in Appendix A, when A Z 1 the nondiag- 
onal elements of the matrix A®P are small com- 
pared with the diagonal elements. From the first 
two equations of (3.12) we can conclude that Yix 

nw Ye A V/A? and Yik ~ Ye A/A". We can 
certainly then neglect in (3.12) the first two terms 
on the right side. We obtain thus an equation for 
Sei in closed form: 


VienpA™ + = EY ietm 1 ang = — EXsHitnp. (3-13) 


The thermal-conductivity tensor (3.8) includes 
the tensors Yi and Vie averaged over the dis- 
crete variable. Averaging the first two equations 
in (3.12) over o, we obtain 
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Vie 0, Vie = — 2A*Yiy,/ A”. (3.14) 
Thus, the thermal conductivity depends only on 
that part of the tensor Vines which is even in o. 
Taking this into account, we seek a solution of 


(3.13) by writing for the tensor Vicind 


Yoa¥ oy, (3.15) 


where Y* and Y~ are respectively even and odd 
iio: 

Starting with (3.15), we shall use the convenient 
symbol L to denote fourth-rank tensors, and the 
product of two tensors LM will again be taken to 
be a tensor of fourth rank with components 


Liktm Mimnp- (3.16) 


Using this notation, we rewrite (3.13) in the form 
AS (¥* - Y7) + —&(Y* + Y-)H = —EXsH. 
This equation separates into two: 


Asy+ + 1 £Y-H = 0, (3.17) 


A®Y~ + —EY*H = — EX3H. (3.18) 
We took account here of the fact that & is a linear 
function of the variable o [see (3.9)]. 

Multiplying (3.18) from the right by £H and 
using (3.17) we obtain an equation for Y* in closed 
form: 


ae (A3)2¥+ a + E2y+H? ae RS. — &°X 3H. (3.19) 

It can be shown (see Appendix B) that 
H® = — 4 (5H* ++ 16H), (3.20) 
Using this equation to solve (3.19), we get 
Y+ —c,H? + oH, (3.21) 
as ay = p77) 
a= 30m e ta Ae 
yt 

°= Sarma pap Xm ee 
=G/AS (3.23) 


According to (3.14) we must contract Y* about 
the two internal indices. Using the contractions of 
the tensors H’ and H’, written out in the Appen- 
dix B, we can readily obtain 


Vite = (C18:e + CoH; H/H?) Xs, (3.24) 
_ 8 (8+ 4m?) es ae Hea) (3.25) 


Gyan)? 2 Oa 

The expression (3.24) is the solution of our 
problem. Indeed, substituting (3.24) into (3.14) and 
using (3.4), (3.7), (3.10), and (3.11) we obtain 
directly a general expression for the thermal-con- 
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ductivity tensor. Separating from this tensor only 
the part dependent on the magnetic field, and taking 
(3.4’) into account, we get 


Axiz = Xin — (Xik)H=0 
ren 5St 1 >» (8.2 = C, ie ) ’ (3.26) 
a Ae A 10 (A23)2 4) 71 
1 ai aaa T oan Bal | 3 be 43} (3.27) 


The expressions in (3.26), (3.27), and (3.25) de- 
scribe the Senftleben effect completely. 


4. DISCUSSION OF RESULTS 


The expressions obtained show that in a para- 
magnetic gas in the presence of a magnetic field, 
the coefficient of thermal conductivity becomes 
anisotropic. This causes the thermal conductivity 
to have different values when the magnetic field is 
parallel and perpendicular to the temperature 
gradient. Moreover, when the angle between the 
vectors H and VT differs from 0 to 90°, a heat- 
flow component exists in a direction perpendicular 
to the temperature gradient. 

The character of the dependence of the tensor 
Aki, on the magnetic field and on the pressure is 
completely determined by (3.25), where the value 
of 7 is [see (3.22) and (3.9)] 


LYVx Wokn? VT H 
20 VY 2kI A® p 


(4.1) 


It follows from (4.1) that at a fixed temperature 
the effect depends only on the ratio H/p, which 
coincides with the main experimental result ob- 
tained in'®, The temperature dependence at fixed 
H/p is determined in (4.1) by the ratio n’VT/A®, 
It is shown in Appendix A that A® ~ Qn? and 
consequently the temperature dependence is es- 
sentially connected with the form of the molecule 
scattering cross section. Thus, for the solid- 
sphere model Q"! ~ mile and (4.1) is completely 
independent of T. In the case of Maxwellian mole- 
cules (U~ r“‘), Q" is independent of the tem- 
perature and 7 ~ T!/. The true character of the 
interaction will lead, as a rule, to an intermediate 
dependence, that is, ~ T®, where 0= n= %/. 
The overwhelming majority of the experiments 
on the determination of the thermal conductivity 
of a pagamagnetic gas were carried out with oxy- 
gen. From the temperature dependence of the 
ordinary (H = 0) kinetic coefficients for Oy» (see, 
for example, 8), we can conclude that Q!! is in- 
dependent of T. Consequently, the character of 
relative variation of Ax;, should depend in prac- 
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tice on the combination HV T/p, as was indeed 
observed experimentally. 

Let us examine the variations of the thermal- 
conductivity coefficients in the case when H is 
parallel and perpendicular to VT. 

Bron (3.26) we obtain 


Ax, , t 
at — 554 2 (C, +c). (4.2) 


From (3.27) and (3.25) it follows that at all 
values of 7 


so = IDS, 


Ke 


Ax | /%) <0, (4.3) 


At sufficiently large values saturation sets in, and 
_ both quantities attain the following absolute max- 
ima 


Ax | [Xo < 0. 


Ax 
a eo 2S 
( Ko He 2S + 4 3, 
CON: 
\| ihe 25 
( Xo (i 2S +1 2p (4.4) 
Hence 
(Ax )/AX | )oo = 7/s, (4.5) 


which is in splendid agreement with Senftleben’s 
experiments. 

From expressions (3.26) and (3.27), and also 
from formulas (A.5) of Appendix A, it can be con- 
cluded that the change in the thermal conductivity 
in a magnetic field is completely connected with 
the nonsphericity of the interaction, and that 
Aki ~ A”. If we use (4.3), we can readily relate 
the parameter with the value (Ak/k).. which is 
independent of the magnetic field and of the pres- 
sure. Comparison with experiments shows that in 
the case of oxygen A is close to unity. As already 
indicated, the actual expansion parameter is a 
quantity smaller than 2/5, and all the assumptions 
made above remain in force. 

Let us examine the region of small values of 7. 


Then 
( Ax) ) us 
X% /H-0 i 


Ad 
ie) 


ae <i 


ae aT 


aes 1 Dit. ee) 


In the case of oxygen S = 1 and (4.6) goes into 
(Ax 1 /%o) 40 = — Sipni, 


(Ax | /%o)H+0 = — + pn, (4.6’) 
where 74 = (1 )o=1- 
The dependence of (4.6’) on the magnetic field 
and on the pressure coincides with the experi- 
. 
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mentally observed one. Bearing in mind a com- 
parison of the absolute values of the calculated 
and measured coefficients, we have increased the 
number of terms in (3.5), taking in (3.3a) the terms 
of higher order in M? with q = 2 (specifically the 
terms responsible for the effect and connected 
with the magnetic field). The term with t = 1 [see 
(3.3a)] introduces a correction which is still no- 
ticeable, whereas inclusion of t = 2 changes the 
results very little. The calculation procedure ob- 
viously remains the same, and we shall only give 
the final results. 

Inclusion of the term with t = 1 changes the 
numerical coefficients in (4.4) by a factor 4, and 
a multiplier 25/36 appears in the coefficients from 
(4.6). We then have for the ratio (Ak | )fp+)/@KL )oo 
a value 


(Ax 1 )s1-r0/(A% Joo = 25y°/16 = a (H/p)?. 


We have calculated a for oxygen, using the well 
known value h?/2Ik = 2.1°K and determining 0" 
from the value of the self-diffusion coefficient." 
If H is in gausses and p in mm Hg, we obtain 

a © 2.5. The corresponding experimental value is 
close to 1.7. If we recognize that the number of 
terms included in (3.3a) is small, and if we bear 
in mind in particular the differential term in (3.2), 
the agreement of the results should be regarded 
as satisfactory. 


APPENDIX A 


Let us determine the coefficients in the right 
half of the system (3.8). We integrate the collision 
integral with one of the functions 4% (3.6):* 


meas Ct ACI) Kae Grd i ph Wieet Fawr Des C3 
We introduce here the symbol < ®@> for the inte- 


gral 


Vy BP \ dlAT jf fOwgdo®, (A.2) 
where g is a dimensionless relative velocity. In 
(A.1) we averaged in explicit form over the dis- 
crete variable of particle 1. Using the well known 
symmetry properties of the integrand of (A.2) we 
can transform the integral of (A.1) to the form 


TAA Bt DiTaBi (A.3) 
5A tres anise vical 
Babee (br)il>, (A.A) 


*It must be remembered that the function y* has three in- 
dices 


3 3 
Ye = Vek, sH" 
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with 
Ag? = Aik, BoP = Big. 


The coefficients of (A.4) can be directly cal- 
culated for the model of (2.14): 


11 
Ain = AM8 ip, 


Au =—1inp7? 


Ln? (On — 5Q + O18 + 207) 
Bik = BU Bin, 

Bu =i n?(— Pon +4 5Q7— Q» + 20”), 

AR = A?6,, A? = 


22 4 
ik = — Bik = 2 Biz ad 0, ateee 


Al Niesbk,s 
of) ie Gant 7 Q”) | : 


A® = an? (4£.Qu— Q*), 


13 
Ast pee —— — Bin eb, = 


Tg) et BLN, 2: [es 5 Ol. O12 
A = 5, hn Faee. i Q ) 

23 2 

hie, = AS GE 


23 
B ikyksR, 


AS = = Ar, (A.5) 
The numerical coefficients in (A.5) are determined 
in terms of standard inte ce of the kinetic theory 
of monatomic gases (see!®! 


Oey Wane (eretgets (1 


The tensor AjkJm has been defined in the text 
[see (3.9)]. The sixth-rank tensor Dhik/mn is 
symmetrical within the index pairs hi, ki, mn, 
and vanishes upon contraction in any of these 
pairs. 

The tensor A*?i ipigktkoks makes the following 
contribution to (A.3): 


— cos!) dodg. (A.6) 


33 
Titel, Aitstakalalal 

oh 

35 A in 


— =. T itte, Skoks + T ittr, Stk, + T i1e,8bex}} ‘ 


4 ; 
= 2A ST Hepes + — Tikskaks + T ikghats + T ikehehs 
3 


(A.7) 


We have neglected in the text terms proportional 
to A/35 in (A.7). 
APPENDIX B 


The powers of the tensor H can be readily cal- 
culated with the aid of tensors of the form 


Fie = Fis, do) i fe + fade fife fie Tas 
a,8=0, 1, 2, (B.1) 


where 


fee = Sie, fle =hins fie = hihix = — ie + HiH,/H?. (B.2) 


KAGAN and L. 


is 33 hes 33 . ie 1 
4 0, Aig Risks eA (Sie,Arsistat, aa 35. MD geystasts) ’ 


MAKSIMOV 
The tensors (B.1) have the symmetry proper- 
ties 


Fem = Fitim = Fin = Fifim- (B.3) 


The product of two tensors given by (B.1) is 
F its F Sim = 2(F (fis Fe; fle fim) + F (fis foes fit Fim)] (B.A) 
Using (B.4), we obtain 
H = F%, 


H? 222 (Fe ee hy 


H? = — 4H? + 24 (F2 — F2), 
He = — 4 (5H! + 16H?). (B.5) 


The thermal-conductivity tensor includes the 
tensors H? and Ht’, contracted in the internal 
indices 

(H?) 1% = 2 (— 96; + 7H;H;/H”), 
(H4) 272 = 8 (3836; — 31 H;H;/H?). 


In calculations with more terms than in (3.5), it 
is best to use instead of powers of the tensor H 
the tensors 


G, = F°? + F, 


(B.6) 


G, a 1 (Fit pane F22), 


which are the eigenfunctions of the operator H’: 


+G,H?=—G,, +G,H? = —4G,. 


The tensor H’ is connected with these tensors 
by the relation 


H? = G, + 4G). 
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The hyperfine splitting of the ground state of muonium is estimated on the basis of the avail- 
able experimental data on the dependence of w* polarization in nuclear emulsion on the mag- 


netic field. 


‘Tae aim of the present work is to obtain an esti- 
mate of the hyperfine splitting in the Is state of 
muonium from the existing data on the dependence 
of the polarization of positive muons in nuclear 
emulsion on the strength of the applied magnetic 
field.“-3] 

It is well known that the main mechanism for 
depolarization of positive muons in matter is the 
formation of muonium atoms (*, e~ ) in the ls 
state. An external magnetic field that is strong 
enough to break the connection between the mag- 
netic moments of the muon and electron eliminates 
the depolarization, which arises from the hyper- 
fine splitting in this state. The theoretical treat- 
ment™>5) of this problem shows that the polariza- 


tion P depends on the applied field H according 


to 
ee HH; 
=F: 


se 
v2 +2) 


P= 3a =P, (> (1) 


Here a is the asymmetry coefficient of the spatial 
distribution of electrons in u* — e* decay, Py is 
the muon polarization at the instant of decay, and 
H,) characterizes the average field in the first 
electronic Bohr orbit in muonium due to the muon 
magnetic moment. H, is related to the hyperfine 
splitting AE of the ls state: 


Hy = AE | (— 2pe + 2p) (2) 


where fe and Wy, are the magnetic moments of the 
electron and muon respectively. AE is given by 
the well-known Fermi formula 


AE = 32pm, /3a3, (3) 


where ap is the radius of the first Bohr orbit in 
-muonium. If the magnetic moment values [Ue 


= ei/2mec and py = di/2m,c are substituted into 
(2) and (3), we obtain Hy = 1580 gauss. Taking into 


account radiative corrections and the effect of the 
_ reduced mass changes this value to H) = 1588 gauss. take into account the fact that some of the muons 


Actually, when muons are stopped in emulsion"!,2 


or other substances" the growth of polarization 
with magnetic field does not obey Eq. (1) because 
of the charge exchange which occurs when a 
nearly-spent muon which is still sufficiently fast 
loses and captures electrons several (n) times. 
Each new electron capture further ‘‘dilutes’’ the 
polarization; therefore, for a given value of the 
field H the value of the polarization P is less 
than that predicted by Eq. (1). Ferrell, Lee, and 
Pal8] obtained a formula which takes into account 
the charge exchange near the end of the muon path: 


P= Pill —>(7>ra))'- (4) 


Here 1/2 is the average lifetime of the muonium 
(in units of h/AE = 3.6 x 107!! sec) in each cap- 
ture. If only one capture occurs (n =1, T=), 
this formula becomes the same as Eq. (1). 

Rather accurate measurements have been 
made!!-3] of the asymmetry parameter a = P/3 in 
nuclear emulsion placed in a magnetic field. All 
of the experiments were performed by nearly 
identical methods and similar criteria for selecting 
events were used. The consistent group of data 
thus obtained is shown in Table I. Assuming the 
depolarization mechanism described by Eq. (3), 
we can use the data of Table I to evaluate the de- 
polarization parameters n and 7 and the hyper- 
fine splitting AE. 

The problem consists of finding the minimum 
of the function 


x” = & (Aa;)?/o7 


under simultaneous variation of the parameters T, 
n, and Hj, i.e., of solving the system of equations 


Oy2/Ov = Oy?/On = Oy?/0Hy = 0. (5) 


In the analysis of the data it is necessary to 
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Table I 
II 
ee H, gauss =a ! eee | H, gauss 225 

[2] 0 0.095 +.0.009 [4] 2500 0.206-+0.020 
[2] 54 0,417+0.020 [2] 3500 0.185 +0.020 
[2] 110 0.116 £0.020 [2] 5100 0.196 +0.020 
[2] 206 0.093+0,020 [4] 6300 0.2654 0.024 
[2] 405 0.114+0.021 [2] 40000 0.26340,012 
[2] 420 0.142 +0.020 [2] 14000 0, 2620 ,028 
[2] 680 0.149 £0.017 [2] 47000 0.280+0.014 
[2] 805 0.096 0,020 [2] 20000 0.272 40.023 
[2] 1300 0.4142-40.017 [2, 3] 25000 0.290+0.013 
[2] 1610 0.178 +0.020 [7] 27000 0,284 0.016 
[2] 41900 0.155 0.022 [2] 35000 0.2904 0.013 
[2] 2370 0.184 +0.020 


stop in the gelatin, where the depolarization is 
either small or absent, and some stop in the AgBr 
crystals which are responsible for most of the de- 
polarization." If we let f be the ratio of the num- 
ber of stoppings in the gelatin to the total number 
of muon stoppings in the emulsion, then we obtain 


P=30=P,[7+(1—f(I—r=e8 ee) |) 


which is to be used in the analysis of the data in 
Table I. As the most likely value of f we choose 

f = 0.32," which is obtained as the ratio of the 
asymmetry coefficient a(0) for H = 0 to the 
asymmetry coefficient a(~) obtained by averaging 
the data in Table I for H = 17 kilogauss: 

f = (0.095 + 0.009 )/( 0.292 + 0.007). Po in (6) is 
taken to be Py = 3a(~) = 0.88 + 0.02. 

The solution of (5) obtained on an electronic 
computer by the method of ‘‘gradient descent’’ is 
T =1.22, n=6.90, and H, = 1560 gauss, with y? 
= 28. Since the number of degrees of freedom is 
22, the result for x? is rather good. 

The weak links in this determination of Hy and 
thence, via Eq. (2), the hyperfine splitting AE in 
the ls state of muonium are first, the use of a 
specific mechanism for the dilution of polarization 
which occurs in the slowing-down process, and 
second, the value of f the fraction of stoppings in 
the gelatin. It can be shown, however, that all 
values of f in a wide range give the same value of 
ie 

Table II shows the solutions we obtained for 
n, T, and Hy for values of f in the interval 0—0.5. 

We see that a radical change in f leads to 
noticeable changes in the parameters n and T 
but does not change the value of Hy nor, conse- 
quently, the value of AE. The statistical accuracy 


Table II 
} 1 
f Die n | t | Hy 
0 26,2} 5.0] 0,73] 1560 
0.20 | 26,8| 6,1 ]0.88] 1560 
0.33 | 28.2] 6.9] 1.22] 1560 
0.40 | 32.4] 7.4]2,50] 4560 
0.50 | 65,0 | 12.4 | 2.58 | 41560 


of our determination of AE, as evaluated by the 
usual method of constructing the error matrix, 10] 
is about 10%. 

Thus, the value we obtain for the hyperfine 
splitting of the 1s state of muonium agrees, within 
the limits of error, with the theoretical value. 

Measurements analogous in principle to these 
were carried out by Prepost, Hughes, and Ziock!11] 
on muons stopping in argon. Their experiment, 
performed with electronic counters, showed that 
the observed increase of polarization with increas- 
ing field was consistent with the theoretical value 
of AE. Their measurements were not sufficiently 
accurate to allow them to make a quantitative 
evaluation of AE. 

The author thanks V. N. Petrukhin for carrying 
out the calculation on the electronic computer. 
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A method developed earlier !?] is employed to describe the 7 p interaction at 7 Bev. The 
results of the calculations are compared with the experimental data. The comparison shows 
that the main characteristics of recoil nucleons (their energy spectrum, angular distribution, 
etc.) satisfactorily agree with the calculations. The problem of obtaining information on the 
mm -interaction cross section at energies for which it is mainly inelastic and, in particular, 
on the mz diffraction cross section is discussed. It is shown that suitable events can be 
chosen from the experimental material on the 7 p interaction and can be used for deter- 


mining the mz diffraction cross section. 


Expsrmenran data have recently been ob- 
tained on the 7 p interaction at a laboratory 
energy Ej,=7 Bev.4] Some of the data (for 
example, the angular and energy distributions of 
the nucleons) indicate that peripheral interactions 
play an important role. 

In this connection, we studied this process in 
the one-meson approximation on the basis of the 
diagram shown in Fig. 1. This method has already 
been used for the calculation of the mp interaction 
at 5 Bev'?]* and of the nucleon-nucleon interaction 
at 9 Bev.(3] The conditions of applicability have 
been discussed earlier.'3] We note that for the 
calculation of the mp interaction at 7 Bev, the 
method requires knowledge of the mz interaction 
cross section o77, the dependence of this cross 
section on the pion energy (in the c.m.s. of the 
pions, hereafter referred to as the 77 system), 
and on their isotopic spin (here the three possible 
States are T = 0, 1, 2. 

One of the authors?) has shown that the best 
description is probably given by the variant in 
which all three isostates of the mm system occur 
with equal probability. Using this variant, we can 
readily write the cross section of the mp inter- 
action in the form 
“cers \de | dy VP mA) PH) | a 


: | Onn (y) {26s,, (z) ai Sry, (z)}, (1) 


Sn ee 


where z = '4(m? — m2? —p?), y ='4(M} — 2n7), 


*In[2] one of the authors considered mainly the isotopic 
relations in the mm interaction. 


FIG, 1. One-meson diagram of ine- 
lastic mp interactions. 


z 
ae 
M.> is the pion energy in the 77 system; M, is the 
total energy of the pion and nucleon emitted from 
node 1 ( Fig. 1) in their c.m.s.; E) and py are the 
c.m.s. energy and momentum of the nucleon prior 
to the interaction; E, and P, are the total energy 
and momentum of the particles emitted from node 
1 in the c.m.s. of the process; EJ, is the pion 

energy in the laboratory system (l.s.); and x? 

= 2(E E, — poPy) — mi — m?. The number of 
pions emitted from node 2 is even. In other 
respects, the number of pions (at both nodes 1 
and 2) is arbitrary. The total number is limited 
by the conservation laws. 

To see how well this picture agrees with the 
experimental data,-! 4] we calculated the trans- 
verse momentum distribution, the c.m.s. angular 
distribution, and the l.s. energy distribution of the 
nucleons. We note that it is necessary to know for 
the calculation of these characteristics the value 
Of O77 (My) in the interval 0.3 < M, < 2 Bev. 

The details of the mz interaction ( multiplicity in 
inelastic mz interactions, angular and energy dis- 
tributions of the pions in the mm system) do not 
affect the results of this calculation. 

We carried out the calculations under the fol- 
lowing limiting assumptions: a) the quantity 
Onn (M>_) depends weakly on the energy Mo, it 
can be assumed constant and equal to 0,7; b) the 
quantity o7_(M.,) has a sharp maximum at M. 
~ 0.4 — 1 Bev. It is equal to off) inside this 
region and is very small outside it. (Fraser and 
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N, arbitr. units 


3 


1 1,5 2.0 Efm 


FIG. 2. Energy distribution of the nucleons in the L.s. 
Curves a and b are calculated by variants a and b, respec- 
tively; € is the l.s. energy of the nucleon. The curves and 
histogram are normalized to the same area. The histogram rep- 
resents the experimental data. 


Fulco!*] have discussed the possibility that such a 
‘‘resonance’’ occurs.) We note that the charac- 
teristic values of the virtualness k? (k is the 
4-momentum of the intermediate meson), as in 
[1] are k? ~ (6 — 7p)’. 

The total cross section of the inelastic mp in- 
teraction turned out to be ogp = 0.3 O7q in variant 
a and o7p = 0.12 off) in variant b. The experi- 
mental value of the inelastic cross section ozp 
has been estimated earlier [31 (It should, of 
course, be borne in mind that this is a very pre- 
liminary estimate.) The estimate gave o7 
~ 20 mb. It can therefore be concluded that either 
Grr © 66 mb in variant a or off) © 160 mb in 
variant b. These values do not contradict other 
very approximate estimates. [671 

The l.s. energy distribution of the nucleons, 
their c.m.s. angular distributidn, and the trans- 
verse momentum distribution (in arbitrary units) 
are shown in Figs. 2, 3, and 4, respectively. 

The angular distribution and the p; distribution 
calculated by variants a and b are practically the 
same. The energy distributions of the nucleons 


22206, 
2.0 
FIG, 3. Angular distribu- 
tion of the nucleons in the 
10 - c.m.S. 
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FIG. 4. Transverse momen- 
tum distribution of the nu- 74 
cleons in the c.m.s. 


Of | dod, a 


differ little. Hence from a comparison of these 

characteristics with experiment we can draw no 
conclusions as to the dependence of oz on the 

energy Mo. 

The experimental data are represented in the 
figures by the histograms. Comparing these data, 
we see that: 1) the transverse momentum distribu- 
tion is in satisfactory agreement with the experi- 
mental data; 2) the calculated energy distribution 
of the recoil nucleon and the angular distribution 
are in somewhat poorer agreement with the exper- 
imental data. 

In the experimental distributions, cases with 
larger angles of the nucleons (in the c.m.s.) and 
high recoil-nucleon energies (in the l.s.) have 
greater weight.* Possibly, this is due to the in- 
sufficient accuracy of the experiment and will 
change when the accuracy is improved. On the 
other hand, it is possible that the entire process 
does not take place here in accordance with the 
foregoing scheme and that there is a mixture of 
cases occurring through other channels. 

It is possible, for example, that part of the 
cases correspond to diagrams in which the nucleon 
is not excited and its interaction with the pion is 
proportional to g(vys~ )g. (This scheme has been 
suggested by Chew and Low 8] and has been con- 
sidered several times® "J at lower energies 
— EJ, * 1 — 3 Bev.) Calculation shows7 that in 
this case the angular and energy distributions of 
the nucleons are quite broad. However, this calcu- 
lation cannot be made at 7 Bev, since the values of 
the virtualness k’ and of the quantity ®, are ap- 
preciably larger here than in the process pictured 
in Fig. 1. In fact, the values of k’? which contribute) 
significantly to the Chew-Low process are of the 


*We note that the experimentally found angular and energy 
distributions of the nucleons in the case of the mp interaction 
at 7 Bev is appreciably broader than the similar characteris- 
tics of NN interactions at 9 Bev. |’) 

tWe do not reproduce this calculation here, since it has 
been given in detail elsewhere. [5-8] 


mp INTERACTION AT 7 BEV 


order kK? = (134)? and MN. * 2 — 3 Bev. It was 

shown earlier that restrictions on the virtual- 
ness must be introduced for such values of k”? and 
M >. Since the restricting procedure is not unique, 
this process cannot, at present, be calculated cor- 
rectly. 

Consequently, we did not analyze this process 
in detail in the present study and considered only 
the process of Fig. 1. 

We return to the question of the dependence of 
Ona On the energy M.. As we have already men- 
tioned, the observed characteristics of the recoil 
nucleons are not sensitive to this energy and do 
not provide the required information. In order to 


find the value of o7q_(M.) in the region M, > 1 Bev, 


it is necessary to consider in greater detail the 
characteristics not of the nucleons, but of the 
secondary pions in the given process. 

It can be expected that for M., < 1.2 Bev the 
mm interaction will be primarily elastic. In fact, 
the inelastic interaction will be important only if 
all the secondary pions in the m7 system are rel- 
ativistic, i.e., if they have an energy € > 2u. 

The minimum number of secondary particles in 
an inelastic collision is four. Hence it can be 
assumed that the interaction is elastic up to the 
energy M5 © 1.2 Bev; for M,> 1.2 Bev the inelas- 
tic part will be important; in this case the elastic 
part will have a diffractive character. 

The cross section of the inelastic mp interaction 
oy) due to the inelastic mz interaction in the proc- 
ess under consideration ( Fig. 1) and calculated 
according to formula (1) turns out to be of i) 
= 0.15 oft), where o(i) is the inelastic mm “ETOSS 
section averaged over the energy interval 1.2 
<M, < 2 Bev. To separate such interactions, we 
can select cases in which more than two secondary 
pions are emitted forward in the c.m.s. 

Of basic interest here is the elastic (diffractive) 
mm interaction (resulting from the existence of the 
inelastic mz interaction). It leads to specific 
characteristics of the experimentally observed 
phenomena which allow it to be separated quite 
distinctly. 

First, the sign of the diffraction-scattered pion 
should be negative. 

Second, for M, > 1.2 Bev the l.s. energy of the 
fastest diffraction-scattered pion is €L 2 5 Bev, 
according to the calculations with formula (1). In 
interactions of another type, the energy of the 
fastest pions is appreciably less. For example, in 
an elastic, but nondiffractive interaction (for M, 
< 1.2 Bev), €], © 3.8 Bev; for an inelastic 17 in- 
teraction (with Ji, > 1.2 Bev) €,, © 2 Bev. 
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Third, the angle at which the diffraction- 
scattered pions of l.s. energy €][, ~ 5 Bev are 
emitted is small. It can be estimated in the fol- 
lowing way. The basic contribution to the trans- 
verse component of these pions comes from the 
quantity kL (transverse momentum of the inter- 
mediate virtual pions). The k, distribution was 
calculated on the basis of expression (1). The 
curve of do/dky has a maximum at kj = 2u and 
reaches half the maximum value at ki = 0.5u and 
kj, =4.5u. Therefore the l.s. angles of the diffrac- 
tion-scattered pions will lie within the limits 
0,014 < $y, < 0.13(1° < 87, < 9°). 

Using formula (1) and taking od) to be constant, 
we find the tp interaction cross section due to the 
diffractive mm interaction: 


oY — 0.156%), 


(2) 


Summing up, we can state that the diffractive 
interaction between the incident pion and a virtual 
pion can be separated experimentally if we select 
cases in which a negative pion is emitted in the 
forward direction with an energy greater than 
5 Bev at an angle less than 9° l.s. 

According to the experimental data,-4] the 
fraction of such cases in mp interactions at 7 Bev 
is 0.15, i.e., the cross section of this process is 
of) = 3 mb. We can thus conclude that the elastic 


diffraction-scattering mm cross section is, ac- 
cording to (2), o(d) © 20 mb in the energy Been 
1.2 <M, < 2 Bev. We note that according to 

the greater part of the pions of energy €], 25 Bev 
proved to be negative. This indicates that the 
elastic mm scattering in this energy region occurs 
in most cases without the pion experiencing charge 
exchange, which is in agreement with the proposed 
picture of the interaction. 

In conclusion, the authors express their grati- 
tude to E. L. Feinberg for fruitful discussions and 
to the authors of § 44] for making their data avail- 
able to us and for discussions. 
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An expression is found for the complex dielectric constant of a dilute totally ionized plasma; 
the expression is accurate to quadratic terms in the number of particles per unit volume and 
applies for frequencies much higher than the electron Langmuir frequency. An isotropic 
plasma and a plasma in a magnetic field are considered. In the latter case the applied fre- 
quency is assumed to be greater than the Langmuir frequency, but can be greater or smaller 
than the gyromagnetic frequencies of the plasma particles. 


a The present communication is concerned with 
the high-frequency dielectric constant of a plasma. 
Specifically, we are interested in the frequency re- 
gion in which the applied frequency w is much 
higher than the electron Langmuir frequency wy 

= ¥4me2N./m . On the other hand, we shall as- 
sume that the frequency is much lower than the 
frequency Wmax = (KT)?”(2m)-!//|eje|. To de- 
scribe a plasma under these conditions we find it 
convenient to use the kinetic equation for rapid 
processes given earlier by the author {11 

Under the conditions given above it is well- 
known “21 that the imaginary part of the dielectric 
constant of an isotropic plasma must be modified; 
the correction is quadratic in the number of par- 
ticles per unit volume and exhibits a frequency 
dependence of the form w73 In (w/wmax). Below 
we obtain the corresponding real correction, which 
exhibits a frequency dependence of the form w™? x 
sign w. Finally, we obtain the correction to the 
dielectric tensor of a plasma in a strong magnetic 
field when neither the applied frequency nor the 
electron (ion) gyromagnetic frequency are small 
compared with the electron Langmuir frequency. 

2. We find the dielectric constant of the plasma 
through the use of the kinetic equation for rapid 
steady-state processes. For a plasma in a spa- 
tially uniform alternating electric field E anda 
fixed magnetic field B this equation is:l1] 
a Bx (E +E .Bl) ip = DNogg \aoe de 

OU 4p (| rp |) 
os et 
—Relt +4, t, Ps, ral I) f 


Uae (| R, [¢ + T, ti Pa, Ta] 
aha Oe eS 
aPl [t+ 1, t, Pg] 


(6) 
0a a ereade yes al, Ralé 
ay) (Palld +1, t, pal, Ral 
+t, c Pc, Tal, t+ %) ip (Pp [¢ “ae. pe Pal, Re [t 
erat t, Pp, ral, t ch ti: 
*(v_ B] = va x B; (Bpa) = B- pa- 


(1)* 


Here 
(Bp,) 4 [Bp,] [B [Bp,]] 
P,(¢+1, ¢, px] =B Be — sin Q,T Be 0s QT ce 
4 bs BE (¢’ BE (¢’)]_. , 
+e, \ dt {BS ae AN in OG ree 
t 
— ee cos Qn (¢+1—#')}, (2) 
(Bv,) 1 — cos Q,t [Bv,] 
R, [2 1, f, pe, fal = Te +B Bz rey re re 
t+7 t2 
sin Q, v [B [Bv,]] ey ‘ " (BE (¢”)) 
roa Q. B2 ine \ dt \ at Be 
ia fe 
— sin 22 (¢ =") — PEM e050,’ — 1}, 


(3) 


where €qg, Mg, Yq, Vq, and pq are respectively 
the charge, mass, coordinate, velocity, and momen- 
tum of a particle of type a; Qg =eqgB/mge is the 
gyromagnetic frequency; Nq is the number of par- 
ticles of type a per unit volume and, Uag(r) 

= egeg/T. 

Equation (1) has been obtained under the as- 
sumption of a weak particle interaction and does 
not apply for small impact parameters. In this 
connection, in integrating over the impact param- 
eters below, we introduce a cutoff at pyryjin- On 
the other hand we have not considered shielding 
of the Coulomb interaction at large distances in 
Eq. (1). Equation (1) may not be applicable to an 
analysis of collisions at high impact parameters 
in sufficiently slow processes, in which case we 
must introduce a cutoff at pmax.-* 

8. We first consider an isotropic plasma with 
no fixed magnetic field. We neglect spatial dis- 


*If collisions are neglected the following relation holds: 


he (P, [é+-t, t, Pl, R, {t+ t, b; Py» els ts T) = ie (P,> ir) t), 


and allows us to transform the arguments of the functions in 
the right side of Eq. (1). 
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persion in the dielectric constant, assuming the 
particle distribution to be uniform in space. As- 
suming a small departure from the Maxwellian 
distribution Hw and linearizing the kinetic equa- 
tion, taking account of the fact that 6fg is propor- 
tional to the electric field, which is assumed to 

be weak, we have 


Ooty ee. (0) a 
sr — ypEvefa = DNo age \ eed 
2 ne ee (| fer fart (Wanmiahs |) 
dr! 
Ree ai (t-—T,) ke 
or’, dpi, 


+ 9fa (Pa, t + 1) ie] ‘oa 


0 
— sph US 8s (Pe, t +7) 


fo fe? dU 45 (Fz — Tp) 
(xT)? ort 


Vag (|Ta 


—fg+ (Va — Vg) T|) (@aVa + CaVe, E(t + «))} : (4) 


In solving Eq. (4) we assume that the collision 
integral is small. If there is a periodic time de- 
pendence (e~!“t) the inequality w > vegg must 
be satisfied, where veg is defined below. In the 
first approximation 
F é, Ev, 

aul Oe 


ofa) = 2 (5) 


Substituting Eq. (5) for df in Eq. (4), we have as a 
second aude noe 


0 
8 (2) __ Naess Yop CI [are Mp y iat 
fP.=4 > as = \ dp dro i ps : dre 
ea [fam fat Va Ye) tl) 4 cco) jo) 
“ ari, (xT)? '* eres m a is 


(6) 


An expression for the current density can be ob- 
tained from Eqs. (5) and (6) 


j = SeaMa \ dpavabfa, (7) 


and can then be used to find the complex conductiv- 
ity tensor 04; (jj = 9jjEj) or the complex dielectric 
tensor ahs jj + 47103; /w. For the isotropic 
plasma being considered here these tensors are 
diagonal and, from Eqs. (5) — (7), we have 

4ne2 N Be Et Zee é,\ N,N 
peterccet ay rashales 3 a ae aT \ 4s ds 


a ap 


é(o) = 1 


0 Rmax dk (Ane en)? 
42 AP \ deems | Goa age exp tik (Va — vp) 


ir Finn (8) 
wns Kmax = Pmin = kT/|egeg| while kmin 
ina f rp (rp is the Debye radius). 

If terms containing positive powers of the elec- 
tron-ion mass ratio are neglected in the right side 


Ve ORE 


SILIN 


of Eq. (8) and if it is assumed that only one type of 
ion is present, we have 


Che 4 V 20 (ee;)? N; 


e(o) 1-4 12 3 Vm (xr)? rma 8) 


F (@) = ee hod [® (« ef max.) —® (« me min)| , 
} 


(10) 


Keeping in mind that kyax > Kmin and also that 
these quantities are determined to an accuracy of 
order unity, we can write Eq. (10) in the form 


Tmax Tmax 
F (0) = F’ (@) + iF’ (@) = \ * cos ot + i \ & sin or, 

Tmin Tmin 

Tmin = V 2m / “T Rea, Vmax = V 2m [xT Rinin = Le - 
(11) 
When w XK WI, 
ye (@) i Hal ne ; F’ (0) = — (12) 
min Ore 


The last expression for F” leads to a small cor- 
rection (proportional to w7?) in €(w). Hence, 
wi _ changes by an amount Aw},, where 


4 V2x (ee;)?N; 4 


A= aay Vm (xT)? 


Ore 


Equation (12) for F’(w) leads to the usual effec- 
tive collision frequency, which then yields the fol- 
lowing expression for the dielectric constant; (#41 


Ole | . Of 
e (0) = 1——S (1 + A) ie veer, (13) 
where 
(0) in A V2m (ce) N; hah 
ae i nea 321°) (14) 


At frequencies much greater than the electron 
Langmuir frequency (w > wy.) we have from 
Eq. (11) 


FY (@) = 


max e sign @; 


y{o| Vo 2m)? 


+ (15) 
y = 1.781 is the Euler constant. Substituting (15) 


in (9) we have 
Fs 2 2 


Le y) Le 2 
@(@) = 8’ -+ ie” =1— iS Vet — or Mert Signo, 
(16) 
where 
Gage ee (17) 


3Vm(xT)? ’ 
while vere(w) is of the form known from the theory 
of absorption of radio waves in interstellar gases: [2] 
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5 4 V 2m (ee)? N *fy 
AL 
V m (xT)? yo V 2m ee, | 


The quantity veg differs from weg by the large 
logarithmic term. Since the logarithmic term de- 
pends on the choice of kmax, there is some ques- 
tion as to the usefulness of keeping the term pro- 
portional to weff. However, vers appears in the 
imaginary part of the dielectric constant while 
Weff appears in the real part, so that we are jus- 
tified in keeping the term proportional to wegr. 

There is an important difference in the correc- 
tion to the real part of €(w) when w > wy. and 
@ KW],-. The absolute magnitude of the correc- 
tion is smaller in the second case than in the first 
(low frequency ); however, a new dependence on 
frequency arises in the region w > wy, and in 
principle, makes it possible to observe the cor- 
responding correction. The difficulty of an ob- 
servation of this kind is due to the necessity for 
satisfying the condition w « (kT)?*m7!/2/| ee; |. 
For example, in the expression for the refractive 
index 


2 
1 D7 2% cee 


the rea (19) 


the third term (~ w~*) is always greater than the 
fourth, which is proportional to w~*. Thus the cor- 
rection will appear only when the frequency depend- 
ence of the refractive index is determined with very 
high accuracy. We note that the fourth term of the 
right side of Eq. (19) is smaller than the third, but 
greater than the fifth, if the following condition 
holds: 


Ne (xT)? mm? <o < (xT)? m_"*/ | ee; |. 


This frequency range is rather wide since it is 
given by the relation | ee; | Ni? « xT. 

4, We now consider a plasma in a fixed mag- 
netic field. In this case the linearized kinetic 
equation for weak departures from the Maxwellian 
distribution can be written in the form 


asf, hy of, 
pap tee (val =," AMS Sa = DiNe spp \ dred 
ule. elle 
pp easikd fa. 70, ly dt (lsa CsaC ie (hy parte) 


|I hee dfs 


OP? (v, Pa) 
: (20) 


see 
= Ris (tT, Pa, ta) | )| | apy (t, Px) 
x (P8(t, pa), £ + 1) + fo” Ofa (Pa (t, Pa), # + 7)] 
= a (T, Pa, Ta) — R(t, Pa, Fe) |) 


fa p0 &6 po 
x ah 9 ff (E(E +1), SE PS (ts Ba) + 7 PBE, Pr} 


Cas 
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Here, P® and R?® are given by Eqs. (2) and (3) if 
the electric field is set equal to zero. 

When the field is periodic in time (eit) 
Eq. (20) can be solved by perturbation methods 
by taking the right side to be small, so long as 
the condition |w? + 22,| > vig¢ is satisfied. We 
assume below that this condition is satisfied. Then, 
assuming that the collision integral can be neg- 
lected, we have 


: (0) 
812 (pay t) = 2 As (0, Qs) phEe-™, 21) 
A = (Pe BLS Q, B, jo - B, Bp, Bg 
aba estr rege P . 
~ B® grein 2) eB 22. 92 B? 
2 a @ a (22) 


Here, e€gjy is a completely antisymmetric tensor. 
Using Eq. (21) we obtain the following equation for 
the second approximation correction to the non- 
equilibrium part of the distribution function: 


asf? abf) 
Ot ape) 7 (LVa B] OP, 
ae FO) 0.6 (ta — ta) 
= DIN e 5g \dPe dt = 


a 

: 

x \ dee {2 
rl 


—oo 


U ap (| (| Ro ( T, Pa, Tx) — R3 (t, Ps, Tp) | )} 


€a S —fo 
x a Auton a) = As (0, 29)| e-iot B. (23) 


In the case being considered (steady-state periodic 
process) the solution of this equation can be writ- 
ten in the form 

“ is fe 


(2) ea , Q a 
‘fa (Pa, t) ‘om, ae Zaye ape (t’ —t, p,) \ aps Tp 
| 0 
OU 48 (| ta — Tg |) ee 0 One 
eeracicarnt aa Os tRe(t; Patt 


—co 


—1, Pals Tx) — R&(t, Po, Fa) |) [= Ass (@, x) 


e igs 
ud 3 As; (@ 29)| e-iot’ B, (24) 


To find the complex dielectric tensor we substi- 
tute (21) and (24) in (7) and integrate over momen- 
tum and time (t’). In particular, we assume that 


\ at gist ~~ PLG pice Avlas ae). (25) 
Pi 


Thus wr 
€ij () = 83 + > 


4ne2 N, . Aniexe, 
a a iAj; (@, a) Se Dig Onn (@, — Q,) 


ap 


Ee e N,N 
x e Ajs(@, 24) — 5p Ars (0, Qn) |S (Ateaes)* 


0 Rmax 
% \ Mea \ Gap “Be in S lagstng ae 
o min 
nd silk? (Bk)? ea Seas >} } (26) 
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Assuming that the plasma contains electrons and 
only one ion species and neglecting corrections of 
the order of the electron-ion mass ratio, we have 


&;;(@) = &;' “+ 6¢; ie 5 def, 


where ef) is the Hermitian part of the dielectric 
tensor, obtained if the collision integral is neg- 
lected completely 


(0, h) 


(27) 


60) _ § le = st =| Oe Fi See ae B? 
ey a w? B EN Gans Q2 Q2 B. 
oF Q? B 
io . F 1 
ze Q, i — eee = Cjti B } ’ (28) 
(h) (a) : , 
while 6¢j ij and d6¢j ij are respectively the Hermi- 


tian and anti-Hermitian parts of the dielectric ten- 
sor, obtained when the collision integral is taken 
into account: 


2 
j Ore ete = B; 


h 
be; =e de(?) + def) = 


(®) 


@? 

+ 1Fi(0) + Fao TH, (29) 
where 
TH +". 2iw@? B, Q, Q; QF Q; 

4 2 Bae ok oto 02 he | 
ull pale eet) Q, pace 
2 
Q2 B Q? 332004 Q? 


lata) 
@?— 22 o%—Q? }- 


The functions F, and F, are given by 


Rimax ye iV e(x, 9) 


(30) 


dx x 


SW oe Aapnete 
ohcae ae 1) | 


Fy(@) = 


fore) +1 
F;(o) = jx \ dr ete \ dx (1 —3x? 


x {© (mas V EV OC 9) 
— 0 (tninV FeV OC 2), 


where 
sin? (Q, ¥/2) 
P(x Ct) = (1 +) ee + 4(1— #){——- 


(31) 


m sin? a 


m; o? 


(32) 


The real parts of the functions F,; and F, make 
contributions to the anti-Hermitian part of the di- 
electric tensor while the imaginary parts appear 
in the Hermitian part. 

At frequencies much higher than the electron 
gyromagnetic frequency (w > Qe) 


F, () = 2x1 F (0), F(a)es0: (33) 
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Thus, in this frequency region and when w > wye, 


we have 

Se; (@) = She jyle) — Wer | joe + Tit ; (34) 
If w and Qe K wje, then d¢jj is of the same form 
but v° (ow and Werf must be replaced by ve and 
Awfe respectively. We assume below that the 
applied frequency is greater than the electron 
Langmuir frequency. In particular, this assump- 
tion allows us to write kmin = 0 in Eqs. (30) and 
(31). 

We first analyze the Hermitian part of the cor- 
rection to the dielectric tensor, for which purpose 
we must consider the imaginary parts of the func- 
tions F,; and Fy. Because the integrands of the 
corresponding imaginary parts do not have singu- 


larities at small tT we can set Kmax equal to in- 


finity in the appropriate formulas. Taking Qe < 0, 
we have 
” 3 
F=—2{ es sin(ts ise 
0 
pS) 1+Vi-v@ 
ot ey bys se ase 35 
[1 —p(&)]" Vv(é) cy 
a Py AEA aoe ey pe 
Ae x & Vi-v® 2Vi—H& 
3 p) 1, 14+Vi-v® 
+[1+5 i eae ae } (36) 
where 
e2 
sin? —& + i sin? (em é) aA 
MA Gra Se i mae Te 


To obtain relatively simple expressions we con-_ 
sider several limiting cases assuming at all times, : 
however, that the gyromagnetic electron frequency 
and the frequency w are small compared with 
wWmax = (kT)32m-'/| ee;|. At the highest fre- 
quency w, the magnetic field has no effect on col- 
lisions; and the situation is given by Eqs. (33) and 
(34). Hence, in the following we assume that Qe 
> Ww. 

If this inequality is satisfied the basic contribu- 
tion in the integrals in (35) and (36) comes from the: 
region é > 1 in which »(é) is small compared 
with unity. We must distinguish three regions of 
large values of &. First, the region 1 <« é 


< ¥ mj/m , where 
(5) =? sin’ &. 
Second, the region defined by the inequality 


(38) 


Vm; [m<& <|em;/em|, 


where 
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p (E) = m/ m;. (39) 
Finally, the region é > |em;/eym|, where 
4 @& m; F e; 
ap (§) = Bem sin? ( 7 E), (40) 


Since ~(£) is small, we obtain immediately from 
Eq. (35) 


Fi(o) = + sign. (41) 


The situation is somewhat more complicated for 
the function F¥(w). Here, corresponding to the 
three ranges of values of ~ and the corresponding 
values of the function ~(é), we have 


ww Q, aa. 
Po(@) = nee sign @, Q, V 2=<o<a,, (42) 
4m. aes 
F,(a) = oe .. 91<0<2,.) ™, 
(43) 
” 3 Q; : 
Fy (@) = =a In | ae sign, o<QQ,;. (44) 


Equations (29), (41) — (44) allow us to write the 
Hermitian part of the correction to the complex 
dielectric tensor in the following form: 


def) (a) = — 3 Leo at sign o |S e n| =| TH}, (45) 

yi ease, 

BoB, 4 
de? (w) = — PLeOet sion o{ [In —— i|rs}, 
m 46 
Retna, | toe 
DG B;B Q mi; 

Se (w) = — 2 See sion | = YM lel, 
o<Q,;. (47) 


We now consider the anti-Hermitian correction. 
As in the analysis of the imaginary parts of F, 
and F, we can write kyax = © in the real part 
of Fj. Then, F(w) assumes a form similar to 
(36) with the difference that the cosine appears 
in place of the sine. When w « Q,, we have 


Fo) = 2) cs(¢H8) ings — 4} 


(40), we have from 


(48) 


Corresponding to Eqs. (38) — 
Eq. (48) 


(49) 


Fy (o) = = {in| | ee 3| — + [in] }. 
Q2<0<KQ, V m/m;; (50) 
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F, (0) = 


|+2 fm. 


i= {(In i) + In Fin a 
o<Q,. (51) 


We cannot write kmax =~ in F4(w). How- 
ever, Since the integrand in Eq. (30) is independ- 
ent of magnetic field when T K 1/Qg, an expres- 
sion for F{(w) can be written that applies for 
both w > Qe and w « Qe: 


1 co 
if — 2 ( dg 3 dé 20 
Fy (o) = = ‘| z cos ( B) Hea coo tae é), 
Smin 1 
Einin = V 2m DY, | ee; | (xP) * (52) 
In the case of immediate interest we have 
2 (ety 3,.|2, 
0) op te. eG 
Pr Las =: 1 V 2m Q, | ee, he: In 2 | ° (53) 


Then, using Eqs. (29), (49) — (51) and (53) we can 
write an expression for the anti-Hermitian part 
of the complex dielectric tensor 


a : B;B, 9 
dep (0) =i {et IME + Oy (@)] + 7H Ive 
@) 
+ dy, (0)}] (54) 
where 
a Salo marmp ances 00/0") (555 
3 Vm (xT)? 70, V 2m | ee, | 
V 2n (ee,)? N, Q 
= Z a i e ; 56 
év I] (@) ee Van (wT) A % ( ) 
CesT. ney mim <<; (57) 
4m; Q, m;72 
V 2x (ce,)* N, [ine —s]in|e]-2 [m= ]°, 68) 
bv CO i al 2;<0 €2,Vm/m; ; 
fin Se] 8 [ints n | 
( 


wo ¢€ 0; (5 9) 
A comparison of Eqs. (54) — (59) with Eq. (34) in- 
dicates that in strong fields there are two effective 
collision frequencies or relaxation times.* If w 

~ We in Eq. (57) this equation contains a higher 
order term which, together with Eq. (55), leads to 
an expression for the transverse relaxation time; 
the transverse relaxation time gives the coeffi- 
cient for electron-ion diffusion across the mag- 
netic field.[*] 


*Equation (20) ofl] can be regarded as an interpolation 


formula which gives Eqs. (18) and (15) of the present work as 
limiting cases. When w ~(), the approximate kernel of the 
collision integral, which corresponds to Eq. (17) of, [isa 
poor approximation. 
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In all formulas in this paper we have assumed 
that the maximum frequency (wWmax) is deter- 
mined by the limit of applicability of perturbation 
theory. However, if this restriction does not hold 
and instead the range of applicability of our for- 
mulas in the region of small impact parameters 
in determined by quantum effects in the kinetic 
equation (1), which have been neglected, then 
Wmax is replaced by (xkT/f). 

I am indebted to V. L. Ginzberg for his interest 
in this work. 
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Experimental data on fission of nuclei induced by high energy protons are analyzed and the 
relation between the limiting value of the fission cross section og and the parameter Z?/A 


is established. 


Geom consideration of the dependence of the 
eross section of for the fission of U?**, Th?8?, and 
Bi2°? on the proton energy (see !!1) it follows 
that at a sufficiently high proton energy the value 
of the ratio of/ot attains a value which, within the 
limits of experimental error, does not depend on 
the further increase in the proton energy. 

The total cross section of the inelastic inter- 
action o¢ for a proton energy Ep ~ 300 Mev and 
higher can be estimated!?] from the expression 


6, = 1(aA" +7’)? - 10° em?, 


where A is the mass number, the constant a 
equals 1.26 cm and r’ = — 0.41 cm. 

For uranium and thorium of/o, becomes inde- 
pendent of the energy when Ep > 100 Mev, and the 
values of of at Ep = 300 Mev are equal to 1.3 and 
0.8 b, respectively [11 For 9-Bev protons the fis- 
sion cross section for uranium is also ~ 1.3 b.!? 

For bismuth and lead!1-4:5] the maximum meas- 
ured fission cross sections are ~ 0.2 and 0.1 b. 
The fissionability attains saturation at a proton 
energy ~ 350 Mev. 

The fission cross section for Au'®’ has been 
measured up to Ep © 350 Mev," and at this 
energy is 0.05 b. The fissionability at 350 Mev 
does not yet attain the maximum value, but is 
apparently close to it. 

For tungsten and tantalum of, at Ep = 660 Mev, 
is 11 +3 and 8 +3 mb, respectively, according to 
measurements by photographic [6] and radio- 
metric!7] methods. 

La!#4 and Sb!”* at Ep = 660 Mev have fission 
cross sections of 0.6 and 0.25 mb, [8:9] 

The fission cross section for silver is 0.3 mb 
according to Shamovy,!10] and about 0.05 mb ac- 
cording to Kofstad. | 111 

In the figure, values of the fissionability o¢ /ot 
are shown on a semilogarithmic scale as a func- 
tion of Z7/A. It is seen that the experimental 


40 299 
points do not lie smoothly on a straight line. 
Three values of the fissionability (for lanthanum, 
antimony, and silver, data from 10] ) are far from 
the line. Perhaps in this region of nuclei a fission 
mechanism occurs which is different from the 
classical one, or there is a large contribution 
from fragmentation processes in the experimen- 
tally observed cross sections. The latter is prob- 
able, since the cross section seems to increase 
with a decrease in Z. 

If it assumed that the line correctly reflects 
the dependence of of /o; on Z°/A, then this de- 
pendence can be written in analytic form: 


6; / oy = exp {0.682 [Z?/ A — 36,25]}, 
from which it follows that for Z°/A © 36.25 the 
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inelastic cross section should be entirely deter- 
mined by fission. 

The possibility of representing the dependence 
of the ratio of/ot on Z’/A in exponential form 
over a large interval of values of Z is, perhaps, 
an indication that there is only one fission mech- 
anism in this interval. 
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We show that the location and reduced widths of the positive parity levels in C!? — N!® are in 
good agreement with the unified model. The reason for the small separation between the 
ground state of C!? — N!® and the closest single-particle levels with positive parity is the 
large nuclear deformation. The general features of the giant dipole resonance are in good 
agreement with the picture of a strong deformation in the light nuclei. The suggestion is made 
that in O!" the outer nucleon moves in the field of a highly nonspherical core with tetrahedral 
symmetry. Possibly the most generally suitable description of the collective properties of 
light nuclei is given by the a model, where in many cases (C!* — N!3, Mg*® — Al’, etc.) the 
description of the single-particle levels in the framework of the @ model may be close to the 


description on the unified model. 


FE; ROM an analysis of the single-particle excited 
states of p-shell nuclei, in particular c!3 — nis, 
Lane!1:21 proposed the hypothesis of a weak coup- 
ling of the 2s and 1d nucleons with the rest of the 
nucleus (the 1p core). We want to point out vari- 
ous objections to this point of view. 

In C8 — N’® the separation between the single- 
particle level of the p shell (ground state) and 
the nearest single-particle levels of the 1d—2s 
shell is 3 —4 Mev, which is approximately one 
fourth of the value obtained from electron scat- 
tering by C!? (where fw =16 Mev was used!? J 
in describing C!* by means of harmonic oscillator 
functions on the shell model). A similar situation 
exists for the other well-investigated Mg’? — Al”® 
nucleus. It is known!] to have a sizable defor- 
mation (6 =+0.3—0.4, where the notation is that 
of Nilsson!) and therefore the distance between 
the ground state, in which the odd nucleon is in the 
1ld—2s shell, and the nearest levels of the 1f—2p 
shell is ~ 4 Mev, even though fiw) = 13 Mev, as is 
indicated by the electron scattering data!?] It is 
natural to attempt an explanation of the features of 
the levels of C!? on a similar basis. 

A comparison of the wave functions for c! on 
the shell model and on the unified model shows 
that the description of C'’ on the unified model 
is very close to the shell model description if the 
nucleus is highly oblate {61 Taking fw} = 16 Mev 
{from electron scattering /?1) and C = —2 Mev 
(from the spin-orbit splitting in O'’ — F!" and 
Catt — Scft ) L781 and using Nilsson’s results, *! 
we get the correct positions of all the known 


positive-parity levels of c!® — N83 as well as 
their reduced nucleon widths for a value of 

6 © — 0.6. In the computations the moment of 
inertia was found from the position of the 2* level 
of C'. Corrections for coupling of the motion of 
the external nucleon to the rotation amount to 
0.2—0.3 Mev, so that they were omitted. The re- 
sults for 6 = — 0.65 are shown in the table. The 
ground state of C!? — N!8 is orbit 4. 

In addition to the reduced widths 0° given in the 
table, 02 was computed for the s -nucleon decay of 
the 6.91 (7.64) Mev level of C!?( N!%) to the 2* 
level of C!?. The computation gave 6? = 0.35, in 
approximate agreement with experiment? Such 
a picture also gives completely satisfactory agree- 
ment with the general features of the giant reso- 
nance dipole absorption of y quanta in lai 
c! — c8 and Mg** — Mg’, including the absolute 
position of the maximum, which is calculated by 
the method of ref. 10: for ti in accordance with 
the work of Inopin et al'tt] and Kurath and 
Pi&man,/61 large values of the deformation are 
used. 

Although the computations were done with wave 
functions containing ‘‘superfluous’’ coordinates, a 
comparison of a whole series of specific results 
with the results of computations made with exact 
functions shows that they are in good agreement, 
if, as one should have anticipated, the Bohr- 
Mottelson functions are taken with a somewhat 
smaller deformation parameter than the exact 
functions. However, it remains a mystery why in 
o!’ — F!" the lowest single-particle levels of the 
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1f—2p shell also appear, starting with an excitation 
of 4—5 Mev. For example, the *4~ level at 4.55 
(4.4) Mev in ot? re) has a reduced width which 
is approximately the same as that of the 1d;/. and 
1d3/2 levels {1 »7-12,13] 

It seems to us that the only description of all 
the above facts from a single viewpoint is the de- 
scription by means of the @ model. The a model 
immediately shows that in Be® the even-even core 
in whose field the odd nucleon moves, is highly 
prolate, whereas it is highly oblate in C!®. More- 
over the a model predicts that the deviation 
from spherical shape is much greater for Ne?! 
than for Mg’°. In fact, for Ne”!, 6 = 0.5—0.6, if 
the 4.81 Mev level is the ground level of orbit 7 
(on the basis of the experimental data for Catt [8] 
we set D = 0 for the 1f—2p shell). The success 
of the unified model in describing Be®, C!*, Mg?® 
and other nuclei may be related to the fact that 
for these nuclei it is a good approximation to re- 
place the a core by an ellipsoid. Only for the nu- 
clei near O!® will this approximation be unsuccess- 
ful (tetrahedral nuclei), and here even for a crude 
description one needs a different mathematical 
apparatus from that of the unified model (cubic 
harmonics). The small separation of the different 
shells in O'’ shows that there is a marked devia- 
tion of the core from spherical shape, i.e., there 
is a strong coupling of the nucleon with the deformed 
(tetrahedral) core. Another indication of the strong 
coupling is the fact that the reduced widths of all 
the single-particle levels of ott — pit excepting 
possibly the 2s,, level, are two to three times 
smaller than the Wigner limit. (This same situa- 
tion is also characteristic for the unified model 
when there is strong coupling of the nucleon to 
the core Li4]) 

In conclusion we emphasize that the experimen- 
tal data show that the nonadiabatic coupling of the 
external nucleon to the core vibrations plays an 
important part in electromagnetic transitions 
(whereas it has little effect on level positions). 
Thus in O!" the quadrupole moment corresponds 
to an ‘‘effective charge’’ of the neutron of 
~ 0.5;45] one can draw a similar conclusion for 


c!® on the basis of recent results of Wilkinson et 
al.'6] for the intensity of the 3.85 Mev ~ 3.09 
Mev E2 transition in C!8. The appearance of the 
a model vibrations (T = 0) in this case is indi- 
cated by the fact that E1 transitions between the 
low-lying states of C!? — N!® seem to be quite 
strongly inhibited (by a factor ~ 107? compared to 
a Weisskopf unit? ). This is explained qualitative 
by the selection rules for the asymptotic quantum 
numbers in the unified model, although quantita- 
tively the unified model Bee a very much stronge 
inhibition (10* — 107). 2] Such a reduction of the 
inhibition is not surprising in view of the large 
effect of the nonadiabaticity on the radiation widths 
and the differences between the wave functions of 
the @ model and the unified model. 
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The value of the upper critical field Hg, of superconducting alloys is derived for the case 
when the mean free path is small compared with the parameter & = v/A of the Bardeen, 
Cooper, and Schrieffer theory of superconductivity. The temperature variation of Ha, is 
nearly linear, and the second derivative with respect to temperature is positive. 


It is well known that superconducting alloys have 
a number of anomalous properties. In particular, 
the transition from the normal to the superconduc- 


A’ (r) = (22) | g | \ Fa (rt, r)do, 


—0oo 


(3) 


ting state in a magnetic field starts at some “‘upper’’ Ax = —Hy, Ay = Az, =0 (the magnetic field is 


critical field He, exceeding the thermodynamic 
critical field He, —the transition being a second 
order phase transition. From the viewpoint of 
the Bardeen, Cooper, and Schrieffer (BCS) theory 
of superconductivity “1 this means that, at fields 
smaller than the upper critical field, the electron 
interactions through the phonon field lead to the 
formation of Cooper pairs and the appearance of 
a gap in the energy spectrum. As H — Ha, from 
below, the gap tends to zero, and for H > Ho, 
there are no solutions with a gap. Thus, the 
upper critical field of superconducting alloys is 
analogous to the critical field of supercooled, 
impurity-free superconductors (which has been 
considered by Gor’kov!?J), in the sense that it is 
also determined as the stability limit of the nor- 
mal phase with respect to the appearance of super- 
conducting correlations. In the present paper the 
value of the field Hg, for superconducting alloys 
is obtained for the whole temperature range, when 
the mean free path is small in comparison with 
the parameter &) = v/A of the BCS theory. 

To begin with we consider the absolute zero 
of temperature. We write the equations of the 
theory of superconductivity in the form used by 
Gor’kov.l3] When impurities are present and 
there is a constant magnetic field, they are 


oO ! sola 
ert NOL 


+ iA(r) Fo (r, r’)= 6(r—t"’), (1) 


i A()) +V (0) + oh Gale, r+) 


=| iA" (rT) Galf..t ) =O; 


taken along the z axis); V(r) is the potential 
energy of interaction with all the impurity atoms 


Vic) = en ars, (4) 


where the sum is taken over all the impurity atoms 
randomly distributed throughout the lattice. 

We need to find the field at which a solution of 
equations (1), (2), (3) with vanishingly small A(r) 
and Fj,(r, r’) first appears as the magnetic field 
decreases. The system is thus greatly simplified, 
since we can limit ourselves to first order terms 
in A(r) and Fj,(r, r’). Then, instead of (2), we 


have 
{-o4+ A (2+ itam)y +V@tol Fe, v9 
+ iA (r)Go(r, 1'y=0, 5) 


where G.(z, r’) is the Green’s function of an elec- 
tron in the normal metal when impurities are pres- 
ent and there is a magnetic field; this satisfies the 
equation 


fotse(G—iS ay $V) +ulGolr, = 960 a 


or 

{ore AEA VOD +H} Gote 2 
= 6(r—r’). (6’) 
Then, 


Fi (r, r’) = —i\Golr", r’)G_a(t", 1) A’ (r") dr”. (7) 


Using (3), we arrive at the integral equation 
; Med 
A’ (r) =—i (2a)? |g| \ do\Ga(e.r) Ga(r’s 1) A (r') dr’. 
(8) 


—oo 


The asterisk signifies averaging over all possible 
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positions of the impurity atoms. The maximum 
field for which there is a non-zero solution of this 
integral equation is the upper critical field sought. 

The averaging of the Green’s functions over the 
impurity atom positions is performed using the 
diagram technique developed by Abrikosov and 
Gor’kov'*5] and by Edwards.[®] Each scattering 
of an electron at an impurity atom contributes a 
factor u(q) exp (iq°r,) to the expression for the 
Green’s function in the momentum representation, 
where q is the momentum transmitted, and u (q) 
is the Fourier component of the impurity atom po- 
tential. On averaging over rg, this factor becomes 
zero unless there are terms in the averaged ex- 
pression corresponding to scattering at the same 
impurity atom, but with q’ = —q; in this case a 
multiplier |u(q)|? occurs on averaging, which is 
proportional to the scattering probability in the 
Born approximation with transmitted momentum 
q. It is thus necessary to pick out in pairs all 
scattering events at the same atoms. 

In the diagram each scattering is indicated by 
a cross; averaging is indicated by joining two 
crosses corresponding to scattering at the same 
atom by a broken line. In Fig. 1 several such 
diagrams are shown. On summing in diagrams 
with intersecting broken lines (for example, 
diagram d), the integration is over a region far 
from the Fermi surface, and they therefore make 
an insignificant contribution (~ 1/ppl, where py 
is the Fermi momentum, and / = vt is the mean 
free path), which can be neglected. Summation 
of the remaining diagrams leads, as usual, to an 
integral equation. 

Applying the technique described to the Green’s 
function of a normal metal in the absence of a mag- 
netic field, we have 


Go (p) = ( — Ep + isign@ /2t)?, 


G(R) = — = exp {iR (po — +) sign o — sa eWE(LO) 


(9) 


1 3 
= = Gor \l# (a) P do (11) 


(n is the concentration of impurity atoms). Ina 
homogeneous magnetic field along the z axis (if 
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the curvature of the electron trajectories is small, 
which is the case in the fields of interest to us), 
we have 


Ga(r, r’) = exp {—i (eH /c)(y + y') (x —x’)} Ga(r —r’). 
(12) 


The product of two Green’s functions is averaged 
similarly. The lowest order diagrams arising from 
averaging in pairs are shown in Fig. 2. The dia- 
grams with intersecting broken lines (for example, 
d and e) are unimportant; the broken lines joining 
crosses sited on one electron line (for example, 
diagram f) give complete Green’s functions for 
this line. Thus, we must sum the ‘“‘ladder’’ dia- 
grams shown in Fig. 3. We denote the sum of these 
diagrams by 


Tare rte hy = Gore Nh) Ga rahe): (13) 


It is not difficult to write down the integral equa- 
tion for I.) (ry, ©4; Ye, Tz). From this equation 
(which we do not write down because it is very 
cumbersome) it is possible to extract an expo- 
nential factor caused by the superposition of the 
magnetic field, and to transform the equation 
from coordinate to momentum space, i.e., to ex- 
press 1, (ry:07s Lo, 05) as: 

Po(tys 15 te 12) =exp{—i(eH /20\(ys + y(t — x) 


+ (ys + Y,) (%2 — %5)} Po (ti — ty; ts — 14). (14) 

We introduce the Fourier components 

Ta (r, 1’) = (2m) \\ eipr+iv'r’D.,(p, p’) dp dp’. (15) 
They satisfy the equation 
Ps (P11 P2) = Go (Pi) Go (Pe) 

+ oes \ 4 (a)? Go (pi — my + 2k2) 

X G_o(P2— m, + 21.) Po (pi + q — mi 

li, Ps— q —m, +1.) 

x 8,, (my, 11) 6,, (m2, 12) dm, dm, dl, dl, dq, (16) 
where 


6,,(m, 1) = (2c /eH)! exp {i (2c / eH) (mxly — myl,)} 8 (mz) 6 (12), 


5, (m, 1)>6(m)6(l) as H-0. (16’) 
If we write : 
I’ (p, k, 0) = ges \lu(@ita(pPt+>+4. —P 
+ ba —q) dq, (17) 
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then 
Pu (P1» 2) = Go (P1) Go (P2) + | Go (Pi —m, 
++ 21;) Go (ps2 — mz + 21) 1’ (+p; — Po -- m, — m, 
=p ily — Je), Pr + Pa — my = ms + - de, w) 
x 6,, (mm, 11) 8,, (mg, 12) dm, dm, dl, dlp, 
and I’ (p, k, w) satisfies the equation 
: ‘i k 
I’ (p, k, @) Fer eS (Pp: + 5) G-o(P: 
k k 
ies (On) Ex (P— ps) [? Go (P+ > 


pi — > +m, — 21.) 


(18) 


eee (p: : 
2d a a 0) 5,,(m,, 1,)6,, (ms, 1) dp, dm, dm, dl, dy. 
(19) 

In this equation the product of two Green’s func- 
tions decreases rapidly on departing from the 
Fermi surface. On the other hand, u(p—p,) de- 
pends weakly on p—py,, and changes significantly 
only when the argument is changed by a quantity 
of the order of the Fermi momentum. Therefore 
I’ (p, k, w) also depends weakly on |p|. By vir- 
tue of this we can integrate with respect to d|p|: 


m,—1,-+1,), k—m,—m, 


inmpo pk 


(Qn)? \\w (P—P,) | (20 art sy" ish 
a re y u(p—pi)|?(20 — 2 (k — + 2m) Ea =)" 
xT (Pi — 81 + Ses Kaa + te, ©) 8:1 (Na» $1) 94, (S2» M1) 


x dy, dy, dB, dé, do, (20) 


(the variables have been changed: m, + mM, = 74, 
m;—M, = 2é, etc). Integrating now with respect 
to dé, and dé,, we obtain a 6-type function of 
and 1, the width being, in order of magnitude, 
eH/cpy = Ri (Ry is the radius of curvature of 
the electron trajectories in the magnetic field). 
If 2w—pk/m +i/t and I’ (p, k, w) change little 
on changing k by the order of Ry> we can inte- 
grate with respect to dn, and dr»: 


I’ (p, k, @) = 


inmpo { 1--T’ (pi, k, o) 
(2x)? \l4(p—pyP: 20 — pik fm +i /t do). (21) 


LS (pe ko} 


The applicability of this equation is limited by 
two conditions: 


OL’ (p, k, w)/OkR<I’ (p, k, ) Ru, 
ut < Ry; 


the second is satisfied for the fields considered; a 
study of Eq. (21) shows that the first condition is 
violated when k & R- Such values of k corre- 
spond to distances & Ry at which the quasi- 
classical approximation for the Green’s function 


(22) 
(23) 
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in a magnetic field becomes invalid. In the prob- 
lem under consideration, as we will see below, 
smaller distances are important, in fact, distances 
~vc/eH = VRq/pp - 

By a similar line of reasoning, it can be shown 
that, when conditions (22) and (23) are satisfied, 
we have, instead of (18): 


Po(Pi, Pe) 


= G.(P1) G—o (Po) [1 ne iy (Pi— Po), Pi + Po, @)) | P 
(24) 
We return to the initial equation of the problem 
[Eq. (18)], rewritten as: 


A’ (r) = \ exp { y’) (x x) K (tr —r’) A’ (r') dr 
. (25) 


. eH 
ims (ys 


From (13) — (15) and (24) we obtain, using the 
above-mentioned properties of I’ (p, k, w) and 
of the product of two G functions, 


Ki(r=c)}= ~ijgin*\ Tor r—r')dw 
; 
= itt \ aw eter, (9 $)6(—p + 4) 
ide rp, k, w)| dp db (26) 
or 
Km = =a te date ed 
K (R) = — 78) een ( do ry (k, ) e*®k dk; (26") 
cage ee 
Toh) = eos a gt 


(27) 
The last equation can be obtained by integrating 
both parts of (21) with respect to do (i.e., with 
respect to the directions p), using (11). 
Equation (21) can be solved in the limiting case 


k ipo Phen 
Ty(k, @) = i(2ot —- — ik*U°ttir) (28) 
=~ = Gaye \l4(P—Pi)i?(1—cos 8) do. (29) 
Whence, for R>1, we have 
K(R) = “a a (30) 


It is of interest to compare this quantity with 
the behavior of K(R) at distances small in com- 
parison with the mean free path. In this limiting 
case values of k > 17! are important. For such 
values of k. the behavior of I’ (p, k, w) is like 
(kl)~! In (kl), and it can be neglected in compari- 
son with unity. Then 


Po (Pir P2) = Gu(P1) Go (Po); 
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and for K(R) we obtain the same equation as for 
an impurity-free metal: 


Kin) = ler 


ane Re (31) 


We consider the case of a heavily alloyed super- 
conductor, when the mean free path is much smaller 


than the parameter &) of the BCS theory. As we 
shall see below, there exists in this limiting case 


a solution of (8) or (25), which changes significantly 


in distances of the order V1E5 >I. The eigen- 
functions of this equation, which change rapidly, 
correspond to small values of the magnetic field. 
Since we are interested in the maximum field for 
which a solution exists, A*(r) can be considered 
constant at distances of the order of the mean free 
path. Then, taking into account the behavior of 
K(R) at large distances, we rewrite (25) as 

y 2 ‘ 
OI [(Ke—r)— gags sar 
de noe te | exp {ieH va Ld A" (e) de’. 


(32) 


The right- and left-hand sides of this equation 
diverge differently for small values of R. This is 
due to the fact that we have not taken into account 
the cutoff of the interaction between the electrons 


in Bardeen’s model Hamiltonian at Debye energies. 


In our problem this implies that the integration 
with respect to dp in (26) is performed not be- 
tween infinite limits, but from py—20/v to py 

+ 2@/v. In (26’) there appears then in the expres- 
sion under the integral a multiplier 


1 1a o— o-+ pk /2m—i/ 2x 
Ki — @ — w+ pk / 2m —i/ 2’ 


The expression (31) for K(R) at small values of 
R is valid only for R > v/w, and the volume in- 
tegral of K(R) will converge for small values 
of R. 

Performing now the volume integration in the 
left-hand side of (32) to |r—r’|= e(€ —0), we 
have 


# Ty Ce” 
A’ (r) In (sang) 
exp {ieH (y+ y’)(x—x)/c} ate, ‘ 
= on erg A’(r’) dr’. (33) 
|r—r’|>< 


Here, y = exp C, where C is Euler’s constant. 

An analogous equation was studied by Gor’kov. 
He showed that the solution of this equation can be 
obtained from the particular solution for A*(r), 
depending only on y. In this case 


A’ (y) In( e°) 


2 
TU 


exp (= eff [vty 16 9" (yy dy, 


: (34) 
=u 
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Using a variational method [exp (— ay”) is taken 
as the varied function] we obtain the maximum 
field at zero temperature (which is attained when 
a =eH/c): 

CH eyo / C = 3yAg | 20°tt,. (35) 


We introduce the constant x of the phenomeno- 
logical Ginzburg-Landau theory,/*1 defined as 


x = V 22%H,6?/ hic 


as T—T, (Hg is the thermodynamic critical 
field, 6 is the penetration depth). In the limiting 
case considered,!°1 


3. me 2m 
Dye es ea 
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The theoretical value of the thermodynamic 
critical field of a pure metal at T=0 is 


Hey = Ao V 2mpy/ 0. 


The ratio of the two critical fields can be ex- 
pressed in terms of xk: 


C10 wy 
= ——% = 3.03%. 


Hy = =2V7E(3) (36) 


The upper critical field can be expressed in 
terms of the critical temperature Te., the conduc- 
tivity of the normal metal at low temperatures o, 
and the coefficient y in the linear thermal capac- 
ity relationship: 


3 coy Ts 
Alex Fel a (37) 


2 Ona 


Haw _ gc y/ 5 ent 
kis Bn? ok 


If at T= 0 the penetration depth 6) >J (when 
by = (27)! x eVh/odAy, (cf. (41) then 


Aer 1/ 
H 6x? eYT 205 Hero ve V 6x8 ey 2 85 
IE AG Cia! LTS ch ; 


co 


(37’) 


For non-zero temperatures the corresponding 
thermodynamic technique must be used.l%8] Then 
there will appear in all the formulae sums with 
respectto w, = 7T(2n+1) in place of integrals 
with respect to dw. 

At large distances the kernel K7(R) will, in- 
stead of (30), be 


1, 9.6 ee 4 VT, 
Kr(R) = meee es \ e—* sin y th (ore n?) n dn. (38)* 


0 


At finite temperatures Eq. (84) becomes 


*th = tanh. 


y') A'(y’) dy’, 


expt |y—y' [Ny +y')elt 10)? = 2im") 4, 
[(y +9’) eH | 0)? — 2in]* 
Again we use a variational method, choosing 
A*(y) as exp(—ay’). The maximum value of 
the magnetic field is attained when a = eH/c, and 
is determined by the solution of the equation 


<Im (39) 


in( 3140. _¢ 3nT oc 
at 2t,,0° eH, Sore el 
cae aes 
B. Uy i ee yt * 
F(x) = 2x\ 72h, n aa) (40) 


0 
(F (x) — 2x 1n2 as x —0 and F(x) —Inx + 1°/8x 
as X—o), 

It is convenient to write this equation introduc- 
ing from (35) — (37) the critical field Hej at 
T =0: 

eC men ila ae al era oH os Je (41) 
For low temperatures (T « Tc) 


H H 
cL = 1—7-21n2, ae 
Foy (of 4 


Close to the critical temperature (Te -—T < Tg) 


=(1— a 2 1h 2) 3.03. (42) 


Hey TI28 Ary Ts 
fee eee | , 
Hoyo (? T,) ma V 14€ (3) 7) Heo 

H 

ne = V 2x, (43) 


c 


which agrees with the result given by the phenom- 
enological Ginzburg-Landau theory.19,10] This is 
natural, since for Tg—T <« Tg the integral equa- 
tion (39) can be transformed into the differential 
equation of the same problem in this theory. 

The variation of the upper critical field on tem- 
perature is shown in Fig. 4. It is clear from the 
graph that the variation is almost linear, the curve 
being convex from below, i.e., 0°Hg,/aT? > 0, in 


tpter/ Hero 


FIG, 4 
*sh = sinh, 
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FIG. 5 


distinction from the temperature variation of the 
thermodynamic critical field, which is almost 
parabolic and has 0°H,/dT? < 0. 

It should be remembered that the variational 
principle gives a somewhat reduced value of the 
upper critical field, and the error increases as 
the temperature is lowered, so that, in fact, the 
curvature ought to be somewhat greater than that 
shown in the figure. Unfortunately, there are no 
experimental data on the temperature variation of 
the upper critical field throughout a wide temper- 
ature range, with which it would have been pos- 
sible to compare the results of the present work. 
Experiments close to Tg give a trivial linear 
variation. For an accurate comparison of the 
theory with experiment it is necessary to know 
the mean free path of the electrons, i.e., the re- 
sidual resistance of the specimens studied. 

Figure 5 shows the temperature variation of 
the ratio Hg;/He. 

In conclusion I am grateful to L. P. Gor’kov 
for useful discussions and comments, and to 
L. D. Landau for discussing the results obtained. 
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The absorption coefficient of electromagnetic waves in a plasma is calculated for e?/fv « 1. 
Application of the temperature diagram technique makes it possible to take systematic ac- 
count of collective effects and to obtain exact values of the factors in the Coulomb logarithm. 


rc As is well known, the Coulomb scattering cross 
section diverges logarithmically. This leads to the 
necessity of taking into account the screening, 
which is generally dynamic.!1,21 The kinetic 
plasma coefficients contain the Coulomb logarithm 
In (Y'max/Ymin), where rmax and rmin are re- 
spectively the maximum and minimum impact pa- 
rameters of the collision. The order of magnitude 
of these quantities can be established from simple 
physical considerations. For sufficiently low fre- 
quencies, the Debye radius can be used for Tmayee: 
For frequencies greatly exceeding the plasma fre- 
quency, the role of rmax is played by the path tra- 
versed by the electrons in a single period. 41 The 
value of the parameter rmin depends on the plasma 
temperature. For high temperatures, when this 
distance becomes less than the de Broglie wave- 
length of the electrons, this wavelength can be used 
for Tine! All these considerations permit us to 
determine the expression under the logarithm with 
accuracy up to a factor of the order of unity. 

The purpose of the present paper is a rigorous 
calculation of the absorption coefficient of electro- 
magnetic waves in a high-temperature plasma. An 
exact value is obtained for the expression under 
the logarithm for all frequencies of the field that 
are much higher than the collision frequency (in- 
cluding frequencies of the order of the plasma fre- 
quency ). A plasma is considered with singly- 
ionized positive ions. 

2. For the determination of the absorption co- 
efficient, one must compute the real part of the 
electron conductivity of the plasma. We shall 
start out from the general expression for the 
conductivity [2] in the absence of a magnetic field: 


+ dpd%p' 


Suy (kK, ©) = (=)? \ Pv Gor (k, @) py (1) 


(2m)® ? 


vhere k is the wave vector of the electromagnetic 
ield, w is its frequency, p and p’ are the wave 


vectors of the electrons, while e and m are the 
charge and mass of the electron. The function 
Gpp’ (k, w) is determined by the relations 


Gro lk, (oO) = \ exp [(i@ —v) T] cee (k, t)dt, v—>-+0O, 
j (2) 
1/T 

Goo (k, 1) = | dh Ay, 4 (t — id) Ay, 2 (0)>, 


0 


(3) 


where 


Ap, x (7) = exp (— H'z/ ih) Gn -pialkp + a eXD (H'z/ th). 


H’ = H—uN; H is the Hamiltonian of the system, 
p. is the chemical potential, T is the temperature 
in energy units, (...) denotes the statistical 
average. 

For calculation of the function G,,(k, w), we 
use the diagram technique suggested by Abrikosov, 
Gor’kov, and Dzyaloshinskii.{*] Performing inte- 
gration by parts in Eq. (2), we get 


Gop (k, @) = {Kyo (k, @) — Kp (k, 0)} io, (4) 


where 
Kpo (k, 0) = |e? Ko (k, 0) dr, (5) 
| “ A 
Kyo (ky nb \ & Ro (ky A) dh, 
ihe 
Aw, = Juin) an Oca... (6) 


Kier (k, t) = 9 (t) OGpp (k, t) (Ot = (if R) <tAp, 2 (0), 
Ap, —k (0)1> 9 (+3, 
Kop’ (Me, “A= <5 Ae a)a (Ap, —2)o>: 


It can be stated [61 that the function KB ( k, w) is 
the analytic continuation of the function Kpp’ (k, Wy) 
in the variable w from discrete points of the imag- 
inary axis (n> 0) to the real axis. 

3. The function Kpp’ (k, Wy) is the sum of 
graphs of which some are shown in Fig. 1. In cor- 


(7) 


(A), = ett’ Ae, 
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FIG. 1 


respondence with the rules of application of the 
diagram technique, ®1 to each electron line on the 
graph there corresponds the quantity 

u/T 

|e" <Ts, (ag) (dy Jo> dh = — Gq (Cn) 
—1V/T 

reel (En es a er (9) 
where ey = (2n +1) 7iT, ea h°q?/2m—u. The in- 
teraction matrix element Uy = 4ne”/y* corresponds 
to the wavy line; a minus sign corresponds to each 
closed loop. 

Account of the interaction of the electrons with 
the ions leads to the appearance of graphs similar 
to those shown in Fig. 1, on which internal loops 
are formed by the ion lines. The ion lines will be 
henceforth drawn dotted. One must integrate over 
each internal wave vector q in the diagram, so 
that (27)7° if d°q corresponds to it. Summation is 
carried out over each internal imaginary ‘‘energy’’ 
Q@y so that TZ), corresponds to it. 

Without account of the interaction between the 
plasma particles the conductivity is determined 
by only one graph, shown in Fig. la. If the inter- 
action potential were short-range, then we could 
limit ourselves in the calculation of the absorp- 
tion coefficient to the graphs shown in Figs. 1b, c 
and the graphs which are obtained by substitution 
of the internal electron loop for the ion (see Fig. 
1b). It can be expected [2] that graphs of the type 
shown in Fig. 1d make a small contribution to the 
conductivity if w/v > 1 (v is the collision fre- 
quency ); graphs of the type shown in Fig. le are 
small if the gas condition holds: e n13/T « 1. 
Finally, one can neglect graphs of the type shown 
in Fig. 1f if e?/iv «<1 (v is the thermal velocity 
_ of the electron). 
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Because of the presence of the Coulomb diverg-_ 
ence the interaction must be renormalized. The 
renormalization reduces to the result!!.2] that we 
must calculate the graphs shown in Fig. 2 in place 
of those shown in Figs. 1b andc. The thick wavy 
line satisfies the equation shown in Fig. 3. 

This equation corresponds to the function 


Dy (om) = {Py (Om) + Ps (Om)— Uy, (10) 


Py (&m) = (2m) \ d?q (Ng+-1/2 — Nqg—i2) (Eq-+-v/2 — &q—v2 — Xm) 7 
(11) 
Pi (dm) = (2) °| dq (Mq41m — Mq—r1) (Cq4r1e — &—vi2— Sm) 
(12) 
where dy = 2mmiT, ng = exp (—€g /T); the primed 
quantities ng and €q are obtained from the un- 
primed ones by replacing the electron mass by the 
ion mass. 
4, We proceed to the calculation of the graphs 
of Fig. 2. We shall consider the case in which the 
wavelength of the electromagnetic wave is much 
greater than the maximum impact parameter. 
Under these conditions, we can neglect spatial 
dispersion. * 
The expressions corresponding to the graphs in 
Figs. 2a, b, c have the form 


Koei On) = TXDev (cm); 7 LG, (€) + horn) Gp (e)) 

x Gy (6) + in + Tp) Gy (7+ Se 

KS. (on) = \ SGT 3 Dein) F SiG (er + Ronde 

x Gory (ep + om + Lone (6) (2%)88 (p — p’). 

K¢9" (on) = \ SGT 21Ps (am) TD) Ge (es + Fie) (Gp ea 
X Gor (pF an) (23° 3 (p — 


Carrying out the summation over j and adding 
all three expressions, we get 


p’). 


*Account of spatial dispersion may prove to be essential 
in an analysis of the surface impedance in the case C/aw, 
< v/w@ (@, is the plasma frequency, v is the thermal velocity), 
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“ russe b 
Coma dpd%p' pps (K®: (Wn) + Kop (n) + KS (@n)] 


= (2n)"3 (hon)? \ TetvP7T SY} D. (om) (Py (om + hon) 


— P..(%m)]. (13) 
Here Py is determined by Eq. (11). In similar 
fashion, after summation over j and j’, the sum 
of the graphs represented in Figs. 2d and e leads 
(0 the expression 
any* d®pd?p' pp’, [Kop (@n) + 
(20)? (hon)? 


Kgs (@n)] 
z\ Tate y a > P+ ( (Gi) Ly (Om + hw,) 


x Peet (Om a hw,) al ee (Sin) | (14) 


Making use of Eq. (10) [after addition of the ex- 
pressions (13) and (14)], we get 


200) Vd? pd*p' pups Kopp’ (@n) 
fe d®y pty 
ae sk hag ig REC 


a Rwy) 7. P., (Len) } e. (Ain aa hn) “Ty Pa. (%m)}- (15) 
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Summation over m in Eq. (15), and analytic con- 
tinuation in w can be carried out as follows. Let 
F(w) be the analytic continuation of the function 


T va ey (On) a (Sin . hon) 


in the variable w from discrete points on the 
imaginary axis (n> 0) to the real axis. Further, 
let the functions g(a) and (a) coincide in the 
upper half plane with the analytic functions pi a) 
and pR( @), and in the lower half plane with the 
functions gh(a) and wA(a), wherein the functions 
pR(a) and yR are obtained on the real axis from 
the functions oh and yA by complex conjugation 
and y(0) = [pR(0) + pA(0) 1/2, ¥(0) = [pR(0) 

+ wA(0)]/2. Then the following relation holds:* 


tm @R(a) Imp® (a + ho) 


Im F (@) = “shy sh (a), 2%) sh{(o-+hw)/2T) * 


(16) 


oF \ 
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Imot=-w,A 


*sh = sinh. 


The integral is taken in the sense of its principal 
value. The relation (16) follows from the formula 


th 2 cy (Om) p Uh i, +- R@n) 


= gai \ ctl gp (2) (0 + hon) da 


c 
+ Te (0) p (Ro,) + Te (—fheo,) y (0). (£7)* 


The contour C consists of the three closed con- 
tours shown in Fig. 4, in which the paths along the 
large circle are infinitely far away. The integrals 
over the circle of large radius are equal to zero, 
so that integration over the contour C reduces to 
integration over the edges of the two cuts in the 
integrand functions. 

The integrals over the small circles surround- 
ing the points a=0 and @ = —wW py exactly cancel 
out the last two terms on the right side of (17). 
Thus, 


r S} (an) ap (Om 4 - RO) = 


m 


- ig \ oth gr (19 (a) 


— pA (a)} pR(a + ho,,) 


where the integral is taken in the sense of its 
principal value. Analytic continuation now leads 
to the replacement of w, by w, and Eg. (16) is 
obtained without difficulty. 

Making use of Eq. (16) and the fact that Kpp’ (0) 
is a real quantity, we obtain (in the approximation 
of interest to us) an expression for the real part 
of the conductivity: 


(a)] p4 (a — ho,) da, 


& (290) 


3meo* sh ar Nt “any ie 
< {Im [D8 (a)P2(a)] Im [DR(a -+ hw) PR (a + hw)] 
—-Im{D& (a +- ho} Im [D8 (x) PR (a) P¥ (a)}}. (18) 


ey 
a.| sh qylton Bohs 


Res (@) = ot 


Here o (w) =0xx(w). We have made use of the 
isotropy of the problem and replaced y2 by y?/3 
under the integral. The index R denotes the func- 
tions obtained from (10) — (12) by replacement of 
On BYTE 16 50 > 40: 

Let us introduce the dimensionless quantities 


im\*\ ‘ 5 hx : m @ 
= (+) ee 21 ne yi? =i p? = —¥ wo* = =, 
7 hy % 2mT M Oy 


*cth = coth. 
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where k = (4m ee T)i/ 2 is the reciprocal of the 
Debye radius, np is the concentration of electrons 
(ions), wW9 = (479 e?/m )!/2 is the electron plasma 
frequency. 

After reduction of similar terms in the curly 
brackets and integration over the angles, we write 
the formula (18) in the following form: 


9 2T , ho 2 aye OT Vien, a 

Pes (@) = ae iio — ; 371, () Sy (Q + Q’+ Q'’); 
(19) 

OQ "(2n)=" paw ee x|D-( (2+ =) * D(x, T) 
x exp {— n?t? (1 + p?)/4 — x?/2p? — (x + w*/t)*/2}, (20) 
Ore — (2a)-"| dx \ dx| D.(x) D, (xt S)P Pt, x) 
« exp {— 20?/2 — x?/2 — (x + w*/t)?/2}, (21) 
ip XS =i}, reg 3 ¢ in oO” 2 ‘ 
Q” = — (2m) wn Bdt \ dx| D.(x) D(x + : )| F (x, 7) 

0 —oo 

x exp (— nex°p?/2 — x2/2p? — (x + w*/2)/2p%). (22) 


Here the following nondimensional functions have 
been introduced: 
| Dz (x)? = [v? + @ (x) + @ (x/p)]? + LY (x) +  (x/p))?, 
@ (x,t) = {t? + O[p* (x + 0*/t)] + E(x)? 
—- {P [p(x + @*/t)] +p (x)}* 
F(x. T) = @ (x) [9 (% + @°/t) — @ (x)] + 
—*p (x)], 
F’ (x, t) = 9 (x/p) {9 [p * (x + @*/t)] — @ (x/p)} 
+ t (x/p) (op [p™ (x + @*/t)] — rp (x/p)}, 


tp (x) [1p (x + @*/T) 


melo. Saat, yy Yay 
@ (x) = (2m | eve HY — 


p (x) = (1/2)'2xe—*"2, 


x 
xe—x/2 2 | et 2dt , 
i) 


(23) 


The functions g(x) and ~(x) are obtained by re- 
duction of the real and imaginary parts, respec- 
tively, of the function PR to nondimensional form. 
In this case we have used the fact that under the 
assumptions made in the work the quantity n is a 
small parameter. 

We note that, in spite of the smallness of n, it 
is impossible for it to approach zero in the expo- 
nent of the term Q, for then a logarithmic diverg- 
ence arises in the integral over T at the upper 
limit. We can, however assume 7 =0 inthe 
terms Q’ and Q”. 

5. Further simplifications are possible if we 
take it into account that m/M = p* « 1 in the 
case of the electron-ion plasma under discussion. 
It is not difficult to prove that this makes it pos- 
sible to neglect the terms Q’ and Q”. In addition, 
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we can write the quantity @(x, T)|D;(x + w*/T)|? 
in the term Q in the form 


(v? + 1)? {it? + p(@*/e)P + [p(o*/e) >. 


Taking it into account that values of x of order p 
are significant in the integral, it is easy to see 
that when w*/t > p this substitution is exact. 
On the other hand, for w*/tT « 1, both expressions 
are the same and are equal to unity. 

In this way, we get (after substitution of the 
variable x/p =z and simplifications associated 
with the smallness of p) 


Pee BGs lee 3dr o—n?s2! (tv? + 1)? exp (— w*?/2t?) 
oe @ hie: [v? + @ (@*,t)]? + [tp (@*/t))? 


00 


; (24) 
We note that although the ratio of the masses of the 
electron and ion does not appear in Eq. (24), it 
would have been incorrect to consider the ions to 
be at rest from the very beginning, since they in 
fact take part in the screening of the electronic 
interaction. Were we to assume that the ions are 
fixed, then we would obtain an expression [in place 
of Eq. (24)] which does not contain the functions 
g(z) and ~(z) in the denominator under the inte- 
gral in z. 

6. Let us consider some limiting cases. We 
shall write out the final results for the effective 
collision frequency, which is connected with the 
conductivity by the relation 


Reo (o) = 
In accord with Eq. (19) 


(Nye?/moy*) v (w). 


v(@) = voRg Sor =" Q(w), 


where Vy = Yn (e2/T)?ng(8T/mm )!/? and Q is de- 
termined by Eq. (24). 

1) The frequency of the wave is much larger 
than the electron plasma frequency (w* >1). In 
this case, the values T ~ w* > 1 are important in 
the integral over Tt. Therefore we can write Kq.. 
(24) in the form 

5 T? @*2 w* 
9 =| Sexo[— 0 5 — $e] = Ko MS). 
Here Ky is the Bessel function of imaginary argu- 
ment. Noting that nw*/V2 = hw/2T, we get for the 
collision frequency in the case under discussion: 


v= Vo aes sh ® Ka(se — O S> Wp. (25) 


Within the framework of this limiting case, we 
can consider two frequency regions. Formula (25) 


a 


Q = (2n)-% 
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yields 
v=v)ln(4T A/ho), TS ho hoy: 
V=VWVx(T/ho)?, ho sT 


(here A =e Y = 0.56, y is Euler’s constant). We 
note that in the last case the effective collision fre- 
quency does not depend on the temperature. 

The absorption of electromagnetic radiation for 
@ >> Wy was considered in application to semicon- 
ductors.-"J If the expression obtained in the papers 
cited is supplemented by consideration of induced 
radiation, it becomes equivalent to (25). 

2) The frequency of the wave is much less than 
the plasma frequency, w* «< 1. In this case, we 
can set w* = 0 in Eq. (24). It is convenient to 
make the substitution (nt)? =x. We have 


(26) 
(27) 
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As n— 0, this expression diverges logarithmically. 


To eliminate the logarithmic term we carry out in- 
tegration over x by parts. We can then set n = 0 
in the integral term. We then obtain* 


Q = In (By/n); ‘ 
in By = In2—4 —(2n)-" \ e-2 f(z) de, 
0 


f(z) =4ln {{1 + e(z)]? + [y (2) 


Reece 9.12) 


4+ @ 2) —$} 
tp (2) d 


farctg oe. 2 


Numerical calculation yields 


In By = — 0.29, By = 0.75. 


Thus, 


Vv = Vo In [0.75 (2mT)2/ix}. (29) 


*arctg = tan™*, 
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This result could, of course, have been obtained 
from the kinetic equation for the high temperature 
plasma.!24 We note that the numerical factor 
under the logarithm sign is approximately one 
third the value used by Spitzer. /*] 

3) In the intermediate case (w* ~ 1) numerical 
calculation is necessary, which it is convenient to 
carry out for the difference Q(w) — Q(0), since 
in this case the logarithmic singularity at the upper 
limit is eliminated as 7 — 0. The result can be 
written in the following form: 


v = vo In (Bu V 2mT/hx). (30) 


Calculation gives, for w =0.5W 9, wy and 2w», the 
corresponding values of In By: —0.29, —0.30, 
—0.48. As is seen, the value of the factor under 
the logarithm sign, obtained for w « wy is shown 
to be valid in a much wider range of frequencies 
than one could have expected. 
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Formulas for stripping and pickup reactions in the forward hemisphere are derived by taking 
superfluidity of atomic nuclei into account. The nuclear model proposed can be verified by 
comparing the results with the experimental data. 


Waen the energy of the incoming particles is 
greater than the Coulomb barrier of the target 
nucleus, the main contribution to the stripping 

and pickup reactions is made by the direct and 
exchange effects,(1J provided there are no iso- 
lated resonances of the compound nucleus in the 
energy region under consideration. This condition 
is always satisfied in nuclei with A ~ 40 at incom- 
ing-particle energies on the order of 10 Mev. The 
direct reaction mechanism!?! is due to interaction 
between the nucleons initially contained in the in- 
coming particle, and describes the cross section 
in the forward hemisphere (in the c.m.s.). Among 
the exchange effects are knock-out and heavy- 
particle stripping, the latter describing the 
cross section in the rear hemisphere, while knock- 
out is estimated!!:4] to make a negligibly small 
contribution to the cross section of the direct 
mechanism. In an examination of the cross sec- 
tion in the forward hemisphere it is therefore 
sufficient to account for the direct reaction 
mechanism. 

Let us consider for simplicity the reactions 
(d,p), (d, n) and their inverses. Within the 
framework of the method of distorted waves,{»®] 
usually used for a description of the direct inter- 
actions, the amplitude of the reaction is 


Mae <;| \ pr (x)) V (Xe — 4) Fx (exp) dz] O,). (1) 


where @f and #j are respectively the wave func- 
tions of the product and target nuclei, yj(x¢) and 
Yk (Xex¢) are the wave function of the outgoing 
nucleon and of the incoming deuteron with corre- 
sponding asymptotic approximations, hK is the 
deuteron momentum, and hk is the nucleon mo- 
mentum. Expanding the integral in (1) in terms 

of the eigenfunctions 9 jm (X¢) of the captured 
nucleon in the self-consistent field of the nucleus, 
we obtain 


\ 6 (24) V (ae — 7) Wi (ete) dy 
= S$} Pin (Xe) F (K Kj; wp ps), (2) 


jm 

where fp and pg are spin projections of the deu- 
teron and the nucleon and F (Kkj; upusgm) are the 
matrix elements that determine the angular dis- 
tribution of the reaction products. They can be 
calculated by choosing the optical potentials of 
the deuteron and nucleon and the interaction po- 
tential V (xg —x¢).[®] The problem then reduces 
to a calculation of the matrix elements (s|9jm|%j) 

Following Belyaev 781 we describe the states — 
és and 4; in the independent quasiparticle approx- 
imation, the state operators being related to the 
nucleon operators by the Bogolyubov canonical 
transformation 


5 = : 1 &,—A 
tin = tym (VM w= Sf) 
: a) 
2 1 e,—hA 
t= | le E;=V (e; — A)? Aj, (3) 


where ¢€j is the energy of independent motion of 
the nucleons in the field of the nucleus, A is the 
chemical potential (which coincides with the 
Fermi level when A= 0), and Ej is the energy 
of the quasiparticle. The fundamental and low- 
lying states of the nuclei with odd A contain one 
quasiparticle, and the number of quasiparticles 
in the ground and excited states of even-even 
nuclei is respectively zero and two (collective 
excitations of the type considered by Belyaev {1 
are not taken into account). 

We start with an examination of the stripping 
reaction on a target nucleus with odd A. If the 
even-even product nucleus is in the ground state, 
we readily obtain with the aid of (1) — (3) 


SKj+ko = (1/7 0,F (Kkj; uum), 


" 2 ajo 
oui my 4D a 


| -. fs 
oe ~ 4x80 p 3(2]--1) mp peg | F (Kkj; poy) i’. 
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In the case when the product nucleus is in the ex- 
cited state 
SkjsK iia! = Uj ChmimF (Kk'j; poppy) 8j.; 


— Uj, Cini (Kk'j; wo wjtns)85,;, (5) 


i.e., the state of the quasiparticle in the target- 
nucleus is not changed by the reaction. In particu- 
lar, when j, = jg =j, i.e., when the states of the 
quasiparticles in the product nucleus coincide with 
the state of the quasiparticle in the target, we have 


Sxjonrjes = V 2u; Cimim® (KK'j; poy), 


ds (Kj > k’ 7) mio; 2 (2) + 1) uj 
dQ inthe, 3 Qj IP 


pa 
Tm Dif 


| P(KK 7; wopym) |, 

(6) 
where mg and v¢ are the mass and velocity of the 
outgoing nucleon, and vp is the velocity of the in- 
coming deuteron. A comparison of (4) and (6) 
shows that at sufficiently high incident-particle 
energies the angular distributions coincide and 
the limit of the ratio of the corresponding inten- 
sities is 
ds(Kj—~k'PJ) — 2(2/ +1) 4%] 

2p 4-4 0; ‘ 


ds (Kj — k0) (7) 


lim 
vpeeep 

For pickup reactions on odd targets we have 
SkjsKo = ujF* (Kkj; popjm), 


ds (kj — KO) 
dQ 


m’ v2 ur j i 
ata IOAN >) | F (Kkj; wowjm) (2, (8) 


my. pig 


Storey = (—1)-™ V 20;CimimE* (K'kj; wopym), 


Pens 1) uz 
Be ci os Kj? mivp (2d + 1) v7 ie 2 
ds (kj > K’jJ) _ ™b%p LoD |F(K’kj; pow), 


dy Fee EF mine, (9) 
2 
do(kj— K'jJ)  2(2F4-4) % 

pe dK KO) ET Ge oes 
pian) J 


Let us consider now the stripping and pickup 
reactions on even-even targets. Since the corre- 
sponding cross sections are connected with (8) 
and (4) by the principle of detailed balance, we 
have in the case of stripping 

2 2 
= aes e IF (Kkis pow)? 
My DPF 


and in the case of pickup 


ds (KO — kj) 
dQ 


(11) 


ds(k0 >Kj) _ ™p®%p 
dQ = Faehto 


2 

LD) LF (Kkjs wonym) (12) 
Fo mpppf 

It is interesting to compare (11) and (12) with the 
predictions of the single-particle model. Since 

we have when A = 0 

{ 1, @,>4 ; 
ie et area 


0, &, > h 


Piha = 
Ag RPS <a" 
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only nucleon levels can be excited in stripping re- 
actions, according to the single-particle model, 
and only hole levels can be excited in pickup re- 
actions. An account of superfluidity, as can be 
seen from (11) and (12), leads to a nonvanishing 
probability of excitation of hole levels in stripping 
reactions and nucleon levels in pickup reactions. 
We can, however, assume here that levels with 

€j >A are excited in stripping reactions and lev- 
els with €j <A are excited in pickup reactions. 

The derived formulas (4) — (12) are applicable 
to all direct reactions in which the number of nu- 
cleons in the nucleus changes by one. They can 
therefore be verified experimentally by using any 
of the foregoing reactions. The influence of the 
superfluidity of atomic nuclei on electromagnetic 
transitions and on beta decay was already pointed 
out by Urin!*] and Grin’!!°1, However, since the 
number of quasiparticles in the initial and final 
states in these cases is either the same or differs 
by two, the corresponding matrix elements con- 
tain combinations of the canonical transformation 
such as Uj Yj. = VjVj. OF Yj,Vj. + Vj,4j.- the 
case of stripping and pickup, however, the number 
of quasiparticles differs by one, and consequently 
the matrix elements contain only one coefficient 
[uj if an increase (decrease) in number of nu- 
cleons is accompanied by an increase (decrease ) 
in the number of quasiparticles, and v; in the op- 
posite case). The reactions considered can there- 
fore be used to check the given model of the nucleus. 

It is of interest to set up the following experi- 
ments: a) Direct determination of uj and vj by 
measuring the relative intensity of the transitions 
to the ground and excited states of even-even 
nuclei in reactions on targets with odd A. In this 
case the dt or He®a pickup reactions are more 
convenient to use than the pd reaction, for the 
exothermal nature of the former makes it easier 
to satisfy the condition v’ —v, needed to cancel 
out the matrix elements F (Kkj; upugm). b) De- 
termination of the dependence of u? and vj on the 
number of external nucleons, by measuring the in- 
tensities of excitation of the states of odd nuclei 
with given J and j in reactions on groups of even- 
even isotopes, corresponding to the filling of the 
same shell. 

The author is grateful to S. T. Belyaev, L. A. 
Sliv, and the staff of the Nuclear Physics Institute 
of the Moscow State University for a discussion 
of this work. 
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A microscopic interpretation of the so-called 


B- and y-vibrational levels in nonspherical 


nuclei is presented. By means of the method of approximate second quantization an equa- 
tion is derived for determining the frequencies of these levels. Electromagnetic transition 
probabilities for these levels are computed. The theory is compared with experiment. 


1. INTRODUCTION 


Ar present in addition to rotational levels other 
levels of a collective nature have also been ob- 
served experimentally within the domain of strongly 
deformed nuclei. In particular, among such levels 
are included the so-called B- and y-vibrational 
levels (excitations of the quadrupole type). The 
B-vibration levels correspond to internal excita- 
tions with a component of the angular momentum 
along the nuclear axis K = 0, while the y-vibra- 
tional levels have this component given by K = 2. 
The energies of such levels lie in the range from 
0.5 to 1.2 Mev, while the reduced probabilities of 
electric quadrupole transitions between these lev- 
els and the ground state are several times greater 
than the values obtained from a single particle 
estimate. 

It is generally assumed!!J that these levels 
correspond to the excitation of oscillations of the 
nuclear surface about its equilibrium shape. An 
estimate of the frequencies of such oscillations 
made on the basis of the hydrodynamical model 
yields values fiw ~ 1.5—2 Mev which are consid- 
erably greater than the observed values. More- 
over, it is not possible within the framework of 
the hydrodynamical model to take into account 
effects associated with the shell structure of the 
nucleus. On the other hand, a calculation within 
the framework of the independent particle model [2] 
leads to frequencies of the corresponding oscilla- 
tions of the order of magnitude of the energy gap 
between the shells (fiw) ~ 5—6 Mev). 

Within recent years a theory of collective exci- 
tations in spherical nuclei has been developed.'3-51 
This theory is based on introducing the quadrupole- 
quadrupole interaction in addition to the residual 
interaction between nucleons which leads to pair 
correlation. The existence of a residual quadru- 
pole-quadrupole interaction follows from experi- 


ment. This interaction manifests itself, for exam- 
ple, by the fact that the quadrupole moments of odd 
nearly-magic nuclei turn out to be greater than 
those predicted by the single-particle model. For 
the same reason the probabilities of E2 transi- 
tions in these nuclei are enhanced in comparison 
with the single-particle values. 

The residual quadrupole-quadrupole interaction 
leads to the formation of a bound state of the quasi- 
particles. It should be expected that a similar ef- 
fect must also exist in deformed nuclei. The en- 
ergy required for the creation of a pair of quasi- 
particles in a deformed nucleus is => 2A, where 
A is a constant characterizing the energy of the 
pair correlation. The quadrupole-quadrupole in- 
teraction leads to the formation of a bound state 
of the quasiparticles the energy of which is < 2A. 

An investigation of collective excitations in a 
Fermi system can be carried out in two ways: 

1) by the method of the two-particle Green’s 
function "®] and 2) by the method of approximate 
second quantization." The collective nature of 
the lowest 2* levels in spherical nuclei has been 
investigated in Belyaev’s paper [4] by the first 
method and by Marumori!#J and Baranger!*] by 
the second method. 

In this paper we investigate collective excita- 
tions of the quadrupole type in deformed nuclei. 
The investigation is carried out with the aid of 
the method of approximate second quantization. 

An equation is obtained from which the frequen- 
cies of B- and y-excitations can be determined. 
Wavefunctions are obtained for excited states of 
the type mentioned. Reduced probabilities for 
E2 and EO transitions from these states to the 
ground state are found. 


2. THE METHOD OF INVESTIGATION. 
EXCITATION SPECTRUM, WAVE FUNCTIONS. 
We assume that the component of the angular 

momentum of the nucleons along the nuclear axis 
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is a good integral of the motion. We shall write 
the Hamiltonian in the system of coordinates 
fixed with respect to the nuclear axes in the form 


H = Hy ~ Ha, (1) 


where Hy is the reduced Bardeen Hamiltonian for 
nucleons moving in an axially-symmetric deformed 
potential, while 

Hg = — = % > >, (Gon )oal (Gy, ae G,0)/0},0,/ ; (2) 

ms we (A) : : 1 1 

Gay, are quadrupole moment operators; kK >0 is 
the quadrupole-quadrupole interaction constant; 
aj; a, are the creation and annihilation operators 
for a particle in the state A; A is a set of quantum 
numbers for single nucleon states in the given po- 
tential. We restrict ourselves to consideration 
of nucleons of one kind. 

The Hamiltonian Hy can be diagonalized by the 
method of canonical transformation due to Bogol- 
yuboy.[7 By neglecting the interaction between 
the quasiparticles we can represent Hy in the form 


eI pa ED. (25.2 Ta Bx82), Eee y & pala (3) 


oe 
where @, By} ay, By are the annihilation and 
creation operators for quasiparticles of energy 
Ey; €, are the single particle levels referred to 
the Fermi surface €). The summation in (3) is 
carried out over the positive components of the 
angular momentum. It can be shown!!6] that taking 
into account the interaction between the quasipar- 
ticles in (3) leads to small corrections to the en- 
ergies of the B-levels. 

In future we shall be interested in collective 
excitations of the boson type characterized by the 
component of the total angular momentum along 
the nuclear axis K=0; 2. We write Ha = Hq + HQ 
in terms of the operators a and £ with 
Hp = =m, 2 (ou )are Foy. agri, (UxOne E UaPr) (Ur,0" 

p- (A) 7 


=; Up. 0y,) (An + A>.) (Axx ery rn)" (4) 


Here uy, va are the coefficients of the canonical 
transformation from the particle operators to the 
quasiparticle operators: 


ue=t(lt+e,/E), w= +(1—ea/E£)), 


and Aj,’ = a8}, Ay’, = 6, a,’ are the creation 
and annihilation operators for pairs of quasi- 
particles. 

In investigating collective excitations we must 
in our case restrict ourselves to the part of the 
interaction Hamiltonian Ho, and this corresponds 
to summing graphs of the form shown in the figure. 


De iFPs *ZARETSK and MiG, URIN fe 


The neglect of HQ in the investigation of collec- 
tive effects introduces an error ~ A~!/3, In the 
first order approximation with respect to the inter- 
action the operators A, A* can be treated as Bose 
operators, i.e., 


[Aang Ayn, ] = boaban - (5) 


We let 
H’*| K> =. Ex|K), 


Ho Ho (6) 


H’|0> = E,|0, 


where |0) is the wave function of the ground state, 
|K) are the wave functions of the excited states of 
the boson type, characterized by the energy Ey, and 
by the component of angular momentum along the 
nuclear axis K. 

In order to obtain the excitation energy wK we 
write the equations of motion for the operators A, 
A*. In matrix form these equations appear as fol- 
lows (h=1) 


ox (K | Atv |0> + <K | Abe, A777] 0> = 0, 


ox(K | An 4 CK (Ave ay joy 20. 
By utilizing (3) — (6) we obtain the system of inte- 
gral equations for the amplitudes (K | Aj,’ |0) 
and (K|A,,,|0): 


(ox — Ex — Ew) <K | Aix 0 
+ (qo naar’ Ds Fox ard nar CK | Ada’ | 0D 
An’ 


+ €K | Arn |0>} = 0, 
(@x + Ex + Ex) (K | Ann | 0) 
—* (Foie aration? 2) Far andane (6K | Ady |0> 


Ar’ 


+ ¢K | Axa |0>} = 0, (8) 


where we have introduced the notation f,,, = u,v, 
+uy’v,. The condition that the system (8) should 
have a solution gives an equation for the determi- 
nation of wx: 

Ey Ey, — &,8 + A* 
ee 


FRE ar (9) 


1 =D) Gada 
Ar’ 


Equation (9) has been obtained previously “81 by 
the method of two-particle Green’s function. As 
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can be seen from (9) the frequencies of collective 


excitations depend on the specific form of the self- 
consistent potential and on the magnitude of the 


- constant kK. 


4 
j 
. 


We now proceed to determine the wave functions 
of the excited states. We introduce the operators 


me Wis which satisfy the operator equations 


ORM + Mk, A] =0,  oKAx — [Yx, H"4] = 0. (10) 
On the basis of (6) it follows from (10) that 
Yx 10> =0, KO y= LK. 


The normalization condition (K|K’) = dx, yields 


(11) 


[Ux, Wie] = Oxx. (12) 


The operators % and %* can be expressed in the 
form of a linear superposition of the operators A 
and A*: 

Wx =D) (XP Arw — VEnA4r0), 


AX’ 


Wk = >) (XH Ab — VS Ana), (13) 
AX’ 
where the coefficients X and Y satisfy the nor- 
malization conditions 
* Cos YX2Y 2) = Oxnr (14) 


Ar 
With the aid of (10) we obtain the equations for the 
determination of X and Y: 


(wx — Ey — Ev) XX 
+ (GK) ar hha (Fox )aritan (XK + YS,) = 0, 
TT 


(@x + Ex + Ex) VX 
— * (95K eal 2s (Fox arlar: (Xiv+ Vin)= 0. 


(15) 
AA’ 

It can be seen from (15) that in the representation 

in which the matrix elements (q2K),,’ are real, 


the coefficients X and Y are also real. 


3. PROBABILITIES OF ELECTROMAGNETIC 
TRANSITIONS 


The reduced probability of transitions of EL 
type for deformed nuclei has the form !*1 


lea e oy aN 1K; — 1;K}) 


= ey <Kj| Q (EL, p)| Kid? iL KiKi — Ky | LL 1)Kj)”, 
(16) 

where Ij, Kj, Ig, Kg are respectively the spins and 
the components of angular momentum along the nu- 
clear axis for the initial and the final states; 
Q (EL, uw) is the operator for the multipole mo- 
ment in the system of coordinates fixed with re- 
spect to the nuclear axes; ee is the effective 
charge. The second factor in (16) is a Clebsch- 
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Gordan coefficient. In the case Kj = 0 and Kg ~ 0 
the magnitude of B(EL) is greater by a factor of 
two than would follow from (16). 

We first obtain the expressions for B(E2). In 
terms of a and £8, the quadrupole moment oper- 
ator has the form 


Qou = 22 (92o)2203 8y9 + >» (Fou dane (U,Un" + Ux/Un) (aX Bre 
Ar’ 
+ Broa) + >) (Fou )aar (Urata: — Una’) (AK on + BE By) 
AX’ 


== Qing i Qou Se Qou : 


The operator Q;,, makes no contribution to the col- 
lective effects, and therefore 


<K | Qex |0> = <K | Qox | 0> 


(17) 


= 21 aicdaacbaay SK | (Aine + Ana) |O>. (18) 
It can be easily seen from (13) and (15), that 
XX = (Gi nabaye (Ex + Exe = OK) (K | Qox | 0), 
Vin = * (Gx nralya (Ea + Ex + Ox) ¢K|Q,,j0>.- (19) 


By utilizing the normalization condition (14) we ob- 
tain 


(K | Qax |0>* = Fag oy 


~~ 4x20, ) 4 
Ar’ 


(ox dint ia: 


We proceed to evaluate B(E0). As can be seen 
from (16), EO transitions are possible only between 
the states |0) and |K=0) (f-excitation). The 
matrix element of this transition has the form 


BY? (E0; 0* > 0*) = >) (?)ane (XE? + VEZ). (21) 
AA’ 
With the aid of (19) we obtain 
B{E0; OF > 0*) 1 oS (72),,, fe, E, + Ey F 
<K = 0| Qu | 09? ~ | "21 (7 )nae (Gao)an-Tia (Ey + Ey)? 0% _, | f 


(22) 
It follows from (20) and (22) that the probabilities 
of E2 and EO transitions can be evaluated if we 
know the set of single particle levels, the corre- 
sponding frequencies of collective excitations and 
the value of the constant kx. 


4, ANALYSIS OF RESULTS 


The formulas derived in the proceeding sec- 
tions become considerably simplified in the case 
when the collective levels lie sufficiently low: 
wR <«K< 2A (adiabatic approximation). If the in- 
terval ~A contains a sufficiently large number 
of single particle levels (pyA > 1), then we can 
use the quasiclassical approximation. Particu- 
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larly simple and clear results can be obtained in 
the case of the deformed oscillator potential. This 
case has been discussed previously [8] For ex- 
ample, in the adiabatic approximation the follow- 
ing relation was obtained for the frequency of the 
B-excitation 

(23) 


opan/ 24 = {5[1—# Di(gaodiad (&2)]f 


where 
9 ByEy — 88). A? a 


uy =x!|1—x s) (20)22’ : 
hen 2E, Ey, (E, + Ey) | 


In (23) and in subsequent relations the summation 
over A is taken over both signs of the component 
of angular momentum of the nucleons along the nu- 
clear axis. An estimate of the value of the con- 


stant x, and consequently also of xk’ is available], 


x’ ~e,/ AR, (24) 


where A is the number of nucleons, R is the nu- 
clear radius. By utilizing the obvious estimate 


>) (e0)2n8 (€2,) ~ pyR4, 


A 


(25) 


we obtain 


oa >} (gao)a28 (82) ~ 


From this it follows that wK=) can be appreciably 
smaller than the quantity 2A. 
From (23) it follows, in particular, that the 
method utilized in this paper is applicable if 
#' D\ (qao)ard (@) <1. 


A 


Equation (9) can be rewritten in the form 


: E,E,,—&, &,, +- A? 
n,.2 Vey Sane N Aa al L 
l= "0k >) |(Qx av? : 
rn’ ¥ E, Ey (Ey ate E,:) (Ey 41 Pals E,, OL = Wx 
(26) 
where 
: Ey Exe eee A 
Waa] D ache? 5 zs 
a 2E, Ey, (Ey + Ey.) 


It can be easily shown that in the case of a defor- 
mation such that 6 «< 1 the sum appearing in the 
definition of k” is independent of K with quasi- 
classical accuracy. Therefore, in the approxima- 
tion wK «< 2A we obtain the ratio of the frequen- 
cies of the B- and y-excitations in the form 


faye 1 9 2 
—F =D) | (qoa)ar PH (en, &x)/ D) | Gao)aar PH (lr, &x-), (27) 
Oy dal Ags 
where 
E,E,, —€,&), + A® 
8 (€), £2’) DE, E, (EB; i E,,8 (27%) 
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Thus, in the adiabatic approximation the ratio 
(27) is independent of the constant x. In the quasi- 
classical approximation we obtain (cf. Appendix) 


On hoe = Di Geane Pae (2a ( l(q (28) 


A 


KE wee Fax 


where we have used the notation 
6 (€) "85 — pe 
| ‘ ‘5 
(©), — &4/)? g f 2A 
in(@g+ VTS 2 eM 
x, Vitx i x 


In the simplified Nilsson model without spin- 
orbit coupling ! 111 we obtain 


Pig = 


}}; 


g(x) = 


3/02 = 3\ (1 = 6 (te 


where D is the Nilsson parameter, wy) is the gap 
between the shells in the oscillator potential. As 
D— 0 the ratio we/w.,— 1. It can be shown by 
using (29) that for D ~ 0 the ratio WB [Wry ie 
Thus, in the adiabatic approximation the energies 
of the B-excitations are lower than the energies of 
the y-excitations. 
Systematic data on the position of the levels of 

B- and y-excitations are available in the region of 
Th, U, Pu nuclei. For all these nuclei levels cor- 
responding to G-excitations lie below levels corre- 
sponding to y-excitations.!21 

- A numerical solution of (9) was carried out for 
the case of S-excitations in the range of nuclei 
mentioned above. The Nilsson model was used 
as the single particle model. In expression (9) 
the sum over ) # X’ was included in the renormal- 
ization of the constant x. The calculation was car- 
ried out in accordance with the formula 


2 | 


1=x¥ (qe Jing ae 
a cee E 


85 -+ A?) 0% eH 

The value of the constant k was determined 
from the position of the $-level in the Th?®* nu- 
cleus. The values of the deformation 6 were taken 
from [13]. The quantity A was determined from 
the binding energy of appropriate nuclei. The en- 
ergy of the Fermi boundary was identified with the 
position of the single particle level of the odd neu- 
tron in the ground state of the preceding odd nu- 
cleus. 

The results of the calculation and their com- 
parison with experiment are given in the table. 
The results of the calculation show that in agree- 
ment with experiment WB varies smoothly from 
one nucleus to another. It seems to us that this 
fact supports the hypothesis of the collective 
nature of this level. 
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Ee ee 
og, Mev 
Nucleus B A, Mev Eq 
experiment theory 
Th20 0,23 0.85 633, 5/2 0.635 0.4 
Th2s2 0.24 0.85 633, af 0.740 ey 
U282 0,26 0.65 633, 5/s 0.700 0.79 
U4 0.25 0,80 633, 5/2 0,830 0.85 
U236 0,27 0,70 743, "Jo 0.925 0.96 
[238 0.27 0.70 631, If. 0.990 0.78 
Pus 0.27 0.70 743, 7/5 0.940 0.96 
Pyro 0.28 0.60 631, 1/2 0.860 0.81 
We now proceed to analyze the formulas for P(E, Fr) = Dit (r) g, (r) 8 (ea), (38) 
the probabilities of electromagnetic transitions. ‘i 
In the approximation wx « 2A we obtain 
=a >! (Paar (dao)ax’d (8x) = 5 p (qs 1) Voge (39) 
(31) Jos \ 0 Q? 20 D 


CK | Qax|0>* = a5 | Dax lB (en | 
In (31) transitions over the shell can be neglected 
with an accuracy ~ A718. th the quasiclassical 
approximation we obtain (cf. Appendix) 
<K | Ore (0)? = = aS 70x | 2 Ca xr» Po | ¢ (32) 

We now discuss the excitation of B-levels. If 
the single particle diagram is such that in the sum 
(30) only diagonal matrix elements are important 
(for example, the axially-symmetric oscillator 
potential ), then 


CK = 0) Qx0|0)* = sap | Dlgadiad (en) ] (83) 
By utilizing the estimate (25) we obtain 
Bs (E2) ~ €2,A? / xp ~ Bsp (E2)-pyA-2A / ws, (34) 


where Bgp(E2 )~ ex rpR4 is the reduced probability 


_ for the single particle transition. Thus, it follows 


from (34) that in the adiabatic case there is an in- 
crease in the probability of the E2 transition in 
comparison with the single particle probability by 
approximately a factor of Ath, 

By utilizing (27) and (31) we obtain in the adia- 
batic approximation 

B,(E2; 0* — 2*) / Bg (E2; 0t > 2*) = 20, / mg. (85) 
From this it follows that in this approximation 

Boe 2) 0) => 2") / Bs (E2: 0* +2") > 2. 


We go on to the discussion of EO transitions. 
For weg < 2A we obtain from (22) in the quasi- 
classical approximation 


mK P (7?)ax (qoo)and (e9) | 


Ad’ 


(36) 


B (E0; 0* — 0*) 


Nessa ial & (37) 
By (E2; 0* > 2*) 


On introducing the particle density near the Fermi 
surface 


The integral can be easily evaluated by assuming 
that the particle density is constant over the vol- 


ume of the nucleus. We take the surface of the 
nucleus to be of the form 


R (8) = R(1 + BY 25 (8). (40) 
For the ratio (37) we have 
B(E0; 0* > 0*) / Bg (E2; 0*—> 2*) = (xp,R7/V)2B2, (41) 


where V is the volume of the nucleus. By utilizing 
the estimate (24), and on taking into account that 
Py ~ A/éy, we obtain kppR'/V ~ 1, and consequently 


B (EO; .0* 0" Ba (E2: 0 3 2), (42) 
The estimate (42) is in qualitative agreement with 
the available experimental data.{14] 


5. CONCLUSION 


From the foregoing discussion it follows that 
the so-called B- and y-vibrational levels can be 
interpreted from the microscopic point of view as 
collective excitations of boson type ina Fermi 
system of finite dimensions. Relations have been 
obtained for finding the frequencies of B- and y- 
excitations, and also the probabilities of electro- 
magnetic transitions. If the self-consistent poten- 
tial, and, consequently, the single-particle energy 
level scheme, are sufficiently well known, then all 
the aforementioned quantities can be evaluated by 
means of automatic computers. The magnitude of 
the quadrupole-quadrupole interaction constant k 
for a given domain of deformed nuclei (rare earths 
or actinides ) can be regarded as constant. There- 
fore, having obtained the value of k from the known 
B- and y-level for one nucleus we can calculate the 
positions of B- and y-levels for other nuclei. 
Knowing the value of the constant k we can also 
evaluate the probabilities of electromagnetic 
transitions for a given group of nuclei. 
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Unfortunately, at the present time we do not 
yet have sufficient experimental data pertaining 
to the aforementioned type of levels. As has been 
pointed out already, systematic data on the posi- 
tions of B- and y-levels are available only for 
Th, U, Pu nuclei. In the rare earth region there 
are only a few such data. The low lying 0* level 
has been identified only in a few cases. A search 
for low-lying 0* levels in the region of the rare 
earths would be of interest. In accordance with 
the theory, if there exists a low lying 2” level 
corresponding to a y-excitation, then nearby there 
should also exist a 0* level corresponding toa B- 
excitation. Measurement of the probabilities of 
electromagnetic transitions is also of interest 
since so far there are very few data on this sub- 
ject and they are not accurate. 

In conclusion the authors express their deep 
gratitude to Yu. T. Grin’ who participated in the 
initial stages of this work. 


APPENDIX 


We evaluate the sum 


S == Di 1 (Gox)ag: 2% (@as 8x) (A.1) 


4 \ 
— 


AA’ 
in the quasiclassical approximation. For this we 
use the method proposed by Migdal.{15] It can be 
easily seen that the quantity “ regarded as a 
function of €, has a sharp maximum when the dif- 
ference d = €) —€)- is held fixed. This maximum 
has a width of ~ A near the Fermi surface. We 
denote 


\ 2 (ex, e, —d) de, = eal 
Since the width A encompasses many levels and 


#& has the required property near the Fermi sur- 
face, we have 


&5 = 855, 
S21 CE em es Gores 8(e,). (A.2) 


It can be easily seen that 


de 


be eteai ea 
sma 


( (Ve? + A — VA? + (e— dp)" de 
VAP et VeHd + At (Veta = V Att (e—4)) 


e 
—co 


=1,+ I. 


| 
aD 


(A.3) 
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The first integral in (A.3) is equal to 


i (A.4) 


= gape (3a): 
where 


(x)= [xV1 + x77 1In (x+YV1-+ x). 


The integral I, can also be easily evaluated and 
reduces to the expression 


ie mall E | (5) Je (at 


As a result of this we obtain for S with quasi- 
classical accuracy the expression utilized in (28) 
and (32). 
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To estimate the maximum energy density of neutrinos and other weakly interacting particles 
in the universe we consider the gravitational action of these particles on the expanding uni- 
verse. It turns out that the energy density does not exceed 2 x 10728 (g/cm?) -c? =2x 1077 
erg/ em’; this estimate is much more accurate (lower) than that from nuclear physics ex- 
periments. The question of stars with large gravitational mass defects is considered, and 
in this connection an upper limit on the density of nucleons is given. 

Present data do not enable us to exclude the possibility that the density of forms of matter 
that are not readily observed and the density of nucleons in a state in which they are hard to 
observe is several times the density of the well known easily observed forms of matter and 
energy in the form of nucleons in ordinary stars and in interstellar gas. 


Be As has been shown by Pontecorvo and one of 
the writers,'!] the determination of the cosmic 
density of neutrinos is an extremely difficult ex- 
periment, owing to the very weak interaction of 
neutrinos with matter. The experiments of Reines 
and Cowan on the determination of the antineutrino 
flux from a pile [2] and the experiments of Davis, 
who showed that under these conditions reactions 
requiring neutrinos are absent, 1 are well known. 
From these experiments it follows in particular 
that the flux of cosmic v and p is smaller than 

W = 10%—5 x 10!! em~? sec@! (4 for v and 7 

with energies of the order of 2—3 Mev. This flux 
corresponds to a particle density W/c = p, 5 = 20 
cm~? and a mass density Ep/c? ~ 1075 g/cm}, This 
quantity is to be compared with the mean density 
of nucleons in the universe, which is at present be- 
lieved to be 10729 g/cm? (which corresponds to 

~ 1075 proton/cm?). 

Thus direct experiment does not exclude the 
possibility that the density of mass and energy in 
the form of neutrinos is 10* to 10° times the den- 
sity of rest mass-energy in ordinary forms. 

As is remarked by Reines,-4] and also in Ci] 
these estimates actually depend on an assumption 
about the spectrum of the neutrinos. At high en- 
ergies the interaction cross section increases as 
E?, and therefore when recomputed for a different 
neutrino energy the maximum flux varies ~ 1/E’, 
and the maximum mass-energy density varies as 
1/E. But even for v and vy with energies ~ 1 Bev 
the maximum mass-energy density is still larger 
than the density of nucleons. 


On the other hand, at small energies, less than 
the threshold of the reactions in question, the effi- 
ciency of registration of neutrinos by present meth- 
ods falls sharply; the threshold is ~ 1.8 Mev for 
p+p—-n+e* and ~1 Mev for v+Cl—A+e-. 
If there are two kinds of neutrinos—‘‘electron neu- 
trinos’’ and “muon neutrinos’’-*] then for the 
second kind the threshold of the reactions 

V+ p=n+ypt, VW tn=p+p 
is of the order of 100 Mev. Subthreshold neutrinos 
can be detected only through the ionization caused 
by elastic collisions, and therefore for them the 
estimate of the cosmic density consistent with ex- 
periment goes up by several more orders of mag- 
nitude. 

2. A different approach to the setting of an upper 
limit on the cosmic density of weakly interacting 
particles is based on consideration of their gravi- 
tational action.* The advantage of this approach 
is that the estimate does not depend on the shape 
of the spectrum nor on the interaction cross sec- 
tion, and in principle applies also to all possible 
as yet unknown weakly interacting fields, and also 
to the density of high-frequency oscillations of the 
gravitational field (gravitons ).f 


*The idea of such an approach is already contained in 
lectures by Einstein. 

tBecause of the weakness of the gravitational interac- 
tion all of the cross sections of gravitons are so small that 
there is practically no hope of >A them (cf., e. g., a 
calculation by Gandel’man and Pinaev, 7] according to whom 
the bremsstrahlung of gravitons is a factor 10*° smaller than 
the production of v—v pairs). 
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The point of the proposed estimate is that in 
the present known state of the universe (charac- 
terized by a definite value of the Hubble constant 
h in the equation v = hr, where v is the speed 
and r is the distance) the density p of all forms 
of matter-energy determines the past of the uni- 
verse. For example, for p — 0 the distance be- 
tween each pair of distant objects varies linearly 
with the time and the state of maximum density 
occurred at the time Ty = —1/h, i.e., approxi- 
mately 10° years ago. 

For nonvanishing p the expansion of the uni- 
verse slows down in the course of time; the av- 
erage speed of expansion from the time of maxi- 
mum density to the present time is larger than the 
experimentally known instantaneous speed, and 
consequently the past time of maximum density 
was closer to the present time. * 

Let us introduce a critical density value pc. 
This concept corresponds to the dividing line be- 
tween the open model and the closed model of the 
universe; this corresponds physically to qualita- 
tively different predictions about the future of the 
universe: for p < pc the expansion will continue 
without limit, but for p > pce the expansion will 
be replaced in the course of time by a contraction. 
The existence of the singularity and the character 
of the solution for the past are qualitatively inde- 
pendent of the ratio of p to pe. 

We give here the value of the time interval 
from the time of the maximum density in the past 
to the present time as a function of the total den- 
sity of all forms of matter-energy, in the dimen- 
sionless variables tT = Th = T/Ty as function of 
q = p/2pc: 


q CMOS ro UE Seo OGG 
+ 1 0.67 0.47 0.35 0.21 0.40 
+ 1° 0.50 0.33 0,24 0.14 0.07 


The quantity 7 is here calculated for stationary 
matter with the pressure p equal to zero. For 7’ 
the calculation is made (in accordance with a re- 
mark of L. D. Landau) for the case in which the 
rest mass can be neglected, the particles are mov- 
ing with the speed of light, and p = €/3, where ¢€ 
is the energy density. The difference between 7 
and 7’ is not large. 

We note that the difference in the behavior of 
the two models (with p=0 and p=€é/3) is due 
to the decrease of the energy of relativistic par- 
ticles on adiabatic expansion. This concept can 
be applied in spite of the fact that the neutrino 
does not interact with any kind of particles and 


*The question of the relation between the age of the gal- 
axy and the quantity 1/h has also been considered by Hoyle. [:] 
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does not ‘‘do work.’’ In fact, in the course of 
time there will pass through a given point neutri- 
nos emitted from more and more distant regions, 
and thus having suffered stronger and stronger 
red shifts, or Doppler energy losses. The Doppler 
energy loss is indeed the physical mechanism that 
brings about the decrease of the mean energy of 
the neutrinos as the universe expands. 

For reference we present the following for- 
mulas:* 


t=k?((kR+£")arctgk— 1], 


v= [1+ (29). 
We take Ty = 10 years, and the corresponding 
critical density is pg = 2 x 10°79 g/em®. Assuming 
that the time T is not less than the geological age 
of the earth, which is of the order of 4 x 10° years, 
we find that t > 0.4. From this we have q < 5 and 
p < 2p = 2 x 10728 g/cem?, 

Another possibility for getting an idea of the 
past of the universe is to consider distant galaxies, 
since we are actually observing them in a long past 
state. In the theory of the expanding universe one 
gets a nonlinear relation of the speed of expansion 
on the distance, v = y(r); the Hubble constant is 
only the first derivative, h = y’(0), and the value 
of the second derivative y”(0) depends on the 
density. At present y”(0) has not been reliably 
determined, but the upper limit on y” also sets 
a limit on q: q < 10; thus two independent esti- 
mates of the upper limit are in agreement (cf. /9J). 

Finally, we note that one of the methods by 
which the observed mean density p = 107% has 
been obtained is as follows: from the motion of 
the stars in a galaxy one determines the mass of 
the galaxy, and then finds the average density over 
the entire universe by dividing the average mass 
M of a galaxy by the average volume V per galaxy 
in the universe. It is obvious that in this calcula- 
tion the mass of a galaxy includes the mass of the 
neutrinos that are inside it. The density of the 
neutrinos must be the same inside galaxies and 
in intergalactic space. Therefore still another 
way of giving an upper limit on the density of neu- 
trinos is to assume that the entire mass of a gal- 
axy, which determines its gravitational field, is 
the mass of the neutrinos. 

We thus have p, = M/Vo, where Vp is the ac- 
tual volume of a galaxy. From this we get 


Py <(M/V) (V/Vo) = pV/Vo~'e/ 0.1, 


since on the average the volume of the galaxies 
makes up about 10 percent of the volume of the 
universe. Consequently this third estimate also 


k = (2qg—1)*: 


*arctg = tan™’. 
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agrees in order of magnitude with the preceding 
ones. 


Thus although the density of neutrinos, gravitons, 
and so on in the universe may indeed exceed the ob- 


served mean density of nucleons (1072° g/ cm?), it 
does not do so by more than a factor 10 to 20. 

The supposition that the density of energy in 
unobservable forms is several times that of ordi- 


nary matter is surprising, but nevertheless at pres- 


ent it cannot be rejected. We remind the reader 
that with all its imperfection the gravitational es- 
timate is still more sensitive by a very large fac- 
tor than the estimate from nuclear physics experi- 
ments. 

Digressing from the topic of this paper, we note 
the striking and as yet unexplained close corre- 
spondence between the critical value pg and the 
observed density p of ordinary matter (2 x 1072° 
and 10-*°s/em*). This could mean, for example, 
that the age of the universe is relatively small. 


In this case all three models behave about the same, 


and 9 ~ pg. The connection between the Hubble 
constant and the age T is given by the formula 

T = 2/3h. In the estimates given we have started 
from the hypothesis of the isotropic model of the 
universe and have rejected the introduction of a 
cosmological constant into the equations, and also 
have rejected the hypothesis of the spontaneous 
creation of energy. 

3. Let us now turn to the question of the density 
of nucleons in the universe. At first glance, a de- 
termination of the mean density of mass in the 
universe also gives, to whatever accuracy the es- 
timate can be made, the mean density of nucleons, 
or more exactly, of baryons.* If the mass density 
of neutrinos is comparable with that of nucleons, 
then the mass density of nucleons is also less than 
the accepted value of ~ 10-2? g/cm’, which corre- 
sponds to a number density of nucleons of ~ 107° 
ern: 

We wish here to call attention to the possibility 
in principle that the number density of nucleons 
may be much larger than this value. In principle 
we can imagine a star which after gravitational 
collapse is in a state in which its gravitational 
mass defect AM is close to Mp, the sum of the 
rest masses of the nucleons making up the star. 
Then its mass will be much smaller than Mp, 


Viger M,—AM<XM) = Nm 
and the gravitational field produced by such a star 
*Allowing for the fact that a partial conversion of nu- 


cleons into strange particles is possible at ultrahigh densi- 
ties. 11] 


gives a decided underestimate of the number of 
nucleons in the star, M/my « N. 

The existence of a gravitational mass defect in 
the general theory of relativity is not open to doubt. 
For example, when a rarefied cloud of hydrogen 
atoms is converted into a dense neutron nucleus, 

a calculation by the classical Newtonian theory 

of gravitation shows that if the mass of the cloud 
is large enough the process is energetically favor- 
able; the release of gravitation energy exceeds the 
loss of energy in the conversion of hydrogen atoms 
into the heavier neutrons. Such a process must 
occur with the release of energy to the outside 
world in the form of light and neutrinos. There 

is no doubt that when this happens the total mass 
of the star decreases, in accordance with the en- 
ergy which it has given up. At the same time the 
rest mass of the particles composing the star has 
increased in the transition H—n. The decrease 
of the mass of the star (and of its gravitational 
field at large distances) is a direct result of the 
gravitational mass defect, that is, of the fact that 
the mass of a body is less than the sum of the 
parts composing it by an amount equal to the en- 
ergy of the gravitational interaction of the parts 
(divided by c?). 

Thus the existence of the gravitational mass 
defect is qualitatively obvious, and it can be cal- 
culated in an elementary way for weak gravita- 
tional fields. In order, however, for the mass 
defect to be nearly equal to the rest mass, the 
gravitational potential must be of the order of c?, 
and in this region we must use the exact equations 
of the general theory of relativity. It is also nec- 
essary to know the equation of state, i.e., the de- 
pendence of the pressure and energy on the den- 
sity of nucleons. At present the theory of such a 
state of a star has not been developed. There are 
only approximate estimates of the minimum num- 
ber of nucleons necessary for gravitational col- 
lapse to be possible; Landau and Lifshitz [12] give 
for the critical mass a value which is 0.76 times 
the mass of the sun. 

At present it is not known whether there is 
even one collapsed star in the universe. Neverthe- 
less, in order to estimate the mean density of nu- 
cleons in the universe it is necessary to give an 
upper limit on the number of collapsed stars which 
have dimmed out and lost their mass, but have 
kept their original numbers of nucleons (we take 
the point of view of the unlimited validity of the 
law of conservation of the number of nucleons, 
or, more exactly, of the baryon charge). We can 
make such an estimate if we assume that these 
stars have arisen by evolution from ordinary hot 
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stars—accumulations of hydrogen. Then the en- 
ergy that corresponds to the difference between 
the initial mass of the star (in a rarefied state) 
and its final mass (in the collapsed state) must 
have been removed from the star in some form 

or other. 

Since the during release of the main part of the 
energy the density of the star is extremely large, 
the main mechanism is probably the emission of 
neutrinos and antineutrinos (cf. £7!8-15]), Even 
independently of the concrete form in which it is 
released, however, the energy is not lost, and can 
be detected by its gravitational action. Thus we 
can use the estimate of the preceding section and 
draw the conclusion that the mean density in the 
universe of nucleons in collapsed stars cannot ex- 
ceed the known value of the density of ordinary 
nucleons by more than a factor of 10 to 20. 

To our earlier stipulations about the assump- 
tions on which our conclusions are based (iso- 
tropic model, and so on), we must add one more, 
namely, that the collapse did not occur too early; 
otherwise during the time from the collapse to the 
present the energy of the neutrinos could decrease 
through the adiabatic expansion of the neutrino gas 
in the expanding universe. If this were so, our es- 
timate of an upper limit on the number of nucleons 
in collapsed stars would have to be raised. 
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An electron-positron pair for which the square of the sum of the four-momenta is much 
larger than m4, consists either of a right-handed electron and a left-handed positron, or 
else of a left-handed electron and a right-handed positron; here the terms “‘left-handed’’ 
and “‘right-handed’’ refer to the longitudinal polarization of the particle. In the center- 
of-mass system of the pair the projection of the total spin of the pair on the direction of 
motion of one particle can have only two values, +1 and —1, but not 0. Processes in 
which this rule is violated have a probability which is smaller by a factor (meg/E)? as 


compared with the probability of ‘‘allowed’’ processes. 


tion of a particle with the wrong antiparticle, is 
just as impossible as the direct production of a 
yw*e” pair. Thus there is a correlation between 
the longitudinal polarizations of the two particles 
of a pair. 

Let us consider a pair in the coordinate system 
in which P=pg+pg=0. In this coordinate sys- 
tem the momenta of the electron and positron are 
antiparallel, and consequently the projections of 
the spins of the electron and positron on the direc- 
tion of motion, say of the electron, must be either 
+4 and +3 (right-handed electron and left-handed 
positron), or else —4 and —2 (left-handed elec- 
tron and right-handed positron). Since the projec- 
tion of the orbital angular momentum on this di- 
rection is zero, the projection of the total angular 
momentum j of the pair is +1. 

Let us consider the process 1* + 1 —y—e* 
+e. The projection of the angular momentum jy 
on the direction of motion of a 7 meson is zero. 
The projection of the angular momentum jg of the 
pair on the direction of motion of e is +1. Con- 
sequently, the direction of motion of the electron 
cannot coincide with the direction of motion of the 
meson. In fact, according to a formula derived by 
Akhiezer and Berestetskii,/*1 


For the proof of the statements made in the ab- 
stract, which apply to particles with energies many 
times the rest mass, we omit the term in the Dirac 
equation that contains the mass of the electron. It 
is well known that the Dirac equation then separates 
into two first-order equations for two two-compo- 
nent spinors. Physically this corresponds to the 
fact that for zero mass we can speak of right- 
handed and left-handed electrons as two independ- 
ent particles which do not get converted into each 
other. Furthermore each type of particle has its 
antiparticles: the antiparticles of right-handed 
electrons are left-handed positrons, and those of 
left-handed electrons are right-handed positrons. 
In a recent paper by Sannikov!1] these ideas have 
been used in a consistent way for the construction 
of the Green’s function and the scattering matrix 
and for the calculation of scattering and radiation 
emission of high-energy electrons. 

Still earlier, before the discovery of parity non- 
conservation and the two-component nature of the 
neutrino, the separation of the equation was used 
in the concrete problem of the scattering of fast 
electrons by a nucleus by Yennie, Ravenhall, and 
Wilson [2], they showed without calculation that the 
longitudinal polarization of the electron does not 
change sign in the scattering. 

Let us now examine the qualitative consequences 
of the separation of the equation for the effect of 
pair production. 

The production of a right-handed (left-handed ) 
electron is necessarily accompanied by the pro- 


do/dQ ~ 1 — (1 — m*/E*) cos? 6, 


and for m = 0 we have do/dQ=0 at 0=0. 

In the approximation m = 0 the decay ofa 7 
meson (j=0) into a pair e* +e is impossible. 
For m different from zero, Gell-Mann and Feyn- 


0 


oe 


duction of a left-handed (right-handed) positron. 
For m = 0 the production of a right-handed elec- 
tron and a right-handed positron, i.e., the produc- 


man!41 propose formulating the theory as a second- 
order equation for a two-component quantity. For 
the following argument, however, it is more conven- 
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ient to deal with two first-order equations for two 
types of particles, with the mass playing the part 
of an interaction constant which causes the con- 
version of one type into the other.(°] Then be- 
sides the order of a process in the constant e”/tic 
we can speak of its order in the constant m. For 
example, the decay 7’ —e* +e is forbidden in 
zeroth order in m, but occurs in first order in m. 
Therefore it is indeed so/®! that the probability of 
the process 7’ —e* +e-, taken as a fraction of 
the probability of the normal decay a ay, is 
not of the order (e?/fic)? = 1074, but of the order 
(e2/fic )? (me /m,)* = 1078. The situation in the 
decay 1 —e* +e” is the same as for the decays 
T™ —e* +v and t —e +p, where because of 
conservation of angular momentum the charged 
particles are produced with the ‘“‘incorrect’’ sign 
of the longitudinal polarization. 

Pair production in 0-0 transitions of nuclei is 
allowed for m = 0, since owing to the recoil of the 
nucleus the angular momentum of the pair as a 
whole compensates the intrinsic angular momentum 
of the pair. 


I take occasion to express my gratitude to A. V. 
Berkov, L. D. Landau, M. Ya. Ovchinnikova, L. B. 
Okun’, and I. Ya. Pomeranchuk for discussions. 
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An investigation of the process £* —p+e*+e° is of interest in connection with the search 
for neutral currents in weak interactions. According to the theory of universal charged cur- 
rents !11 this decay cannot be induced by weak interaction alone, but it can proceed under the 
influence of strong and electromagnetic interaction. The total decay probability and recoil- 
proton energy spectrum are computed by taking into account this circumstance. An expres- 
sion for the probability of the decay 2* —p+wp* +p is also obtained and the ratio of the 


two decay probabilities is estimated. 


ener cases of hyperon decay into a proton and 
a y quantum 


2 ia wy (1) 


were observed recently. 

Decays of this type, and particularly the struc- 
ture of the matrix element corresponding to the 
decay (1), were discussed by Behrends.!?] These 
decays are due to a combination of strong, weak, 
and electromagnetic interactions, which can be 
represented, for example, by the Feynman dia- 
gram of Fig. 1, where the weak, strong, and elec- 
tromagnetic interactions correspond to vertices 
a, b, and c respectively. However, since there 
is no theory of strong interactions at present, the 
process represented by this diagram cannot be 
calculated, decays such as (1) are examined phe- 
nomenologically, and diagrams such as this are 
replaced by a block A representing the totality 
of all the diagrams that contribute to the process 
under investigation (see Fig. 2). The general form 
of the matrix corresponding to the vertex (p2y) 
in the matrix element will be 


[* = (a, + ae¥s) 7 + (b, + bets) (72q TE qx) 
+ (Cy + C2¥s) 9"; (2) 


where y® are Feynman matrices, q is the four- 
momentum of the photon,* and a;,...,C,) are cer- 
tain functions of q?. In view of the gauge invari- 
ance we should have 


g%*q*upl uy = 0, 


*We use henceforth the matrices and symbols given in the 


book by Bogolyubov and Shirkov, [3] and also a system of 
units in which fi =c=1. 


FIG, 1 
thus bringing about a connection between a and c: 


ay = (1q° | (mz — Mp), Ay = Coq? | (my + mp). 
Since q? =0 and ge = 0 for a real photon (e is 
the photon polarization vector), the amplitude of 
the decay (1) 
G =o bal 5 

MM, = viet use 
depends only on b,; and bs, and the decay proba- 
bility is* 

ty = 2G? (b} + 65) AS a, (3) 


where G is the weak-interaction constant, A 

= (md - mp )/ 2my is the maximum photon energy, 
while my and Mp are respectively the masses of 
the &* hyperon and the proton. Thus, an investi- 
gation of this decay does not yield any information 
on the values of a and c. 


FIG, 2 


*As usual, we assume in first approximation that b, and 
b, are constants. 
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FIG. 3 


To obtain effects in which a and c play a role, 
it is necessary to consider the hitherto unobserved 
decay with internal conversion of a y quantum and 
production of an electron-positron pair 


ZY Pe ane (4) 
This decay corresponds to the diagram shown in 
Fig. 3 and to the matrix elements 


G aa na One 
Mare= yz pl Und ees, (5) 


and in this case the decay amplitude is already de- 
pendent on the values of a and c. An investigation 
of this process can thus yield some information on 


these constants. Standard calculations yield for the 


differential probability the following expression 
dy = In TE graghe M%? — (K2KS + KEK? 


—g*(K_K, + m®)} 6(—Kz + Kp 


4. K+ K,)dK,dK_ dK, / (2n)°K°K¢, (6) 
where m is the electron mass, Ky, K,, K_, and 
K, are the respective 4-momenta of the hyperon, 
proton, electron, and positron, and 


M** = Sp {(Kp + mp) I? (Kz + mz) T°} /4K2Kp 


(we average over the variables of the &* hyperon 
and sum over the variables of the electron and 
positron ). 

In the integration with respect to dK_dK, we 
change to new variables {41 


G = Kise; r=K_—K,. 
We thus obtain 


\ (K2KS + K®K% — 8 (K_K, + m?)) SS 


= + \ (q7q® — rer® — gq?) d (q? + 1? — 4m?) 6 (qr) dqdr. 


The integral with respect to dr has the following 
tensor structure 


| (a2g8 — rar8 — g28q?) 8 (q +r — 4m?) 6 (qr) dr 

= Ag? + Bqrq®, 
where A and B are certain functions of q?. To 
determine these functions we multiply both halves 
of this identity first by g®P and then by g@bg%qP, 
obtaining after a summing over the double index 
the following two equations 


\(- r — 3q?) 6 (q? + r? — 4m?) (qr) dr = 4A + BQ’, 
0 = Aq? + Bq. 


The integral in the left half of the first equation 
we calculate in a system in which q = 0, and upon 
changing to the invariant form we obtain 


Ae pgs para tint yf t= 2D (7) 


We a have from (6) and (7) 


q?— 4m? 1 
cha = ye GP? (g? + 2mi) YS 


x grxghaM® (— g2® + qxq®q-*)6(—Kz + Kp + 9) dqdK,. 
(8) 
After summing over the double index and elimi- 
nating the 6 function, using the conservation law 
my — Mp =q, we make the following substitution 
in (8): 


Ag l 
ee tn fit Kp] = —40| (a) +28 (at “|e gaa 


oe 2my, Js, My, 
| (9) 


where A=my- Mp, and the factor 47 is chides 
by integration over the angles. 

To obtain an expression for the total probability 
we integrate (8) with respect to dq from qmin = 2m 
tO max = A. In the limiting case of small values 
of A/m> (in our case ~ Y.) we obtain, accurate 
to terms proportional to A?/me inclusive, 


ieee one Cee 
i? SAG i) - FO) [1 -F ae 
Bie pats Pe 


~ $5 (nt 2) 5 (nd — Be) 


m m 8 m?, m 105 
RPA pra ney py ae sa hs) 
40\"* 4m, (4 — A/2my)” 2 my 56 m2, 


LF (amma 1 RIN Ly PR 
+7 (oe Pca oe. 5 my al 


4 
cy 
4 Abse 2 
= (bicep ar ain Peer ogee malt 
(10) 
From (3) and (10) we can find the internal-conver- 
sion coefficient 


p=w(Lt>p+et+e)/w(t*>p+7). 


To estimate the order of magnitude of p we limit 
ourselves in ay to the first term, and get 
DAW See +4 

= (In n= — 5)=q50- (11) 
Deviations from this value can be due to correc- 
tions for the structure of the matrix element and 
for the dependence of the form factors on q?. Thus, 
for example, if we take into account the second 
term in (10), which is proportional to b? — b, we 
obtain for the variation of p the following estimate 


ONG2 0 e-syptet vet) eT 


2a 2A 20 2A 


To estimate the influence of the dependence of the 


ee ee 


form factors on q? we put, for example, 


0 (q?) = (1 — +4"), 


where r=m,/2 ~ 1/A is the interaction radius 


(m, is the pion mass). We then obtain 


w= : G*e? = (bo. ++ 062) (1n 20 ~ a): 
From this we conclude that this influence is small. 

We note that expression (11) is in the nature of 
thei transverse part of the conversion coefficient, 
since the longitudinal part due to the term q&qh/q? 
in (8) is independent of (bj +b3) and (bj — b3) 
(see [5]), 

Let us consider also the recoil-proton momen- 
tum distribution obtained from (6) after integrat- 
ing over the electron and positron momenta. Neg- 
lecting in this expression terms that result in a 
small correction, we obtain 


dw =C’V — @ Vg — 4m Gada. 


The factor C’ depends here on the form factors. 
From the conservation law we obtain (accurate 


to A/m>) 
Go — GK, A? — Ki —4m?(A? —K3)” “d| Kp]. 


Let us put x? = Ki, /X? and a =2m/A. Then 
ao Cy (x) dx, 


Pee) dag x(t — x?) O< Yr <1 — a? 


f(x) has a sharp maximum at Xx = (2-2a”)/ 
(2 +a”), and f(Xmax) ~ 2(A/2m)? (see Fig. 4). 
This means that the decays occur for the most 
part with formation of ‘‘narrow’’ pairs, wherein 
the proton acquires a maximum momentum. 

From (8) and (9) we can obtain, under the same 
assumptions with respect to the structure of the 
matrix element, an expression for the total decay 
probability 


Di>p+p +p. (12) 


ANDO tie p + be Pap 
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FIG. 4 


Recognizing that the muon mass is large (com- 
pared with the electron mass), we can modify 
slightly the method of integrating with respect 

to dK, in (8) and confine ourselves to terms pro- 
portional to (b? +b?) and (b? — b2). We then ob- 
tain, with accuracy to mi, /\? =~ 0.17 inclusive, 


saipsebioen lat AP gb ned Sega he Wane aman 
w= 3 Ge! + {i+ (F33 — 4) 
2 
SU ap 2 4 m 
— 2h (4, 
where m,, is the muon mass. For the ratio of the 


probabilities of decays (4) and (12) we obtain the 
estimate 


w(St>pf+et+e) _ 
w(2* > p+ pt + pm) 


In (2A/m) — *8/12 
It (13m /8A2 — 145) /2 


AB NCSD 
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The experimental distributions of the transverse momenta of 7 mesons and strange particles 
are analyzed on the basis of various theoretical models. According to the quasi-unidimen- 
sional hydrodynamic theory, 7 mesons and strange particles should be emitted at the same 
temperature kT = m 7c’, whereas according to the field theory the radius of the region of 
m-meson production should be approximately twice the size of the region of hyperon and 


K-meson emission. 


Max Y recently published papers are devoted to 
an interpretation of the distribution of the trans- 
verse momenta of shower particles from the point 
of view of various theoretical representations.(1-3] 
From an analysis of these papers it follows that 
apparently the distribution of p; is not very sensi- 
tive to the type of interaction responsible for mul- 
tiple generation. Nonetheless, information on the 
Pp, spectra can prove to be quite useful, for through 
the use of certain theoretical concepts one can ob- 
tain, with good accuracy, the values of certain phys- 
ical parameters of interest to the theory under con- 
sideration from the distribution of the transverse 
momenta. We shall attempt to analyze the spectra 
of the transverse momenta of pions and strange 
particles from the point of view of two interaction 
models, which in a certain sense are contrary. 

1. Let us assume that the process of multiple 
generation of particles is described by a quasi- 
unidimensional variant! of the hydrodynamic 
theory. In this case, owing to the absence of hy- 
drodynamic liquid flow in the transverse direction, 
the p,; distribution will have the form 


aN, py 4p, aay Lee 
Ny —~ “(me AT as Le 
ee) 2 
St) Ft)" (0 Se V Ome + 1) 


n=0 


x (1) 
(F 1)"—1 Ke (nme?/kT)/n 


and will be characterized by a mean-square value 


Dd. 1) 7K: (ameter 
kT n=0 
mc® © 

DY) (1) Ke (nme®/kT)/n 


n=1 


<p> =2 (2) 


where T is the dispersal temperature of the sys- 
tem, m is the mass of the investigated particle, 
K,(x), K,(x), and K3(x) are Bessel functions of 
imaginary argument, and the + signs correspond 
to Bose and Fermi particles. 

Comparing the spectrum [1] at different values 
of the dispersal temperature with the experimen- 
tal distribution of p, for pions!*45] and for a 
mixture of A’, 6°, and =* particles [6] (Figs. la 
and b) we readily see that the hydrodynamic the- 
ory describes satisfactorily both spectra at a 
temperature kT on the order of the pion rest 
mass. 


4N AN 
N N 
Q3 0 


G2rh 


O22 6.8 TOME NG Ib 18 20 


SS = 
GAZ EG CMO SERENE. 
Dp, 10% ev/c 


p,, 10% ev/c 


FIG. 1. a — p; distribution of pions registered in penetrat- 
ing cosmic-ray showers with the aid of magnetic cloud cham- 
bers. [2495] Curves 1 and 2 correspond to kT/mygc? = 1 and 1.5. 
b — p, distribution of mixture of strange particles registered 
in penetrating cosmic-ray showers with the aid of a magnetic 
cloud chamber. |*] Curves 1, 2, and 3 correspond to kT/mgc? 
= 0.5, 1, and 1,5. N — number of particles included in the 
histogram. 
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FIG, 2. Curve 1 — dependence of <pj>”/me on kT/mc?. 
Curve 2 — dependence of <pj># on kT/mgc’ for the mixture 
of A°, 6°, and %* observed in[*] The transverse momenta are 
in units of 10° ev/c. 


We can determine the dispersal temperature 
numerically by using the mean-square momenta 
p, of pions and strange particles with the aid of 
the curves shown in Fig. 2. Curve 1 corresponds 
to the dependence of (pi) 12, on kT for bosons of 
arbitrary mass, since both variables are plotted 
on this curve in mass units. At temperatures kT 
several times smaller than the nucleon mass, the 
curve can also be applied to baryons. Curve 2 
represents the same dependence of (p? )'/ on kT 
for the mixture of strange particles observed in 
[6] (46% AW, 32% 0°, and 23% =*). In Fig. 2 the 
value of (p7)'” is in units of 10° ev/c, and kT is 
given in pion masses. 

The mean-squared momentum p; corresponding 
to the histogram 1a has a value 

<p" = (3.86 Fins .108 ev/c, 
Assuming that all the particles included in the 
distribution are pions, we obtain from curve 1 of 
Fig. 2 a critical temperature 


—0.01 


An analogous estimate can be made also for the 
dispersal temperature of strange particles, using 
curve 2 of Fig. 2 and the experimental value of 
(pi yi? corresponding to the histogram 1b: 


mp2 (0,96 75.) mac 


<piiy's = (6.56 iret 108 ev/c, 


which leads to 


kT = (iu a ier: 
We see thus that the p, distribution gives a suffi- 
ciently accurate value of the dispersal temperature 
of pions and strange particles, provided that the 
hydrodynamic theory fits the process of multiple 
generation of particles at high energies. 
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FIG. 3. a — p; distribution of pions. The curve corre- 
sponds to an exponential distribution of source density with 
<r?>”% = 0.8 x 10773 em. b — Pp; distribution of a mixture of 
strange particles. Curves 1 and 2 correspond to an exponen- 
tial distribution of the source density with <1?>”% = 0.8 
x 107** cm and <1?>“% = 0.4 x 107" cm respectively. 


2. In the Heisenberg theory,!"] however, (pj) 
determines the transverse dimension of the region © 
where particles are generated, in accordance with 
the uncertainty principle 


Ci AD CER: 


The values which we have used for the mean 
squares of the pion and strange-particle momenta 
lead to a certain structural representation of the 
region in which the radius of the volume from 
which pions are emitted is 


<r.) > 0.52: 1071 cm, 
and the radius for strange particles is 


<r°.>” > 0,30-1073 em. 


Neglecting the interaction of the emitted par- 
ticles (which makes the following analysis essen- 
tially contradict the hydrodynamic analysis), we 
can relate not only (p43 2 but the entire distribu- 
tion of the transverse momenta with the structural 
generation region* by assuming a) that there exists 
a certain coordinate system in which the momen- 
tum particle spectrum | (p) |? is independent of 
the angle of emission and b) that the connection 
between the momentum spectrum in this coordi- 
nate system and the probability density | p(r) |? 
of observing a particle at a distance r from the 
center of the region is given by the Fourier inte- 
gral 


9 (p) =\p (r) era. (3) 


*A similar attempt is cited by Nagai and Ito. 
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By specifying the form of the function |p(r) |? 
and integrating the resultant function g(p) with 
respect to the longitudinal momentum pj) we can 
obtain the distribution over p,; and compare it 
with the experimental histogram. It turns out that 
for many functions by suitable choice of the param- 
eters (in particular, (r})!”) we can reconcile the 
resultant p, spectra with those experimentally ob- 
served. Agreeing best with the distribution of the 
transverse pion momenta is a probability density 
that decreases exponentially with the distance 


|p (r) |? = exp [— (12/<r?y)4r] 
with a parameter 
Soot 


It is interesting to note that the function (4) with 
the same value of (r’ yi describes best of all the 
electromagnetic structure of protons investigated 
by scattering electrons with energies up to 550 
Mey.l?1 

If it is assumed that the function |p(r)|? has 
the same form for strange particles, the corre- 
sponding mean-squared radius has approximately 
half the value, about 0.4 x 10° 8% cm 

The foregoing is illustrated in Figs. 3a and b, 
on which the p, distribution corresponding to an 
exponential density is compared with the histogram 
of the transverse momenta of pions and strange 
particles. 

3. The foregoing analysis of the p, distribu- 
tions leads to the following conclusions: 

a) No preference can be given to any of the 
multiple-generation theories on the basis of the 
distribution of the transverse momenta of pions 
and strange particles. 

b) From the point of view of the quasi-unidimen- 
sional hydrodynamic constant, the p, spectra of 
pions and strange particles show that the system 
breaks up at a temperature kT = m,c?. 

c) If the field-theoretical description of the 
process of multiple generation is correct, it must 


(4) 


= 0.8-10°% em. 


N. N. ROINISHVILI 


be assumed that the region for the emission of 
strange particles has approximately half the radius 
as that for the generation of pions. 

d) Finally, if it is assumed that the amplitudes 
of the momentum spectrum of the generated par- 
ticles and of the spatial distribution of the source 
can be related by a Fourier integral, then the p,; 
spectrum of the pions is in best agreement with 
an epee distribution of the source density, 
with (r?)!? = 0.8 x 107% cm 

The author takes this pleasant opportunity to 
thank Prof. E. L. Andronikashvili and E. L. Fein- 
berg, and also S. G. Matinyan, E. V. Gedalin, and 
V. N. Roinishvili for valuable advice in the discus- 
sion of the results. 
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An explicit form of the dispersion representations in energy and momentum transfer for 
the simplest square diagram with non-decaying masses is derived. 


iis analytic properties of the simplest square 
diagram (four-branch vertex) have been investi- 
gated by many authors.{!] The aim of the present 
paper is to determine the explicit form of the dis- 
persion representations in the energy s and the 
square of the momentum transfer t in the center- 
of-mass system for the simplest square diagram 
with arbitrary external mass values consistent 
with the stability condition. 

If the external masses are sufficiently small, 
one can write the amplitude under consideration 
as a dispersion integral of the imaginary part, 
which can be determined with the help of the uni- 
tarity condition. As the masses of the external 
particles are increased, anomalous terms appear 
in the dispersion representation; these are due to 
the anomalous thresholds or to the presence of 
complex singularities in the amplitude. These 
terms can be determined by analytic continuation 
with respect to the masses appearing in the dis- 
persion relations. The method of analytic contin- 
uation with respect to the masses, as proposed by 
Mandelstam,!?! has been used earlier in the in- 
vestigation of the anomalies of the square diagram 
with different masses.!?] 

In the first section of this paper we shall con- 
sider the singularities of the imaginary part of the 
amplitude, which must be known for the analytic 
continuation with respect to the masses in the dis- 
persion relations. In Sec. 2 we shall carry out the 
analytic continuation of the dispersion integral over 
s with respect to one of the masses with the condi- 
tion t < 0. In Sec. 3 we shall obtain dispersion rep- 
resentations which are valid for arbitrary values 
of t by analytic continuation with respect to t. We 
shall see that the amplitude has a complex singu- 
larity in s for certain nonphysical values of t. It 
is interesting to note that this singularity lies in 
the lower half-plane of s. Thus the amplitude is 
an analytic function of s in the upper half-plane 
for arbitrary mass values and for arbitrary real 
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t. This result remains valid when the external 
masses do not satisfy the stability condition, as 
will be shown in a subsequent paper. 

In Sec. 4 we carry out the analytic continuation 
with respect to the masses of the other particles. 
In this way we obtain a dispersion representation 
in s for arbitrary external mass values satisfy- 
ing the stability condition. It follows from the 
formulas of the present paper that the anomalous 
term can in all cases be written as an integral of 
a function which is formally identical with the 
Mandelstam function Aj.(s, t) £4 The dispersion 
representation in t can obviously be obtained from 
the representation in s by making the replacement 
s +t and relabeling the masses. 


1. FORMULATION OF THE PROBLEM. POSITION 
OF THE SINGULARITIES OF THE IMAGINARY 
PART OF THE AMPLITUDE 


Let us consider the anomalous singularities of 
the diagram shown in Fig. 1. Let pj. = poy, Pos 
= P30, P34 = Paz, Pig = Pay be the four-momenta of 
the particles involved in the reaction, and let m3, 
m§, m3, and m3 be the squares of the masses of 
the virtual particles. The amplitude correspond- 
ing to the diagram of Fig. 1 can be written in the 
form 


jot 
cs A (Mir), 


"32 (21)39 (2p°, -2p95-2p9,-2p?,) mymymgmy 


(1) 


where g is the coupling constant and the yj, are 
given by* 


*The notation is the same as in (5), 
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ik = Pei = (m? + mi — pix)/2mzmp, 


with 


Dis = Din = (P12 + Pos)” = S; Poa = Piz = (Pi2 + Pu)? = t. 


It follows from the definition of pj, that in the 
physical region of the reaction (p42, Po3) — (P34, P14) 


ig Ny Poa > |. 


The function A (yj,) is an analytic function of 
each of its arguments if the other arguments are 
fixed. It is known that for sufficiently small in- 
ternal masses, the function A(yj,) (with po, > 1) 
can be written as a dispersion integral over 143: 


A (ua) == | (2) 


where A; = Im A (yj) is determined from the 
unitarity condition. After rather involved calcu- 
lations one finds that 


A, = K~* In (Ex/Ea), &s =V—VR, fs =V+V RK’, (3) 
where K’ = (yu, — 1)K, and V and K have the form 


V = bog (Wis — 1) —}us (Myelsa + osbi4) + Hesbga + ane 
| 4 


Piz Bis Pus 
Miz 1 [lez Poa 
35 His [es 4 [sa (5) 
Via Poe Usa 1 


We assume in formula (3) that arg ¢, =arg & =0 
and VK > 0 inthe physical region. 

The function A (y;,) in formula (1) is the limit 
of the analytic function (2) obtained by letting p45 
approach the real axis from the lower half-plane. 

In order to obtain for A (yj) a dispersion re- 
lation which is valid for large external masses, 
we must continue formula (2) analytically with re- 
spect to the masses. For this purpose we must 
investigate the positions of the singularities of 
A, in the variable p;3 as functions of the external 
masses. The singular points of A, are evidently 
determined by the equations 


(6) 
(7) 
(8) 
It is easily verified that (6) and (7) imply 

(9) 
(10) 


r (ie, Bos, Pus) = 0, 
A (sar iar His) = 9, 


where 


A(x, B, 7) = a? + B? + 7? — 2a8y — 1. (11) 
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Equations (8) — (10) are the same as those obtained 
by applying the Landau method [6] for the determi- 
nation of the singular points to the diagram under 
consideration. 

The solution of (9) and (10) can be written in 
the form 


A* (Miz, Hes) = Probes Es Va r= U2) (Va Ves), 
A* (Usa ia) = Pyabga Be Va a Wis) (Vo 134): 


If the absolute values of fy9, Mo3, Mig, and pg, are 
smaller than unity, then 


(12) 


(13) 


A* (Lie Ls3) = COS (91. + 953), (14) 
me (Mia, ga) = COS (O14 + O34), (15) 

where 
O;2 = ac COS pip, 0O< Ox Ka. (16) 


We shall denote the four roots of (9) and (10) 
also by the symbols Aj(443) (i = 1,2,3,4), num- 
bering them in the order of increasing values: 


Ay (His) << As (is) < As (Mis) < Ag (is). 
The solution of (8) has the form 


fis = (No. — Dis {@ (Wea, Pia, Hos, Lia, U3) 


[A (Hie, Hiss Moa) & (Mess Bsas Hea)] *D- (17) 
Solving (8) with respect to po4,, we have 
Hoa = (His — 1)" (@ (Has, Mes, Pay Pas Hsa) 
“E [A (Hie, Hoss Bas) A (Hsa, Haas Pas) ]")- (18) 
Here 
o (2, B, 7, 5, v) = «(By + dv) — (Bv + 76). (19) 


The functions Lig and Use will also be denoted by 
0 i(pMeq) and Oj(443), where i=1,2 and 


[71 (Mes) < Le (Mea), Ti (Vis) << Cie (Hs). 


It is seen from (17) and (18) that the curves (8) lie 
in the dashed regions of the (43, Ho4) plane (see 
Fig. 2). For brevity, curves lying in the regions 
I,..., V will in the following be called curves 
I,..., V, respectively. 

The curves I—IV have as asymptotes the 
straight lines pyz3=+41, ugg=+1. These curves ei- 
ther lie entirely inside the region between the asym- 
ptotes or touch the straight lines Aj(143), Ag(p43), 
Ai(Ho4), Ag( Mog), Where Aj(g4) are the roots of 
the equations 


d (Lio, Vis, og) = 0, \ (Hos, Usa Wo4) = (Oy (20) 


i.e., 


Bos = A* (Mis, Mia), Pos = A (Wis, 3a), 
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numbered in the order of increasing values. 
It can be shown that curve I touches the straight 
line Aj(y43) if the condition 


(Mie + Hes) (Maa + sa) > 0 (21) 
is fulfilled. If the inequality sign is reversed, 
curve II touches the straight line A,(,43). 

If 
(Mie + Pra) (Hes + Bsa) > 0, (22) 


curve III touches the straight line A,(f.4), whereas 
curve II touches the straight line Aj,(p»,) if the in- 
equality sign in (22) is reversed. The position of 
the curves I—III under the conditions (21) and 
(22) is shown in Fig. 2 (solid lines). Figure 2 
also shows the position of these curves when the 
conditions (21) and (22) are reversed (dotted lines). 
It is easily seen that part of curve I can lie in 
the physical region for certain values of the masses. 
But this part of the curve is actually not singular 
for Ay. 
As will become clear in the following, formula 
(2) is valid if 


U2 + Hes > 0, (23) 


Mia + Usa > 0, 
i.e., if 
B12 + O03 <0, Oya + O54 <0. 


Condition (23) implies the inequality (21). The 
positions of the curves I and II for this case are 
indicated by solid lines in Fig. 2. 


2. ANALYTIC CONTINUATION WITH RESPECT 
TO Mio AND Ko3 FOR Moa > 1 


Let us now turn to the analytic continuation of 
formula (2) with respect to py, in the region po, 
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i . 4 “Un f34) D2 (f£24) 
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> 1. A dispersion relation for A (yj) for other 
values of p4 can be obtained by analytic continu- 
ation with respect to [o4. 

In order to carry out the analytic continuation 
with respect to p42, we assume that py. has an 
infinitesimal imaginary part —i6. To be definite, 
we assume that 6>0. The case 6 < 0 is treated 
analogously. It can be shown that, for 6 > 0, the 
point A” (p42, He3) moves into the upper half-plane 
of 443, whereas A* (49, Me3) moves into the lower 
half-plane. If the mass p?, is sufficiently small, 
the point 0; (/424) lies in the lower half-plane, 
and the point O.(fp4), in the upper half-plane. 
The positions of the singular points in the complex 
443 Plane and the cuts leading away from them are 
shown in Fig. 3 for the case where the masses are 
sufficiently small, i.e., condition (23) is fulfilled. 

The cuts.coming from the singular points must 
be chosen in such a way that VK is positive in 
the region py3 < (—1, 14(Heq)) and arg é, =arg é, 
= 0. 

As pi, increases, i.e., as Mig decreases, the 
point A” (p42, M23) remains in the upper half-plane 
until 444. reaches the value 


(24) 


Lio = — M23, 


i.e., 949 + 93 = 7. 

For small py, < — p23 the sign of the inequality 
(21) is reversed. The positions of the curves I 
and II for this case are indicated in Fig. 2 by 
dotted lines. 

If w49 => 1935 A” (Lys a3) hits the half-axis 
M43 < —1 in the point 


A™ (— pes, Bes) = — 1 — ad?, 


where a is some positive number. As py de- 
creases further, the point A™ (p49, Uy3) moves 
into the lower half-plane. The point 0,(pHp,) 
moves into the upper half-plane for a certain 
M12 > — M23, Without touching the half-axis p43 < —1. 
The points A* (py, He3) and Ooe(M4) are of no in- 
terest, since they are always far removed from 
the half-axis p43 < —1. 

In order to prevent the point A” (p42, He3) from 
touching the contour of integration during these 
operations, we must deform this contour in the 
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way shown in Fig. 4. The integral along this con- 
tour will be an analytic function of py. and is iden- 
tical with the integral (2) for p42 < —p23. Thus the 
integral along the contour shown in Fig. 4 repre- 
sents an analytic continuation of formula (2) into 
the region [yy < — Hg. 

The integral along the contour C shown in 
Fig. 4 gives an anomalous addition to formula (2). 
This term can be reduced to an integral of the dis- 
continuity of A, along the segment (-—1, A (yp, 
Uo3)) of the cut coming from the point A” (jy, M23). 
Let us consider, for example, the case where 


A” (Uy2, Hos) = Ay (H43)- 


In the region —1 < py3 < Ay(43) we have 


Va kK) (25) 
VK' <0, (26) 
Vere? 0; (27) 


the inequality (25) follows from (6) and (7), and (26) 
is obvious from Fig. 4. In order to prove (27), we 
note that the quantity V does not vanish for py. 
+ Hy3 < 0 in the region py, >1, —1 < pyg < Ay(uy3), 
and V-—--—© for [ya,— ©, as is seen from for- 
mula (4). 

It follows from (25) — (27) that A™( p42, fe3) is 
a singular point for In ;, and &,< 0 on the cut. 
On the other hand, dé,/dy43 > 0 in the point p43 
= A;(u43), since 


41 — 1 4 (E12) | 
duys ee ae 2) p13 lus =A, 
| d \ 7\, | 
SEP duis [A (Mis pos, His) (Mia, Usa, W453) | Wao =Ay 
‘A A ; q t 
— A(ba i Lis) a Mies Boss las) igs 0. (28) 


Hence Im é, > 0 near the point Aj(u43) if 43 is 

in the upper half-plane, and Im é,< 0 if py3 is in 
the lower half-plane. In other words, arg §,;=7 
on the upper branch of the branch cut and arg ¢, 

= -—7m on the lower branch. The anomalous term 

Aan(Mik) is therefore equal to 


TAR Goo cA ae» Sagas 
a eg 7 Be VK (43 — Has) « 
VK =i\VK\. (29) 


Formula (29) is evidently also valid in the case 
when the point A’ (42, M23) is not the one with the 
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lowest value of all the Aj(y43), since the function 
in (29) is analytic in py. For the same reason 
formula (29) maintains its form also when one 
continues with respect to f23. Hence formula (29) 
describes the anomalous term in the region [o,4 
>1 for 


B19 + Gog > 1, O14 + O54 << 0 (30) 


It is seen from (29) that the anomalous addition 
to formula (2) is expressed in the form of an inte- 
gral of a function which is formally identical with 
the Mandelstam function Aj, which in our case is 
equal to 


Ayo (pix) = 200/| VK | (31) 


(see the following section). 


8. ANALYTIC CONTINUATION INTO THE REGION 
Hog <1 


Let us now establish a dispersion representation 
for A(uik) in the region py, <1. Here we must 
distinguish between two cases: 


1) 842 + Bo + O14 + O54 < 20, 
2) 845 + 853 + O14 + O34 > 2m. 


In the first case Mandelstam’s double represen- 
tation is valid, as will be shown below. We shall 
call this case the normal case. In the second 
(anomalous) case there does not exist a double 
representation, since the function A (yj,) has 
complex singularities. 

1) Let us consider the analytic continuation in 
the normal case. If condition (32) is satisfied, we 
have, according to (14) and (15), 


(32) 
(33) 


AX (Ue, Pes) = Ay (p13). 


The expression under the integral sign in formula 
(29) for Agn(Hik), regarded as a function of py,, 
has the singular points 0,(m43) and Oo(p43), 
which lie on the curve II. We must draw the cut 
between these points in such a way that VK 
=i|VK| for poy > Oo(u43). Then formula (29) 
can be written as a double dispersion integral 

20 , , ees , 

FEV Aig Ay / (VK (ig — Bas) (Hy, — Has] (84) 
in the region bounded by the curve II and the 
straight line p43 = —1. 

The analytic continuation of the dispersion in- 
tegral (2) in its general form has been carried out 
by Mandelstam. He obtains the double integral (34) 
in the region po, < O4(My3), Mig < —1. The sum of 
this integral and the double integral for Agy gives 
the double integral (34) in the region bounded by 


ee 


= ~ 
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the curve II. The double Mandelstam representa- 
tion is therefore valid if condition (32) is satisfied. 
This result has been obtained earlier [1] 

For real pik in the region py, < 1 we shall in- 
terpret the function A (jj) as the limit 


A (Ui3 — 10, Por — id), 86—>-+0. (35) 


With this definition, the function A (Hik) is the 
scattering amplitude for the process 


(P12, Pis) > (Pos, Psa) 


in the region p43 >1, by < —1. 

We shall show now that under ae (32) son 
points Eh the Ne II for which p43 < We Mog < jae 
where us and p§, are the tangent points of the 
curve II and the straight lines Aj(fip4) and Aj(p43), 
are not singular points of the function A (j4;.) as 
defined by (35). For this purpose we write (2) in 


the form 
—1L , 
4 1 —£& 44, 

ae =i] 7 

A (u,,) 7 Me pists = Hig — Mas 
Ld Qi 5 dws (3 6) 

Rid VK (ys — Has) 

where 


VK>0 for poa< Ch (ts), 


VK =i| VK | for Mea >L)h (tis); 
arg (— §)) = arg(— &) = 0, if pea < Uh (is). 


Curve II is not a singular curve for the first 
term on the right-hand side of (36). The second 
term is an integral along the upper branch of the 
cut coming from the point 0,(24) and along the 
lower branch of the cut coming from the point 
Oe (Meg) (see Fig. 5). 

If the function A (pj) is defined according to 
(35) for real pj, we can move the contour of in- 
tegration into the upper half-plane in such a way 
that it does not go through the point 04(f4), i-e., 
this point is actually not singular. It will become 
clear in the following that this result holds true 
also in the presence of anomalies. 

The point O.(j24) is a singular point of the 
second term on the right-hand side of @) if 
De(to4) <—1, and of Aan(Hik) if Hye > He 
Oo(uo4) >-1. Therefore the point D2 ( tra) is 
a pewlar point of A(pj,) for po, > ps4. For 
boa < Oy the point 0,(pu.4) > —1 is nota singular 
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point of A(wik) if A(ywik) is defined according to 
(35), as can easily be verified. 

Thus only those points of curve II are singular 
points wt A (ui) which satisfy the conditions 
Hig > Migs Mea > Hoa 

2) Let us now consider the anomalous case. 
The analytic continuation of formula (29) for 
Aan(Hik) will be carried out in three steps: first 
into the region Aj(jy4) < Me, < 1, then into the re- 
gion —1 < pfy4 < Aj(o4), and finally into the region 
Hoa < —1. 

We first consider the analytic continuation into 
the region 


Ay (Ua) << Hoa <1. 


Here two cases can occur: 


a) Oratete Basia Bhai Baal (37) 
b) 919 + 953 > 2% — | O44 — O54 !. (38) 
It follows from (14) and (15) that in the first 
case 
AY (Hiss Mes) = Ae (His), (39) 
whereas in the second case 
AY (tia) Hes) = Ag (p43). (40) 


a) Let us consider the first case. As long as 
Ho4 > Ho4, Where [gq is the tangent point of the 
straight line A,(43) and the curve V (see Fig. 2), 
formula (29) evidently represents a function which 
is analytic in 44. with the condition that VK 
=i|VK |. The singular points of VK in the py, 
plane and the cuts leading away from these points 
are shown in Fig. 6. 

For the analytic continuation into the region 
Hoa < Hg, we shall assume that 


os = U4 = id. (41) 


If 6 > 0 in (41), it can be easily shown that for po, 
> fy, the point 0;(24) lies in the lower and the 
point O(ue4) in the upper half-plane of p43. For 
Hoa = Mog the point 0;,(4.4) crosses the segment 
(—1, Ay(y43)) and moves then into the upper half- 


plane, taking the contour along (Fig. 7). For pg, 
b, Dy (4274) 
2 ee Dz (424) 
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< fig4, the integration must therefore be carried 
out along the contour shown in Fig. 7. 

The same thing happens if 6 < 0 in (41), only 
that now the point 0;(f.4) moves from the upper 
into the lower half-plane (Fig. 8). 

As long aS py, > Ao(Ho4), the contours C, and 
C, shown in Figs. 7 and 8 lie on the real axis and 
the integrals along them coincide. The point po, 
is therefore not a singular point of A (yj;). 

The anomalous term in the region Ao(po4) < Mog 
< 1 has the form 


AW (p12, 223) i 
Eh Ia 
vs we VK en) 
Olt (p24) ¥ 
4Ki dis : 
TSS seas § (oa i Uoq) 7a (42) 
i sass Pen) VK (Hyg — bas) 


where VK =i|VK |, and 6(x) =1 for x >0 and 
Bo xcpiesi0y for x. 0: 

For Aj(bo4) < He < Ag(Ho4) the contours C, and 
C, move into the complex plane and the integrals 
along them will no longer coincide. The point 
Ao(fg4) is therefore a singular point for A (yj);). 
It follows from (41), (14), and (15) that 


As (oa) = max [A~ (Wis, P44), Le (Les, U3a)]. 


We note that the singular point with respect to p43 
for Ay( M4) < Mog < Ao(My4) is situated in the upper 
half-plane of p43, if A(pj,.) is defined according 
to (35). Thus the amplitude is an analytic function 
of s in the upper half-plane. 

b) Let us now assume that condition (40) is sat- 
isfied. In this case the singular points 01;(,)4) and 
Co(Mgq) fall on the segment (—1, A ({y9, My3)) im- 
mediately after passing the point 


Ag (Mea) = max [AX (yo, faa), AW (Wes, Pga)]- 


Considerations completely analogous to those in 
case a) show that the point A3(y4) is a singular 
point for A (yj, ), and after passing the point fio,, 
where jig, is the tangent point of the curve V and 
the straight line A (43), the contour of integra- 
tion is deformed, just as in case a). The anoma- 
lous term in the region A»(p4) < ly, < 1 has the 
form 


A> (pra, P29) , 
20 dys 


Boe ee VK Wa a) 


fee atias (43) 


where VK is defined in the following way: 
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For po4 > Hoa 
VK=i | VK |,if y,, is outside the interval (7, (oq), Le (Maa); 
(44) 


C1, (Yes) < Pas SOL ([1o4) andin (41) 6 > 0; 
(45) 


VK QO, if y,, is inside the interval (LC, (Wea), pip (Hoa) 


VK>O0, if 


and in (41) ° 20, (46) 
When po, < Hg, Wwe have 
VK sil|VK\ for. tis< 0, (uae) (47) 
VK=—ilVK| for ui3 > UL] (Mea) (48) 
and when 
CI, (ea) < bis < Cb (Hea) 


VK is defined by (45) and (46). Here it turns out 
that only those points of the curve V are singulari- 
ties of the function A (yj), defined according to 
(35), which satisfy the condition 43 > 143, Mes > Hoa 
where [43 and fj, are the tangent points of the 
curve V and the straight lines A3(pp4) and Ao( p43). 

As in the case considered above, A (jj,) has a 
complex singularity in the upper half-plane as a 
function of p43, if Ay(bMe,) < Mog < Ap (fa4). How- 
ever, the point 


Ao (og) = Min [A (Uys, Ura), AT (fog, Mga) 


is not a singular point of A(yj,) in this case. The 
anomalous term is in this region equal to the sum 
of the integral (29) and an integral along the con- 
tours C, or C,, which are shown in Figs. 7 and 8. 

Let us now consider the analytic continuation 
into the region —1 < Mo, < Ay(fy4). 

a) Let us assume that condition (22) is fulfilled. 
In this case the curve III touches the straight line 
A; (fy4). After passing the point Aj(p.,) the con- 
tours of integration therefore assume the position 
shown in Fig. 9 for the case 6 > 0 in (41) and in 
Fig. 10 for the case 6 < 0. The anomalous term 
has the form 


a eee ae 
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— =m 194 ie tee ae 
A> (425 p28) VK (Hy, tx U13) 
O2 (4224) 
= O; (zy 
if & (12+ F423) sts) 
FIG. 9 


ig 


PROPERTIES OF A SQUARE DIAGRAM WITH NON-DECAYING MASSES 


XD (Lye fl2s) ee. 
=, 


Op (f24) 


FIG. 10 
where 
VK=i[VK!, if pis <0), (Wo): 60) 
VK > 0 for tis > Os (Hea), 6 > 0; 
VK<0 LOR Migs (laa 6 Os (51) 


Considerations analogous to those above show 
that the point 1,(f4) is not a singularity for 
A (Hik), defined according to (35). The point 
A;(Ho4) is a singular point for A (yi,) if 


fio + 944 > 0, Qos + O54 > 1, 


but is not a singular point in the opposite case. 
This can be seen by analytic continuation of the 
dispersion representation in p., with respect to 
the masses. 

b) Let us now turn to the case 


(52) 


(M12 + P14) (Mes + Mga) <0. (53) 


In this case the straight line A;(u.4) touches the 
curve II. Considerations analogous to those above 
show that the anomalous term will be 


—1 s 
Ani ; aps 
Aan(U,,) = — —— 6(—1 —L (Hea)) Vis. a ee 
5 a VK (43 — [las) 
Oe (p24) 
Ea ee 54 
EVR ha” ea 


where VK = ~i|VK |. 

As in the above-mentioned cases, it can be 
shown that the point H(t 4) is not a singular 
point of A(ywi,). The point Aj;(p4) will evidently 
be a singular point, since it is in this point that 
the cut for A(y,.) as a function of 4, coming 
from the points Ap»(fa4) or Ag3(po4), ends. 

Let us consider, finally, the analytic continua- 
tion into the region py, < —1. It can be shown by 
the above-mentioned method that the anomalous 
term in this region is given by the formula 


==] , 
: du 
A eee Dy TS : a eS 
an([1,,) 1 6( i a (toa) 4 VK (M43 im L13) 
1 (P24 
AS ( 12) P-23 - 
Brae say (55) 
hid oe VK (uy3— Bas) 
where 


VK=—il|VK\|, if 5>0in (41), 
VK =i|VK| for 5<0. 
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The point 0,(4) is not a singular point of 
A (ik), as defined according to (35). 


4. ANALYTIC CONTINUATION WITH RESPECT 
TO Mia AND M34 


The formulas for the anomalous term obtained 
in the preceding section are valid if condition (30) 
is satisfied. In order to determine the anomalous 
term for the case when the masses of all particles 
are large, i.e., when 


B15 + O03 > 1, O14 + O34 > n, 


we must carry out an analytic continuation of the 
dispersion representation for A (yj,) with respect 
to pi4 and py. Condition (56) implies again the 
inequality (21), so that the curve I touches the 
straight line Aj(43). 

The analytic continuation with respect to py, 
and us, into the region 1 < py, < p§4, where ps, is 
the tangent point of the curve I and the straight 
line Aj(1443), is carried out in the same way as 
the analytic continuation with respect to py) and 


(56) 


Mo3- The formula for the anomalous term in this 
region has the form 
B c 
2ni du 
if Ay iM VK (My3 — Pas) 
where 
8 = max [A™ (Uys, Hos), AW (Mia, Bsa], Via V Ki. 


The anomalous terms for other values of py, can 
be obtained by analytic continuation with respect 


to Mea: 
In the region pg, > 3, the anomalous term is 


_ At (ps) 8 


dis 
VK (45 — as) 
(58) 


dis 20 


r D1 (Y-24) VK (My3 — H13) AL 


Ay (t443 


where VK = ilVK |. 

Therefore, only those points of the curve I are 
singular points of A (yi) which satisfy the condi- 
tion Mo4 > neve 

In the region Ag(p4) < Mog < 1 the formula for 
the anomalous term with condition (37) has the form 
2m dy, 


we (412) VK (ys ma L433) 


Aes =— 


Ok (p24) 
4ni mem 


= dw. 
a 8 (Wos— Usa) x 


—— , (59) 
VK (Py3 — bas) 
where VK =i|VK |, and fi,, is the tangent point 
of the curve V and the straight line A»,(443). 

If the condition (38) is satisfied, the anomalous 
term is equal to 
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20i dis, 


‘ Ay (pas) VK (His a Has) 


Aan= = 


ve VK sal}. (60) 


In the region Ap(by4) < Mog < Ay(Me,) the anoma- 
lous term Agn is equal to the sum of expression 
(60) and an integral along the contours C, or Cp, 
which are shown in Figs. 8 and 9. All considera- 
tions of the preceding section concerning the singu- 
lar points Ap(M24) and O(M24) are also valid in 
this case. 

In the region —1 < pg, < Aj(fg,) we have, with 
condition (22), 


Ae Ae ieee \ dts 
Se aS a ee fain nt 
Ay ()13) 18 
72 (p24) f 
_ Ami \ dog (61) 
7 : VK (145 — Pas) ; 


where VK is defined according to (50) and (51). 
If condition (53) is fulfilled, 


Ay (43) 


Ag : dp... 
ten — 8 (A; (fis) — Ls (24) 2 Ba 
De (p04) VK (Pas pry Has) 
_ Oni \ di. @) 
5 Ay ee) VK (45 cae U3) 
where VK =-ilvK |. 
If Moa < -—1, then 
Ay (pts) % Cj ’ 
dan= ami ° ais Qui \ di 
Meaty ges in fe Te Ss 
i: Ch (p24) VK (45 — Has) s Ay (pas) VK (43 — Pas) 
(63) 


where VK is defined according to (58). 

In the case (56), as in the case (30), the curve II 
is not a singular curve for A (ji,). 

Thus, if (33) is satisfied, the anomalous addi- 
tions to the dispersion representation (2) are given 
for bo, > Ag(My,) by formulas (29), (57), and (58), 
for Apo(to4) < Ugg < Ag(He,) by formulas (42), (43), 
(59), and (60), for —1 < py4 < Ay (94) by formulas 
(49), (54), (61), and (62), and for po, < —1 by for- 
mulas (55) and (63). 


In the region Ay(o4) < oq < Ap (Mg4) the function 
Aan(Hik) has a complex singularity in p43, which 
is situated in the upper half-plane. In this region 
the anomalous term is given by the sum of the in- 
tegrals (43) or (60) and integrals along the con- 
tours C; or Cy, shown in Figs. 7 and 8. In all 
cases the anomalous term is given by some inte- 
gral of a function which is formally identical with 
the Mandelstam function Ajp. 

If condition (32) is satisfied, there exists a 
double Mandelstam representation in the form of 
the integral (34) over the region bounded by the 
curve II. 

All the formulas above have been derived under 
the assumption that the squares of the masses of 
the external particles have an infinitesimal posi- 
tive imaginary part. It turns out, however, that 
one obtains the same results if this small addition 
is taken to be negative. Therefore the values of 
the masses for which the anomalous additional 
terms appear are not singularities of A (yj},). 
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J. Exptl. Theoret. Phys. (U.S.S.R:) 41, 937-938 (September, 1961) 


An analysis of the experimental data indicates the possible existence of singularities in the 
total cross section for the scattering of positive pions by protons near the thresholds for 


production of an additional pion. 


Ber aincaaNicar: calculations!!] show 
that the elastic scattering cross section can have 
singularities at the thresholds for inelastic reac- 
tions. This paper describes an attempt to find such 
singularities in the total cross section for the scat- 
tering of positive pions by protons. We consider 
the energy region from 140 to 190 Mev, which con- 
tains the thresholds for the reactions 1*p — 1*7°p 
and mp —7*7*n at 164.8 and 172.5 Mev, respec- 
tively. 

On the basis of more than 250 experimental 
cross sections for scattering of positive and nega- 
tive pions, an interpolation formula with 15 param- 
eters has been found!?] which describes satisfac- 
torily the total cross sections for interactions of 
pions with protons at all energies. In particular, 
the cross section in the region under consideration 
is essentially described by a Breit-Wigner reso- 
nance formula. 

In order to study the threshold singularities, 
the values of the interpolation formula of [2] were 
subtracted from all the experimental points in this 


region (literature references for these are given 
in (J). The results of this subtraction are shown 
in Fig. 1. The error bars shown on Fig. 1 include 
the effect of errors in the average energy of the 
pion beams. The two fine lines nearly parallel to 
the energy level corresponding to the average 
cross section show the ‘‘error corridor’’ due to 
the general interpolation. The experimental points 
in the region under consideration are much more 
widely scattered about the average cross section 
than in neighboring intervals, and they are dis- 
placed from it by distances exceeding their er- 
rors. For the 22 points (the number of degrees 
of freedom is f = 22) we find y?/f = 2.12, which 
gives a random scatter probability of merely 
0.16%. It is also evident that the points lie mainly 
below the average cross section near the lower 
threshold and above it near the upper one. 

Therefore we performed an additional interpo- 
lation of the total cross section in this region with 
functions of the form (o and 6 are in mb and en- 
ergies are in Mev): 
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(c —o)/4n = a(E — 140), « 
(6 —o)/4n = (Aa + Bb) + (Ca+ Db)E, 

(6 —o)/4n = b(E — 190)?, 


140 << E < 164.8 Mev 


164:8 < E< 172,5 Mev, 


172.5< E<190 Mev, 


where the coefficients A = 1.38 x 104, B = — 6.56 
x 10°, C =—79.9, and D = 39.8 were determined 
from the condition that the curves match at the 
thresholds. 

By minimizing x’, the weighted sum of square 
deviations of the points from the line, we obtained 
a=-—7.1x 1074 and b=2.14x 10°. The resulting 
broken line is shown in Fig. 1 together with its 
error corridor as determined by the procedure 
described previously.{°] Now f= 20 and ,?/f 
= 1.37; the probability of random scatter of the 
points about the broken line has increased 100 
times. It is evident from Fig. 1 that the error 
corridors of the two interpolations do not overlap 
at the thresholds. This gives some basis for rec- 
ommending that the cross sections in this region 
be remeasured with accuracy sufficient to show 
the presence and nature of the threshold pion- 
scattering singularities which are able to give 
additional information concerning the pion-pion 
interaction. 

The foregoing possibility that threshold singu- 
larities are present in the cross section must be 
regarded with caution. An analogous calculation, 
with nonnormalized data, on the scattering of nega- 
tive pions by protons [4] gave a negative result. It 
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was not possible to fit the cross section near the 
Oe Oye nn, Tp 7) 7p, and ™p—-7' mn reac- 
tion thresholds at 160.7, 164.9, and 172.5 Mev, 
respectively, any better with a broken line with 
straight segments than with a parabola. The re- 
sult was y2/f= 1.08 with f = 21 for the best line 
with four segments, while the parabola gave x2/f 
= 1.06 with f= 23. Therefore, only further experi- 
ments will allow us to ascertain the existence of 
threshold singularities in the cross section for 
scattering of positive pions on protons. 

The authors are grateful to Professor Ya. A. 
Smorodinskii, S. N. Sokolov, A. I. Mukhin, V. G. 
Zinov, and Professor B. Pontecorvo for useful 
discussions. 
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We consider the motion of charged quasiparticles in electric and magnetic fields varying 
slowly in time and space. We derive and investigate ‘‘averaged’’ equations of motion for 
various geometries of the equal-energy surfaces. Properties of the motion in the vicinity 


of saddle-points in p space are studied. It is found that for such points there arises a 
peculiar type of scattering which is not connected with the presence of a force center in 
configuration space. We calculate the probabilities of the particle arriving in various 


regions for different types of motion. 
1. INTRODUCTION 


aru statistical, thermodynamical, and kinetic 
properties of metals and semiconductors are re- 
lated to the dynamics of charged quasiparticle 
motion, the charged quasiparticles being the cur- 
rent carriers in such substances. The energy 
€(p) of a quasiparticle is a complicated periodic 
function of the quasimomentum p, the period be- 
ing that of the reciprocal lattice multiplied by 27h. 


In the ideal-gas approximation, which is good enough 
for describing most ofthe phenomena, the dynamics of 


the motion is determined by the dispersion law of 
€(p), for which it is important to know the geom- 
etry of the isoenergetic surfaces. Anisotropy in 
€(p) leads to several important peculiarities in 
the quasiparticle motion as compared with the mo- 
tion of free electrons. These peculiarities are 
manifested in macroscopic properties of metals 
and semiconductors when the mean free path is 
much greater than lengths of the order of the tra- 
jectory in r space. This is a condition which is 
fulfilled for sufficiently low temperatures. 

The equations of motion of noninteracting par- 
ticles in electric and magnetic fields are the usual 
Lorentz equations 


p = cE + (e/c)[vH], 


where E is the electric field, H the magnetic field, 
and v the velocity of the particle. 

The motion of a quasiparticle in a homogeneous 
constant magnetic field is well understood. For 
this case the trajectory of the particle in p space 


v = 0e/Op, (i) 


*[vH] = v x H. 


is given by € = const, py = const, where py is 
the component of the momentum parallel to the 
magnetic field. Further, the motion in p space 
and r space depends strongly on the topological 
properties of this trajectory curve € =const, py 
= const. For a closed trajectory the motion in p 
space is periodic with period T) = m*c/eH, where 
m* is the effective mass for the region enclosed 
by the trajectory; L1] the motion in r space is un- 
bounded only in the direction of the magnetic field. 
For an open trajectory, the motion in r space is 
unbounded also in directions perpendicular to the 
magnetic field. 

If the magnetic field is allowed to vary in space 
and time, and also if there exists an electric figld 
parallel to H, the energy and the component of the 
momentum along the magnetic field are no longer 
integrals of the motion. The nonconservation of 
€ and py, as well as significant anisotropies in 
the dispersion law lead to unique peculiarities in 
the quasiparticle motion. 

The present article is a study of quasiparticle 
motion in electric and magnetic fields varying 
‘‘slowly’’ in time and space. Such fields satisfy 
the conditions 
Walters 


j= Rfl<l, Tp = CE /oH <I. 


(2) 


Here ty) and L are, respectively, a characteristic 
time and length for the variation of the electro- 
magnetic field, and Ry is the radius of curvature 
of the trajectory in r space. In practice these 
conditions are fulfilled up to very large field gra- 
dients and frequencies (for instance for H of the 
order of 10° oersteds, gradients of the order of 
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VH/H ~ 10? cm™! and frequencies of the order of 
wy ~ 108 sec"! are permissible). Conditions (2) 
mean that the true motion of the particle can be 
treated as the sum of two motions, namely a smooth 
variation of the ‘‘averaged’”’ quantities R =r, 

Py =py, and é =€, and rapid oscillations which 
depend on R, Py, and @ as parameters. 

For the closed-trajectory case, the motion in 
p space can be thought of as a combination of the 
drift, rotation, and deformation of the ‘‘current 
leaf,’’ or of the curve € = é(t), py = Py(t) along 
which the particle keeps rapidly rotating. 

If the equal-energy surface is not everywhere 
convex, the particle will be ‘‘scattered’’ by saddle 
points of the surface. This peculiar scattering 
does not depend on the existence of any force cen- 
ter in r space, but is related to the fact that a 
saddle point is a singular point (stationary point ) 
for motion of a quasiparticle in a constant and 
homogeneous magnetic field. When dealing with 
an electromagnetic field satisfying (2), this point 
divides p space into several regions of essen- 
tially different types of motion. When the ¢ = @(t), 
Py = Py(t) surface passes through such a singu- 
lar point, the type of motion of the particle changes 
abruptly, and the region it ends up in depends on 
the exact initial conditions. In our discussion it 
is the probability for scattering into these regions 
which is of physical interest. We shall calculate 
these probabilities for various transitions from 
one type of motion to another. 


2. CLOSED TRAJECTORIES IN p SPACE 


In studying the motion of quasiparticles in fields 
satisfying (2), we shall use the coordinates r, py, 
€, and tT (where 7 is the angle variable which de- 
fines the position of the particle on the trajectory 
given by € = const, py = const). We shall write 
the functions r(t), py(t), and €(t) in the form 


rQ=RO)+ ee), Py (t)= Py (t)+ Py (ts 
e(t) = 8 (t) + e(t), (3) 

where the ‘‘averaged’’ variables R=f, Py = py, 
and é = € define the smooth motion of the particle;* 
R can then be thought of as the coordinate of the 
‘center of the orbit,’’ while Py, &, and &é (R, t) 
= H(R, t)/H(R, t) determine the position of the 
‘‘current leaf’? in p space. 

The period T)(t) = eH/m*c is a function of the 
‘‘instantaneous’’ variables e, py, and &. The func- 

*We shall henceforth define X by 


EYT (t) 


Totty) X (t’) dt’ (3a) 
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‘tions p, Py, and € are rapidly oscillating incre- 


ments, and they satisfy the relations |p| ~ Rp, 
pHa/h ~ y «1 (where a is the period of the lat- 
tice), and €/e ~ y «1. Henceforth we shall de- 
vote our attention to the time variation of the 
‘‘averaged’’ variables and derive their equations 
of motion. 

We first write the exeict equations of motion in 
terms of Yr, py, and €. 

From (1) we obtain 


u =P, (VV)5 +P, 05/0t + eg, 


r re V,. ae 0,8, (4) 
where p, and v, are the projections of the momen- 
tum and velocity, respectively, on a plane perpen- 
dicular to the magnetic field. 

The variables R, Py, and @ satisfy the relation 
xX =xX(1+O(y)). In averaging (4) the integration 
over the true time t’ can be replaced, accurate to 
terms of order y, by integration over the angle 
variable* 7 along the section € = 6, py = Py, 
&=£é(r,t). For this integration dt = edp; /eHv) 
where dp7 is the element of arc length of the curve 
€ = 6, py = Pq. As is well known, such averaging 
gives Vj = 0, PxVy = PyVx = 0, and PxVx = PyVy 
= §/2m™m*, where S=S(pqy, €, §) is the area en- 
closed by the intersection of the surface € = @ in 
the plane py = Py, and m* = (27)7!0S/de. 

Noting that E(R +p) =E(R)+(p°V)E, and 
using the equation V x E = —c !9H/at, we proceed 
to obtain the averages and arrive finally, after sev- 
eral relatively simple operations, to the set of 
equations 

px 


H ao 


g = eEzvz aia MoH /dt, 


& = eEv, 


(eV) = H is Pp’ x + eEx, 
R = off, (5) 


where M = (e/2c)rxv — (e/2c)Rxv is the mean 
magnetic moment of the particle about the orbital 


center R, and 
a 


\ ear. 


0 


4 


Os 2 
Se 


The right sides of Eqs. (5) contain functions of Py, 
é, and R only. From Eqs. (5) and with the aid of 


the relations 
Pexe 
= d 
=> Oi P, 


we can show easily that J=S(Py, @, €)/H(R, t) 
is an integral of the motion. Thus S/H is an adia- 
batic invariant not only for free electrons, but also 


pe etal ee 
Bt Satm* Opry ’ 


*This variable has often been used in studying the mo- 
tion of quasiparticles in constant magnetic fields. 
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MOTION OF CHARGED QUASIPARTICLES 


for charged quasiparticles with arbitrary disper- 
sion law. * 

Another important property of motion in a 
slowly space and time varying electromagnetic 
field is that the velocity of the orbital center is 
along the magnetic field. 

The existence of the S/H integral of the motion 
allows one to introduce an important simplification 
into the discussion of (5). Let us consider some 
special cases. 

1. Inhomogeneous magnetic field constant in 
time. For this case the orbital center R moves 
along a line of force of the magnetic field. If 1 is 
the arc length along such a line of force, the equa- 
tions of motion can be written 


S(Pu, 6, &(2))/H (1) = const, 
demo, (Puy 8.2(0). 


2. Electric field parallel to a magnetic field 
(E=const, H=const). The equations of motion 
become 


Py =eE, S(Px, €)=const, 1=v¢(Pu, 8). 


CONSUL, 


For both the above cases the equations can be re- 
duced to quadratures. 

3. A varying magnetic field H=H(t). Recall- 
ing that the electric field induced by the variation 
of the magnetic field is not energy conserving, we 
arrive at the following set of equations: 

Py, =p) og/dt, J (Pu, 8, t) = const, 
R=02(Pu, 8 18 (0). 
3. OPEN PERIODIC TRAJECTORIES 


If the € = const, py = const curves are open, 
the averaged equations of motion are derived quite 
differently for the two cases of periodic and aperi- 
odic curves. An ¢€ = const, Py = const curve is 
periodic if the direction in which it is open is par- 
allel to some reciprocal lattice vector B; then 
€ 1B. If an open periodic trajectory occurs for 
at least one direction of 1 B, then it is easily 
shown that it will occur also for any cross section 
whose normal lies within some angle g (0 < y 
= 27) bounded from above and below. 

One must distinguish between two types of sur- 
faces on which open periodic trajectories occur: 
(a) surfaces for which there exists a one-dimen- 
sional set (an angle equal to 27 bounded from 
above and below) of normal directions leading to 
open curves; in this case all the open trajectories 
are periodic; (b) surfaces for which there exists 


*Assuming that the trajectory € = const, py = const is 
closed. 
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a two-dimensional set (solid angle) of normal 
directions leading to open trajectories; in this 
case only rational trajectories (with § 1 B) are 
periodic. 

From the above discussion it is clear that for 
motion in a plane magnetic field such that & (R, t) 
1B, the «€=€(t), py =py(t) curves remain 
periodic. In dealing with motion on periodic tra- 
jectories, we introduce the following set of coor- 
dinates: € is the unit vector in the direction of 
the magnetic field, e; is the unit vector in the 
direction along which the curve is open, and e, 
= § xe,. Ina plane field, e; remains constant, 
and € || e9. The averaged equations of motion can 
be derived in the same way as for the closed tra- 
jectories. By an averaged quantity x (where x 
may be any function of the coordinates r, py, and 
€) we shall now understand an average as defined 
in Eq. (3a) with Tp(t) equal to the time of flight 
in passing through an elementary cell of the re- 
ciprocal lattice. 

The averaged equations of motion are 

Pu geoe GV) G+ i SE + eke, 
6 = e(Exvz + E02) + MOH/dt, 
R = 02 § + ogee; 
B 
S= \ padp., Des Ci Ee (6) 


0g 2 ere 


0 
where M is defined in the same way as in Eqs. (5). 
The main difference between motion on open 

trajectories and motion on closed ones is that in 
the present case v$ = 0, which means that the av- 
erage velocity is not directed along a line of force 
of the magnetic field. This means that J = S/H is 
not conserved. The equation for J now becomes 


B 


2um 


pia Beal H 
J = 7 (eh — Boaz) + ae (eV) (7) 


We note that in the case of an electric field E || H 
(with E =const, H=const), J is an adiabatic in- 
variant, as is the case for closed trajectories. 


4, OPEN APERIODIC TRAJECTORIES 


When dealing with open aperiodic trajectories, 
the average must be taken over a time interval T 
such that Ty) «x T « tp, where Ty is a time of the 
order of the time of flight of a quasiparticle through 
an elementary cell (Ty ~ ch/eHva). When averag- 
ing bounded quantities defined on an € = const, py 
= const curve, the integration may be extended 
over the entire cross section, since the difference 

T t+T 
lim <4 \ i dvr \ xdt’ 
T 


ay a4 ip 
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FIG. 1. One of the crystallographic surfaces of the recip- 
rocal lattice, intersected by a py = const surface. Equal 
numbers denote equivalent points. 


is a rapidly oscillating expression with period of 
the order of xT,/T (the variable 7 is defined in 
the same way as for the case of closed trajectories 

In calculating the mean value of such a quantity, 
the integration along an open trajectory passing 
through an infinite set of elementary cells can be 
replaced by a sum of integrals over equivalent 
segments within a single cell (Fig. 1). In the case 
of an aperiodic trajectory, these segments are 
dense and uniformly distributed in the cell. It fol- 
lows then that x is independent of py: The py- 
dependence of averages can also be neglected for 
periodic trajectories with large period (B > fi/a). 
This independence of pj; makes it possible to drop 
this variable from our considerations, and to re- 
duce the number of equations of motion; then these 
become 


R = 02 (8, §) §(R, Z) + 02(8, )eo(R, 2), 
& = e(Ezv2 + E,v:) + MOH/dt, 
where e, and e, are defined as in the periodic 
case, and Mj = €jxjT,j /2c. 
The asymmetric tensor T; is given in terms 
of integrals along the curve «= 6, § = &(R, t) 
by the equations 


Ty. = — (c/eH) ps02, 33 (cleH) pve; 


(8) 


B Wy 
\ dt’'Vs \ vedt", x=x—X. 

maT? 

For constant electric and magnetic fields, the in- 
tegration reduces to quadratures: 


é 
ae dg! ry, 
e \ EA) +Ea6) 

If the function ¢(t) is known, the first of Eqs. (8) 
can be integrated. 

During its motion a particle may enter onto a 
periodic trajectory with period B ~ fi/a. In this 
case the py-dependence of x cannot be neglected. 
In the general case of a nonplane field [with 
€(R, t) not perpendicular to B], a particle is in 
the neighborhood of such a trajectory for a time 
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Ie = ie 37 
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of the order of Tot)/T. This means that one can 
use Eqs. (8) for times 2 ty. 


5. SCATTERING ON A SINGULAR POINT 


Scattering will occur in a slowly varying field 
if the motion undergoes transition from one type 
to another. Regions in p space with a different 
type of motion are separated from each other by 
segments of self-intersecting trajectories formed 
by the intersection of an € = const surface and a 
plane tangent to an isoenergetic surface at a hyper- 
bolic point. Classically such points are stationary 
points for motion in a homogeneous and constant 
magnetic field. The period of motion diverges 
logarithmically as py —~fg (where fy = &°f, and 
f is the p-space position vector of the singular 
point ). 

It is easiest to understand the essentials of such 
scattering in terms of the example of a weakly in- 
homogeneous time-constant magnetic field which 
has at least the one straight line of force r = fy 
+1&). Let F be a saddle point on the surface ¢€ 
= € ), such that the normal to the surface at this 
point is parallel to &). The intersection of «€ = € 
with py =f is a figure-eight whose intersection 
point is at F. If, under the motion in p space, 
the ‘‘current leaf”? € = €), Py = Py(t), § = &) 
contacts the surface at the saddle point, it gets 
broken up into two ‘‘current leaves’’ in the two 
regions I and II which are separated by the singu- 
lar point (Fig. 2). The types of motion are quite 
different in these two regions. Whether the par- 
ticle enters region I or region II depends on the 
exact (‘‘microscopic’’) initial conditions. The 
‘‘microscopic’’ initial conditions are distributed 
so that each macroscopic energy-surface element 
determined by the averaged coordinates contains 
points from which the particle can enter region I 
as well as region II. From this point of view we 
can treat the entrance into either of these regions 
as a random process, and thus speak of the ‘‘scat- 
tering’’ of particles in the region of a singular 
point; then the probabilities w, and wy, for scat- 
tering into each of the two regions have well de- 
fined values. 
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To find w; and wy let us consider a classical 
ensemble of particles whose distribution is given 
in terms of some directional parameter to be de- 
termined later. On its last pass before entering 


into region I or II, every particle crosses the 


principal curvature line passing through F (for 
line p, = 0 in Fig. 2) for some value of py(0). 
Having gone fully around one of the loops of the 
figure-eight, the particle finds itself again in the 
region of the self-intersection point. Then, de- 
pending on the sign of py(t) — fy, the particle at 
this instant enters region I or II; the value of 
py(t) — fy is determined uniquely by py(0) at 
the point where it was last intersected by the tra- 
jectory of the particle. It is seen from this that 
py(0) is a convenient impact parameter to use. 
Let regions I and II correspond to intervals 6]; 
and 67, of values of py(0), and these will then 
determine the probabilities for entering these 
regions. The scattering probabilities w, and we, 
i.e., the relative number of particles entering re- 
gions I and II, respectively, will be proportional 
to the flux of particles across 6]; and 6]]. Fora 
sufficiently smooth distribution function these are 
proportional, to lowest order in y, to the intervals 
themselves. 

These intervals can be obtained from the rela- 
tion 

t 
Pr (t) = Py (0) + \ Dy at’. 
0 
From this we obtain 


r, T; 
6 =\ Pudt’, bu =| p, dt’. 
0 


T, 
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(Here T, is the time it takes to go around the I 
loop of the figure-eight, and T, is the time it takes 
to go around the entire figure-eight; T,,. ~ Ty In y.) 
The largest contribution to the variation of Py 
during the time it takes to go around the figure- 
eight is given by those parts of the trajectory 
which are far from the singular point; in other 
words, the total change in py is of order yhi/a. 
This is because at the singular point itself (for a 
field whose direction is constant ) PH = 0, and the 
contribution to the integral from points close to 
the singular point is of order y? In y. [We bear 
in mind the fact that the time it takes to go around 
depends logarithmically on py(0) —fy.] It then 
follows that to first order in y the integral ex- 
pressions for 6; and 6], can be written 


6; —- ® py at, On = ® pu de, 
I ia 
where the integrals are taken, respectively, over 


the I and II loops of the figure-eight (and 7 is 
the angle variable introduced earlier). Using the 
first of Eqs. (5) and recalling that the field has a 
straight line of force, we obtain 


W/W, = 61/61; = S,/Sp, (9) 


where S,; and S, are the areas enclosed by the 
loops of the figure-eight. From (9) we arrive at 


W, = S,/(S; + Sz), We = Sp/(S; + Ss). 


In general there exist several types of transi- 
tion from one kind of motion to another. These 
are indicated schematically in Figs. 3—5. The 
right sides of these figures contain symbols cor- 
responding to the two regions into which the scat- 
tering takes place. A circle indicates a closed 
trajectory, while an arrow indicates an open peri- 
odic one, and the direction of the arrow indicates 


FIG. 6 
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the direction of motion along this periodic trajec- 
tory. The kinds of equal-energy surfaces which 
correspond to these transitions are shown in Figs. 
6 — 8 by means of the py = const contour lines. 
On these figures the self-intersection point is de- 
noted by the letter F. The heavy lines denote 
self-intersecting curves. The arrows show the 
direction of motion along the trajectories. Fig- 
ure 6 corresponds to diagrams 3a and b, Fig. 7 

to diagrams 4a and 5a, and Fig. 8 to diagrams 4b 
and 5b. The signs in Figs. 3 —5 give the sign of 
py —fy in the different regions. * 

In an arbitrary field satisfying conditions (2), 
the singular point f(¢é, €) may move in p space 
(unlike the case considered above). Then the 
criterion for entering regions of different types 
of motion is the sign of A(t) =py(t) — fy(t) 
[where fy(t) = f(t) - & (t)] when the particle is 
in the neighborhood of the singular point. Then 
the intervals 6; and 6,; of A(0), which deter- 
mine whether the particle enters regions I and II, 
are given for cases 3a, 4a, and 5a by 


T; 
bu =| (py — f,) at’ |, 


T; 


6 =|\ @,—f,) a! 


and for cases 3b, 4b, and 5b by 
Ts 
é=|{ ©, —ipa'|, 


0 


T. 
on = \ (Py, — Ty) at"). 
T; 
Here T, and Ty, are the first and second times 
when the particle is in the neighborhood of the 
singular points; as before, T;. ~ Ty In y. 

Up to terms of order y the expression for 6] 
and 6y can be written 
c : : | 4p, ic : : 
=a |\ Paha [> on ar|\ Gy — fd so 


ly 2 


where the contours L; and Ly arethe segments of 
the self-intersecting trajectories which bound the 
regions into which the particle may be scattered. 
(In the case of an open periodic trajectory, the in- 
tegral is taken over one period.) Equations (10) 
hold for all types of transitions. It should be noted 
that in cases 3b, 4b, and 5b, scattering can occur 


*Six other types of transitions, essentially the same as 
those of Figs. 3—5, are obtained by changing the signs. 
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only if the signs of sh Adt’ and 
Ty 

posite, while in cases 3a, 4a, and 5a, these signs 

must be the same. 

To derive the formulas for the scattering prob- 
abilities in cases 3a and 3b, we make use of the 
adiabatic invariance of J=S(Py, @, &)/H(R, t). 
Consider S¥2(fy(8, &), 8, €) (Sk, and S4, are 
the areas of the loops bounding the regions into 
which scattering takes place*). Using the fact 
Jy. = const to terms of order y In y, we obtain 


Ty ie —— Ee (ie ad diay, — (OS;,:/0P x) ATs 


dy Adt’ are op- 
0 


From this we obtain 
W/W = 63/611 = I peibe: Instore 


In deriving (11) we make use of the fact 


(11) 


1 Ti0Si/OPp \ 
uy T20S2/OPp, 

Let us consider this equation for some special 
cases. In a time-constant weakly inhomogeneous 
magnetic field, 


Ww. 

a le) / ar) 
where J is the length of a line of force, and S; and 
S, are the areas of each of the loops on the ¢€ 
= const surface defined by the intersection with 
the plane passing through the singular point and 
perpendicular to € (1). For a straight line of 
force Eq. (11) goes over into (9). . 

In parallel electric and magnetic fields (E 
= const, H = const) we obtain 


Wy. 


d d 
B= gpg, Su(Pu Gee Pnd) | ape Se (Pr Poe (Pad))|, 


(12) 


=f 
(13) 


Transitions of types 4 and 5 differ topologically 
from those of type 3, since the former involve open 
periodic trajectories. Nevertheless in these cases 
also the formulas for the transition probabilities 
are obtained with the aid of the equation for J = S/H 


(for a periodic trajectory S= | p.dp,, and the in- — 


*In case 3b one of these loops is the entire figure-eight. 
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tegration is taken over one period). Using Eqs. (7) 
and proceeding similarly as above, we obtain the 
following expressions. For transitions of type 

4a and b 


We 


II 


i, (08/%2) Bo; 


Wr _ ei Bee sorts je —B(cEs— fet) + 20H 


(14) 


for transitions of type 5a and b 


JQ — B (eE2— fol |H) +4, (08 /0%2) v,B/20H 


CES EN rear 
~ «J@) — B (eEx—f H/H) +4, (08 / 0x2) 0,B /20H 
2 2 ale f (15) 


where v¢ is the component of the velocity at the 
singular point in the direction of the magnetic 
field. 


yee Seat ee 

17. M. Lifshitz and M. I. Kaganov, Usp. Fiz. 
Nauk 69, 419 (1959), Soviet Phys.-Uspekhi 24831 
(1960). 
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The cross sections for the processes v +A —v+A+y* +p and wt+A~ut+At+vet+D 


occurring in the Coulomb field of the nucleus are calculated. It is shown that the Weizsacker- 
Williams method can be applied to perform the calculations in the case under consideration. 


‘Tae present article is devoted to a study of the 
behavior of the cross section of production of lep- 
ton pairs when high-energy leptons are scattered 
in a Coulomb field. We have examined the proc- 
esses 


(1) 
(2) 
We used in the calculations a method analogous 
to that of Weizsacker and Williams "11 (see also [2]), 
This method enables us to obtain the cross sections 
of the processes (1) and (2), if the respective cross 
® : ° 
sections are known for the reactions 
Ytvo>v+p (ee) +p (Ce), 
y+ee)—>ve)+v+y. 


A+v>A+tv+pt(e) +i), 
Atp(e)>A+tp(e)+v4+y. 


(1’) 
(2’) 
We have therefore first calculated the cross sec- 
tions of processes (1’) and (2’). (The cross section 
of the process (2’) was calculated earlier,|?1 but 
the numerical coefficients in the formula of 1 
are incorrect. ) 

In Sec. 2 we discuss the possibility of applying 
a method similar to that of Weizsdcker and Wil- 
liams to the problem under consideration; our at- 
tention was called to this possibility by I. Ya. 
Pomeranchuk. 

In the last section are contained results on the 
cross sections of production of u*y and vi pairs 
in scattering of a neutrino and muon respectively 
in the field of the nucleus. 


1. CROSS SECTION OF PRODUCTION OF LEPTON 
PAIRS BY A y QUANTUM 


We consider the process (1’). It is described in 
the lowest approximation of the weak and electro- 
magnetic interactions by the sum of the two dia- 
grams a and b of Fig. 1. The matrix element of 
such a process, based on the V-A coupling, has 
the form 


FIG. 1. Feynman diagram for process (1°); k and k’ are the 
momenta of the incoming and scattered neutrino, q is the mo- 
mentum of the photon, and r, and r, are the corresponding mo- 
menta of the positron and the electron. 


= 16 Via, u (fo) [é pay vl + ¥,): 
tte + east [wl HR) 1.0 +7), 


(3) 
where G is the weak-interaction constant, e is the 
electric charge, u are spinors, and 6 = enV 
The calculations lead to the following formula 

for the differential cross section 

4e*G? { (719) (Rg) (rok') (rq) (R’q) (rik) 
(2x)? (kg) Alda ig) 0"? 9 eg)? 2 
+ (1 — 9)? — 977 * re — gq) — my" [(2rire 
— 114 -— f2q) (TR) (rek’) — (tire) (2) (GR’) 
— (rif) (rok’) (GR) + (gra) (Are) (R’T2) + (Gre) (ri) (rik)}} 


ar, ders a®k’ 
x &(kR+q—k—n— 1 : 4 
(R=F 9 Cts) EE. (4) 


We have left out of this expression the terms 
proportional to m2, (or mj,). Inasmuch as the en- 
ergy of the particles participating in the reaction 
is much greater than their masses, we shall hence- 
forth neglect the particle mass where possible. 

Integrating (4) we obtain the cross section for 
the process (1’): 


dopnp= 


(5) 


WARE 
So ph On? 
where w is the total energy in the c.m.s. of the 
photon and the neutrino, m is the electron (muon), 
mass, and a = sp. 
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FIG. 2. Feynman diagram for the multiple production of 
particles in the Coulomb field of the nucleus. p, and p, are 
the initial and final momenta of the nucleus, k is the momen- 
tum of the incoming particle, and Xf, is the totality of 
created particles with a summary momentum Q. 


For the cross section of the process (2’) we 
obtain the expression 


ho 1 ] 255)2 w 55° 
ond Tare W (n= —3 (6) 


2. PROCEDURE FOR USING THE PHOTON CROSS 
SECTIONS FOR PROCESSES IN A COULOMB 
FIELD 


An invariant formulation of the method was pro- 
posed by Gribov, Kolkunov, Okun’, and Shekhter.'41 
The multiple production of particles in the Coulomb 
field of a nucleus is described in the lowest order 
by the diagram of Fig. 2. If we consider a nucleus 
with zero spin,* we obtain for the reaction cross 
section 


=e F*(@) 72 2 Pw (2, + Pody (Py + Po)» dpe (7) 
a nS 0c ee 


Here F(q) is the electromagnetic form of the nu- 
cleus, and ,,, is a tensor describing the upper 
vertex of the diagram (Fig. 2). From the gauge 
invariance requirements we obtain 


Duy = 2 [(Rq) Buv + G?Ruky | (RQ) — Ruqv — 2Gu] 
| ae b [q?Ouv ar quqvl, (8) 


where a and b are scalar functions. 
It can be readily verified that as q? —0 the 
| quantity a goes into opp, the cross section of the 
photoprocess q+k—2Zj. Practically nothing can 
be said beforehand concerning the quantity 6 un- 
less the tensor $y, is calculated directly. We in- 
troduce the positive quantity A? = —q? and make 
the following change of variables in (7) 
px oid Ada? 


Ex 2M|kI ” 


*], Ya. Pomeranchuk and I. M. Shumashkevich have shown 
that additional small terms appear in formula (7) in the case 
of nuclei with spin 14. 
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where w is the energy of the aggregate of the par- 
ticles 28; in their center-of-mass system. Sub- 
stituting (8) in (7) we get 


_ Ba dArdw* 
Axo A* 


F2(A) \a (w2, A?)| 


2A2 
2 


w+ A? — m; 


AE? 4? ih a eon _ fe 


where M is the mass of the nucleus, E the energy 
of the incoming particle in the system where the 
nucleus is at rest, and v and mj are the velocity 
and mass of the particle respectively. 

Formula (9) is an exact expression for the cross 
section, but it is rather cumbersome to use for cal- 
culations. We shall show below that when the 
charged leptons in processes (1) and (2) are muons 
we can make several simplifications in (9). In this 
case the form of the expression for the cross sec- 
tion o is found to be the same as in the formulas 
obtained by the Weizsacker-Williams method. The 
conditions that lead to such a result are: 

1) a(w’, A”) must differ from a(w’, 0) in the 
entire domain of variation of w’; 

2) the function b (w?, A?) must not increase 
more strongly than a (w2, A?) with increasing w?; 

3) all the terms in the curly brackets of (9) 
must be small compared with a (w’, A?) - 2A?/ 

(w? + A? — mé). 

The first condition is satisfied if A?,,,< m’, 
where m is the mass of the charged lepton. The 
second condition is satisfied in our case, and this 
can be verified without calculating the tensor ®,). 
In order to explain how the third condition is sat- 
isfied in our case, let us examine the ranges of the 
variables A? and w’. 

The range of variation of these variables, al- 
lowed by the conservation laws, is shown in Fig. 3. 
However, only part of this domain is essential to 
the process (shaded). The point is that the pres- 
ence in (9) of the electromagnetic form factor of 
the nucleus F(A), which decreases sharply with 
increasing A, leads to an effective cut-off of the 
possible momentum transfer. For our relatively 
rough estimates we can approximate the form fac- 
tor by 


2 
Amax 


A ee eS 8) ee ys 
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F (A) = \pexp (éAr) dr /\ pa*r, 


where p is the distribution of the charge in the 
nucleus by means of the function 


i Aste (10) 
F(A) = \o, AD>1/R 
where R is the radius of the nucleus. Thus, we 


should take for the maximum value of the momen- 
tum transfer 


: ms yw? Avs ’ 


where yp is the mass of the pion and A the atomic 
weight of the nucleus. 

We note that the condition 2) is therefore satis- 
fied in the case of muons. 

At high incident-particle energy the lower limit 
of the integration region is determined from the 
condition >] 


Lees bam (11) 


ee M? (a? 2 — mm) /((W? M? mi)? 4AW?M?], (12) 


where M is the mass of the nucleus and W 

= ¥ (M+E)*—k? is the energy in the c.m.s. of 

the incoming particle and of the original nucleus. 
If we now integrate with respect to A? in for- 

mula (9) and neglect in the resultant expression 

terms of order p/EA!/ and u/MA!3 we obtain 

for the cross section 


Z? oO 


‘ 2uE A */s 
a= <= \ spn (w?) we? In 


w2 


n; (13) 


which in fact is the Weizsdcker-Williams formula. 

We wish to emphasize, however, that the situa- 
tion in this case is the complete opposite of the 
electrodynamic case, for which the Weizsadcker- 
Williams method was developed. The point that is 
in electrodynamics Oph (w’) decreases with in- 
creasing w’, and consequently small w? and small 
A? are essential to the process. In our case the 
opposite holds true: pn ( w”) increases with in- 
creasing w’, and consequently large momentum 
transfers are significant. Only the presence of 
the electromagnetic form factor of the nucleus 
leads to our result, and this furthermore is true 
only for muons. For electrons the substitution 
for Oph .el (w") instead of a(w”, A?) would be too 
crude an approximation. 

We note finally that the formula for the process 
(1) does not reflect the fact that this is a threshold 
process. The reason is that the calculations were 
made for energies E >m, and we have neglected 
the lepton mass in the phase volume of the final 
state. 


3. CROSS SECTIONS OF PROCESS (1) AND (2) 


In the case when the energy of the incoming 
particle is much greater than the masses of the 
light particles participating in the process, the 
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factor n under the logarithm sign in formula (13) 
tends to unity. Then, substituting into (13) expres- 
sion (5) for Opp (taking only the principal term in 
the formula for Oph), we obtain for the cross sec- 
tion of process (1) 

ah 


Wy 2G2 Te 9 
_ 22 sah de! E (in aE 
We wish to make the following remark concern- 
ing this formula. If we integrate over the entire 
region of Fig. 3 without imposing any limitations 
on the maximum momentum transfer, then the 
cross section will contain terms proportional to 
E? In(E/m) and E?. Such an energy dependence 
of the cross section, calculated without account of 
the form factor of the nucleus and consequently in- 
correct, was obtained, in particular, by Badalyan 
and Chou seenn ee -chao [6] for the process v+A 
—pypt+Ate +e. 

It follows from the foregoing that the form fac- 
tor of the nucleus exerts an appreciable influence 
on the energy dependence of the cross section. 

The cross section of process (2) is obtained by 
substituting (6) into (13): 


(14) 


2y2G2y,4 /3 is 
Z02G2wA E (in2#E4 an Dh 


18x32 (15) 


The process (2) was considered for nonrelativ- 
istic electrons, without account of the form factor, 
by Gandel’man and Pinaev.l71 

The numerical values of the cross section of the 
process (1) with an initial-neutrino energy E = 10 
Bev are o = 6.6 x 10-44 cm? and o = 6.0 x 10741 
cm? for hydrogen and lead, respectively. 

The authors are grateful to L. B. Okun’ for 
suggesting the problem and for discussions, and 
thank I. Ya. Pomeranchuk for a discussion and 
for interest in the work. 
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A general expression for the gyromagnetic ratio of even-odd deformed nuclei is obtained by 
taking pair-correlation effects into account. It is demonstrated that the gyromagnetic ratio 
of odd proton nuclei is greater, and that of odd neutron nuclei smaller, than the ratio of 


neighboring even-even nuclei. 


Tne gyromagnetic ratios of several nuclei in the 
rare-earth region have already been measured! 
The gyromagnetic ratios for excited rotational 
states of even-even nuclei are found to be of the 
order 0.2—0.4. For odd-proton nuclei, gp is 
greater than the gyromagnetic ratio for the neigh- 
boring even-even nuclei, while for odd-neutron 
nuclei oR is less. 

Although the ratio Ap/An'4 (An,p is aquan- 
tity characterizing the pair correlation) can be 
calculated from the gyromagnetic ratio of an even- 
even nucleus, it is a difficult quantity to measure. 
It is therefore of interest to obtain a general ex- 
pression for gp of an odd nucleus and to relate it 


with the gyromagnetic ratio for the even nucleus. 


The gyromagnetic ratio is defined by 

r= <w/<D, (1) 
where () and (I) are the mean values of the mag- 
netic moment and the angular momentum of the nu- 
cleus. One of the authors, together with Drozdov 
and Zaretskii, 31 has calculated the density matrix 
of an odd rotating system. With the aid of this 
matrix it is easy to calculate the mean values of 
the angular momentum and magnetic moment 
operators 

p= >)(g,1 4+ g,5). 
The summation is over all the nucleons of the nu- 
cleus. 

If the angular velocity Q of the rotating system 
is parallel to the x axis, which in turn is perpen- 
dicular to the symmetry axis z of the nucleus, then 
{I) = JQ, where J is the moment of inertia of the 
nucleus and 

<p> = [p+ (gs — 1) W? + gs W"]Q. 
The value of W is given by 


(2) 


(By Ey, — &, &)— Aj, aD fxr Se 


2E » Ey — ) 


yee aa 


G0, se ee we 
An p) dir» Shar + fAn, p (Er 
2 2 
E,, (e% — &3,) 


2 (EX, + & &, + 


x 
®,) (Sa, faa — 


The results are compared with the experiments. 


Here €, is the single-particle energy reckoned 
from the Fermi surface €), and Ag is the state of 
the odd particle. The subscripts p and n denote 
summation in (3) over the proton and neutron 
states. The neutron and proton systems are as- 
sumed in this paper to be non-interacting. 

The value of f is determined from the integral 
equation (see ‘4]). If we write f =f" +f’, where 
f? is the solution of the integral equation for the 
even-even nucleus and f’ is a quasi-classical 
small change in the solution to account for the 
presence of the odd particle, then expression (3) 
can be rewritten 


Ww? = We'? (Ho) — >; 
AX’ 


2 (EX, + 8 8, + An, p) faa, Shea + 2tAn 
Ey, = e5) 


iM n, p (En — 8x") Sh fan 
2E, Ey, (Ey + Ey) 


x 0 
ip x) ra a 


+2 
(4) 
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Wer (Xo) 


1 2 +X Be P « 0 
(BE, Exe — © &¢ — An, p) Frae Sx -7 FAn, p (8x = 8x2) Shae Frer 


DE, Bag (EK Eps) 65) 


An’ 


while Kg is determined from the values of A and 
B of the odd nucleus; in order of magnitude we have 
K ~ €9B/ AAI, 

It is convenient to write the general expressions 
for the gyromagnetic ratios SR and eh of the odd- 


neutron and odd-proton nuclei in the form 
2 = Balello + Bt LW (Ho) — W2 (xe)I/Jo + 08%, 
1 —(1—g,)Je/Jo+ (g? — 1) [W2 (x6) 
— WE (Xe)]/Jo + OBR 5 
= [J2+ gf We + (ge? — 1) Wee, 


(6) 


BR 


(7) 


An, p (2x — 8x) Saar fan 


x 
Sx.n fra, 


(3) 


=//%+A?,. 
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gR is the gyromagnetic ratio of the even nucleus. 
An analogous expression for gR with account of i 


nN, Pp n,p 
gs as 


ps 2 Xx es, 9; 
2 (ES by €x, 7 On, o) a, a + On p Cx 
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was obtained by Nilsson and Prior.) It is readily — 
seen from (4) and (5) that 


= Be / 
&,) SXA, Ayan 21M np (ba — €n1) Shar far 


. 8] 
bok ee erat [2 


E,, (e% Fe =o) 

On going from the even nucleus to the odd one, 
the deformation remains practically unchanged, 
and the change in the pairing energy A is deter- 
mined by the following expression [2] 


[A = (Ag + Ae)/2] 
(A= A iON Ae 


Since the function W™P is smooth, its variation 
as N or Z changes by unity is 


W (%e) — W (%) ~ W (x4) dx/x ~ W (x,) AW”. 


Let us show further that W ~ JA~?/5_ For this 
purpose we consider the first term in (5) (without 
the small term containing f°): 


V.=-3 


[1 —2( 2G )] fixsia d (en). 
A?” 


As shown by Migdal'*] with a rectangular poten- 
tial well model, it is necessary to retain in this 
sum only the values of )’ for which m’ =m: 1 
and v =v’, where m is the eigenvalue of the pro- 
jection of the angular momentum on the symmetry 
axis and v is the totality of the remaining quan- 
tum numbers. With quasi-classical accuracy the 
matrix element s* for such transitions is equal to 


Soy ss ae rage aks 


where the plus sign corresponds to j =7 + ds and 
the minus sign to j=/- ib (2 is the quantum num- 
ber of the orbital angular momentum ), and there- 
fore W, will contain two sums over j =1+ % and 
j=l- vee with opposite signs; these sums cancel 
in the quasi-classical approximation. Wy, is equal 
to the next term in the expansion in A7t/ 3. the 
order of which is JA~?/8., Analogous arguments 
can be cited for the second term in W, since 

f? ~ j*; as a result we get W~ JA~/3, Naturally, 
the same estimate for W is obtained also in the 
second limiting model, an oscillator nuclear po- 
tential with spin-orbit coupling. 

For heavy nuclei gg —g7 is numerically of the 
order of Als so that we obtain for the second 
term in (6) and (7) the estimate (g, era ie 
—~W (ke)]/I ~ AA, 

Let us examine the expression for Ogp. Since 
f’ = f)/2py)A ~ Ace) we obtain for the same rea- 
son as before 


(8) 


2E, Ey (Ey + Ey) 


Ar 


iA (€, — &y) Shy far naa 
OF, Ey (Exe eye : 


(gs cae £1) > 
An’ 


and since the first term in (8) contains a single sum, 
its order is A7!4, Terms containing f° in the 
expression for 6gp do not exceed 20 percent of 
the principal term and can therefore be estimated 
by using the expression derived by Migdal [2] for 
f° in an oscillator nuclear potential. 

Discarding terms of order A~?4 in (6) and (7) 
we obtain an approximate expression for the gyro- 
magnetic ratio of odd nuclei when ee 0: 


oR aa ER Je / Jy a Ogi» (9) 


ge = 1—(1— gp) Jello + S88; (10) 
6o%P as ge x ye gE 457 ) : 
SR Jo A Zs india Ziv} as £25 
(€, — €9) 03 Wo 
v= aces HUM ae a 
arg sh x 11)* 
8x xVi + x? ( 


where g;=g (v4) and go =g (v2). 

In (9) and (10) 6gR is always smaller than the 
first term, by a factor AA, Consequently we can 
neglect in the approximate analysis its contribution 
to eRe . Recognizing that in the rare-earth region 
we have in the mean Je/Jo = 0.65, JP/JP= 0.9 
and gp = 0.3, we get eR ~ 0.2 and Bn ~ 0.35, 1.6. 
the relation gp sais 5° Wa gr is satisfied in the mean. 

In a more exact calculation of the gyromagnetic 
ratio of odd nuclei we must take 6gp into account. 
Although this term is smaller than the first term, 
it fluctuates more strongly, owing to the matrix ele- 
ment ShA9 and in some cases it may make an ap- 
preciable contribution to (9) and (10). 

The gyromagnetic ratios gn were calculated 
from formulas (9), (10), and (11), and since the 
spin-orbit coupling is essential for é6gp, this 
quantity was calculated in the Nilsson model.|®1 
The values of Ay and Ap were taken from the 
paper by Nilsson and Prior.}°] The values of the 
gyromagnetic ratio gp of an even-even nucleus 
having one less particle than the original odd nu- 
cleus were taken from the same paper,!*! while 


*sh = sinh. 
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Table I 
eh ee Ete A Are etl Sane, Goemymemes teat Pee 5, ytd ee 
i State of odd- a 
ucleus particle Je/J, ZR 8eR eR 
Naz AQ) Theory| Experiment 
utigy 413 5, 0.64 0.34 | —044 | 0.58 | 0.44] 0,45-+0.04 
pba 4114 3), 0.82 0.32 | —0.07 | 0.44 | 0.37 | 0.2440.09 
gies 523% 0.83 0.30 0.44 | 0.42 | 0.53 | 0.3040,07 
pull 404 Jy 0.99 0.34 —0.03 | 0.32 | 0.29 | 0.3040.05 
pbaace 404 %Jy 0.97 0,28 | —0.08 | 0.30 | 0.22} 0.3340.01 
eas 40 2 5/5 0.95 0.28 | —0.02 | 0.34 | 0.29 | 0.4140.04 
Reus 40 2 5/, 0.93 0.35 | —0.03 | 0.40 | 0,37] 0.4140.04 
Table II 
State of odd gp 
Nucleus particle Ja/Se ER 5gR eRt 
Nnz AQ Theory} Experiment 
gids Soe 3G 0.59 0.37 0.05: ©,22. | 0287-) 0134-40.07 
pehdas 5 2° 3% 0,74 0.33 0,04 | 0.24 | 0.28 | 0.22+0.06 
Aart 6 4 2 5) 0.43 0.32 ==0,05: | O44 100094) 0,25-F0.40 
sErge! 63.3% 0.65 0.30 | —0.08 | 0.49 | 0.41 | 0.12-40.05 
pods Bed 28h 0.87 0.34 0.01 | 0.27 | 0.28} 0.20+0.09 
nolateae 54 As 0.85 0.25 0.04 | 0.21 | 0,25 | 0.21+0.01 
ine 624%, 0.74 0.25 | —0.08 | 0,48 | 0.40 | 0,20-+0.03 
the moments of inertia were obtained by experi- This circumstance may change the theoretical 
ment. It was found that 6gp amounts in the mean value of gp by 10 — 20 percent. 
to 20 — 25 percent of the first term in (9) or (10). ; 
The values obtained for the gyromagnetic ratios of 1k. M. Bernstein and J.de Boer, Nucl. Phys. 
odd nuclei are listed in Tables Iand II for protons and 18, 40 (1960). 
neutrons respectively. In these tables RP cor- 2A. B. Migdal, JETP 37, 249 (1959), Soviet 
responds to the first term in the expressions (9) Phys. JETP 10, 176 (1960). 
or (10). 3 Grin’, Drozdov, and Zaretskii, JETP 38, 222 
The theory is in qualitative agreement with ex- (1960), Soviet Phys. JETP 11, 162 (1960). 
periment. No pretense of quantitative agreement 4Grin’, Drozdov, and Zaretskii, JETP 38, 1297 
can be made at present since the known experimen- (1960), Soviet Phys. JETP 11, 936 (1960). 
tal values of ere are subject to considerable er- °§. G. Nilsson and O. Prior, The Effect of Pair 
rors. In addition, this quantity is not measured in Correlation on the Moment of Inertia and the Col- 
the experiments directly, but is obtained indirectly lective Gyromagnetic Ratio of Deformed Nuclei, 
from the probabilities of the magnetic transitions Preprint. 
and the magnetic moments. On the other hand, it 6S. G. Nilsson, Mat.-Fys. Medd. Dan. Vid. Sesk. 
must be noted that the wave functions of Nilsson 29, 1 (1955). 


potential do not yield correct values of the mag- 

netic moments of the odd nuclei. We are there- 

fore not even assured of the correctness of the Translated by J. G. Adashko 
values of dgp calculated in the Nilsson model. 164 
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We treat the effect of surface absorption on the behavior of the strength function for s neu- 
trons in the region 90 < A < 130. We show that surface absorption gives no new results be- 
yond those for volume absorption, and is unable to resolve the discrepancy between theory 
and experiment in this region. We also show that including the spin-orbit coupling in com- { 
putations for deformed nuclei leads to an additional splitting of the maxima of the strength 
function and makes possible an improved agreement between theory and experiment both in 

the region of the maximum at A ~ 150 as well as the maximum at A~ 50. 


1. INTRODUCTION 


Caxcutations of the strength function for 
Z=0 neutrons have been made many times. In 
most computations it is assumed that the absorp- 
tion occurs throughout the volume of the nucleus 
and that the real and imaginary parts of the optical 
potential have the same r dependence. One then 
gets a correct description of the behavior of the 
strength function f=T$/D (where I? is the neu- 
tron width referred to an energy of 1 ev, and D is 
the level spacing) as a function of atomic weight. 
Computations with volume absorption for nonspher- 
ical nuclei have improved the agreement with ex- 
periment in the region of large deformations. But 
in the region of the minimum of the strength func- 
tion at 90 < A < 130, the experimental data are 
considerably below the theoretical values. Two 
proposals have been made for eliminating this 
difficulty:"!J 1) introduction of surface absorp- 
tion in place of volume absorption should improve 
the agreement with experiment; 2) assumption of 
an anomalously small value for the absorption in 
the region where N and Z are close to the magic 
number 50. 

The first assumption was investigated in a paper 
of Khanna and Tang.(2] Their results indicated a 
different behavior of the strength function for sur- 
face and for volume absorption. But this result 
contradicts other work!*1 in which it is asserted 
that the surface and volume absorptions differ 
very little at higher energies. We have therefore 
once again undertaken a computation of the strength 
function for surface absorption. Besides, the com- 
putations for deformed nuclei have been made pre- 
viously without including the spin-orbit coupling. 
The present paper investigates for the first time 
the effect of spin-orbit interaction on the strength 
function for deformed nuclei. 
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FIG. 1. Neutron strength function “ 
with surface absorption, for b = 0.5 
and W, = 10 Mev. 
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2. THE SPHERICAL NUCLEUS WITH SURFACE 
ABSORPTION 


We have calculated the strength function for s- 
neutrons for the case of a spherical nucleus with 
surface absorption. The real part of the potential 
is the same as that used in computations with vol- 
ume absorption, and as was done previously, ‘1 we 
may write 


V(r) = —Vo{1] + exp {(r — R)/a}}>, (1) 


where V) = 50 Mev, a=0.65 fermis, R=1.24 Ais ; 
fermi. For the imaginary part of the potential we 
took the expression /*] 


W (r) = — Woexp {— (r— R)?/b*}, (2) 


which corresponds to a surface absorption. 

Computations were made for three cases: 

1) b=0.5, Wy =10 Mev; 2) b=1, Wy = 5 Mev 
and 3) b=1, Wy) =10 Mev. 

For the first case (b = 0.5), the curve for the 
strength function f as a function of Ra! coincides 
for Wy = 2.5 Mev!4J to within 10% with the result 
for the volume absorption 


(3) 


where ¢ is the ratio of the imaginary to the real 
part of the potential (cf. Fig. 1, in which the curves 
for volume and surface absorption coincided ). 


W (r) = WV (r), 
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P FIG. 2. Neutron strength 


- function in the region 130< A 
2 < 220. 
a A 


40 160 180 200 220 


For the second and third cases (b= 1 and Wy 
= 5 Mev or 10 Mev) the curves, which are not 
shown in Fig. 1, also were close to those for vol- 

- ume absorption. 

In contradiction to the assertion of Khanna and 
\Tang,(?] the use of the potential (2) gives no new 
fesults at all for the strength function and does not 
_ Aliminate the difficulties cited in Sec. 1. The com- 
= putation showed that fmax/fmin is determined by 
the quantities Wy) and b, while the value of 

— (fmax fmin)'/?, just as in the case of volume ab- 

| sorption, is determined primarily by the param- 

: eter a in formula (1), which affects the reflection 
at the nuclear surface. 

As for the possibility of an anomalously small 
_ absorption near N = 50 and Z = 50, this assump- 
i tion seems questionable since there are indica- 
tions /*J that for higher energies the absorption in 
|| this region of atomic weight is not significantly 
| _ different from that in neighboring regions. Thus 
the question of the behavior of the strength func- 
tion for 90 < A < 130 stills remains open. 


—_— 


ing 


3. DEFORMED NUCLEI 


We know that nuclei have a static deformation 
for 150 < A< 190 and for A > 220. The axis of 
symmetry of the nucleus rotates relative to the 
space-fixed axes. Various authors C7] have shown 
that the motion of the neutron-nucleus system can 
be described by a wave function which depends on 
the coordinates of the neutron in the laboratory 
system and on the Euler angles which character- 
ize the position of the nuclear axis in space. The 
potential V(r, #’) representing the interaction 
of the neutron with the nucleus depends on the 
angle #’ between the direction of the nucleon and 
the axis of the nucleus. The quantity V(r, ¥’) 
can be expanded in a series of Legendre polyno- 
mials, and one obtains for the radial wave func- 
tions a system of equations which couple waves 
with different J’ and I’ which satisfy the condition 
l’ +I’ = J, where I’ is the angular momentum of 
the nucleus and J is the total angular momentum 
of the system. If we keep only the terms in 
P,(cos 8’) in the potential and set all higher 
terms equal to zero, then for deformations 
=< 0.25, we mix into the wave function with J = 0 


Sete ttn 


“ ae = 
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ites 


oe a 
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only the state with 7=2. (For zero energy, when 
there is no excitation of rotational levels, the state 
with 1 = 2 is different from zero only inside the 
nucleus.) An admixture of the state with J = 4 

can occur only for very large deformations. 

In theories without spin-orbit coupling, neu- 
trons with / = 2 are described by a single wave 
function and, as a result, for slow neutrons one 
gets a system of two equations. For the strength 
function calculated in this way, the maximum at 
A= 150 splits into two maxima. 

The importance of the spin-orbit interaction 
for neutrons with J ~ 0 has been shown in many 
papers. It is obvious that if we add to the poten- 
tial V(r, 2’) a term of the form 1-sr7!aVv (r, 3’)/ 
or, the scattering of slow neutrons will now be de- 
scribed by a system of three rather than two equa- 
tions (one for 7 =0, and two for 1 = 2 correspond- 
ing to j= % and j=). Thus in this case the 
spin-orbit interaction should also have an effect 
on the interaction of slow neutrons with a de- 
formed nucleus. The corresponding computations 
will be given in more detail in a paper concerning 
the scattering of neutrons of higher energy by de- 
formed nuclei. 

As the computation showed, the inclusion of 
spin-orbit interaction led to an additional splitting 
of the peaks in the strength function curve. Fig- 
ure 2 shows the strength function computed for 
even-even nuclei on the following assumptions: 

I’ = 0.2, B= 0.15, the energy of the rotational 
level I= 2, E, = 90 kev; we used a volume ab- 
sorption W = ¢V, with ¢=0.05. As one sees, in 
addition to the two maxima found in "J there is a 
bump on the curve in the region of the trough 

(A ~ 160) between these peaks, which corresponds 
to the situation observed experimentally. Thus the 
introduction of spin-orbit coupling improves the 
agreement between theory and experiment in the 
region of the giant resonance A ~ 160. 

The giant resonance at A ~ 50 also exhibits a 
complex structure (as indicated by experiment). 
In particular it appears from the experimental 
data that one can conclude that there are bumps 
on the curve at Ax 65 and A# 75. In this re- 
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gion of atomic weights (40 < A< 80) the nucleus 
again does not have a static spherical shape. But 
here the deformations are not static, but rather 
dynamic, resulting from asymmetric vibrations 
of the nuclear surface. Thus the conditions for 
applicability of the adiabatic theory, with a rotat- 
ing deformed nucleus, are not fulfilled. However 
one may attempt to apply it in this region also 
(without any pretense at good quantitative agree- 
ment with experiment). Results of computations 
including spin-orbit interaction and using the 
parameters cited above are given in Fig. 3. Ap- 
parently the curve gives a qualitative picture of 
the bumps on the sides of the giant resonance. 

In any case it appears obvious to us that includ- 
ing the nuclear deformation enables one to explain 
the relatively large values of the strength function 
in the region of A = 65 —75, which are not gotten 
from the simple model of a spherical well. 

It is a pleasure to express our gratitude to 
Z. D. Dobrokhotova for interest and help in pro- 
gramming of the numerical computations. 
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The cross section for the production of fast 7* mesons in collisions between high-energy 
protons and nuclei in which a small momentum is transferred to the nucleus is calculated. 
Under these conditions, the main role in the interaction is played by the exchange of virtual 
photons. The cross section under consideration was therefore determined by means of 
available experimental data on the photoproduction cross section of 7* mesons on protons. 


E; AST 7 meson beams are at present produced in 
proton accelerators as the result of an interaction 
of primary protons with nuclei. If these protons 
have an energy Ey, of the order of 30 —40 Bev 
then, as will be shown below, a considerable role 
is played by the Coulomb field of the nucleus in 
the production of 7* mesons with energy €], 

< 0.4—0.5Eyz,. The reaction involved is 


PENN +n ta (1) 


in which a small momentum is transferred to the 
nucleus N. If the condition 


g<pas, (2) 


is satisfied, where q? = (P—P’)* are the 4-mo- 
menta of the nucleus before and after collision, A 
is the atomic weight of the nucleus, and y the 7 
meson mass, then, as has been shown earlier, 11 
the main contribution to process (1) is due to the 
diagrams involving the exchange of virtual photons 
(see Fig. 1). Under these conditions, the differen- 
tial cross section of process (1) do may be deter- 
mined by the Weizsdcker-Williams method, using 
the available experimental data on the photopro- 
duction cross section of 7 mesons on the nucleus. 
According to the relation between these cross sec- 
tions [see [1], Eq. (2.17)], we have 


Po dw? da? w? — m?\2 oe 
do = a a kiss (“az ) |ée Soe 


where Z is the nuclear charge, Ey, is the energy 
of the incident proton in the laboratory system 
(l.s.),.m is the proton mass, w is the energy of 
the neutron and the 7* meson produced in the re- 
action (or of the proton and the 7? meson) in the 
c.m.s., and do, is the differential cross section 
for the photoproduction 


ytpontn, (4) 
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FIG. 1 
which we shall write in the following way: 
do, = 216, (0, 92) sin 0,d8;, (5) 


where 6, is the angle between the momenta of the 
m meson and of the y ray in the c.m.s., and w is 
the frequency in the W coordinate system (the 
system in which the proton is at rest before the 
collision ). 

Taking into account that w? =m? + 2mw, we in- 
tegrate Eq. (3) over q? in the limits between 


w—m*\2 (mw? 6 pe 
Gain = 2E, ) =(F) and Vmax = ike 
Denoting the result obtained by o7 (EL, w, 0¢) dw 
sin 0¢d6,, we have 


: . HE, 
6x (Ex, ©, 9.) dw sin 6, d§, = 22? a [2 In —— 
mA?o 
A's w \" 1d d 
esis. ( — ) | oe. Gp (@, 9,) sin 6, d8,. (6) 


It should be noted that, in view of condition (2) and 
since w* — m?< 2E;,Vq’, the permissible values 
of w are determined by the condition 


o<pE,/ mA”. (7) 


In order to obtain the energy and angular distri- 
butions of 7 mesons in the l.s., we shall pass in 
Eq. (6) from 6¢ and w to the variables ey], and 67, 
(denoting the energy and the angle of emission of 
the produced 7 meson in the l.s. measured from 
the direction of the primary-proton momentum ). 
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From the conservation laws for the process (4), 
it follows that 


(8) 


where € and g are the energy and momentum of 
the produced 7 meson in the W system, and @ is 
the angle between the momenta of the 7 meson and 
of the y ray in the same system. On the other hand 


(9) 


cos 8 = [(m + )e—mo— 1p?) / ga, 


&, = m4 (eE, — gp.cos 8). 
From Eqs. (8) and (9), we have 


w@({—e, /p,) +p? /2m 


o> f=] m) (EL PL—)) * a9) 


Taking Eq. (7) into account, we can neglect the 
second term in the denominator of the expression 
for €. In fact, 


ra sir<z 


eo eae 0 
HEN ipa) vot yA eee Fw te an 


bu Nose es 11 
2EF mA °° 2E, A Sen 


In addition, in the numerator of Eq. (10), we can 
neglect the term p?/2m, since, at any rate, € >». 
Consequently, with sufficiently good accuracy, we 
have 


e=o(l—e,/E_). (12) 


We shall now consider those 7 mesons which are 
emitted in the l.s. at small angles to the direction 
of primary protons, and which have a very high 
energy €7, constituting a large fraction of the en- 
ergy Ey. As we shall soon see, these 7 mesons 
will be relativistic in the W system, i.e., for them 
€ =g Su. Taking this into account, we obtain from 
(9) and (12) 


@ = me, / (Ex, — &,) [1 —(p,,/ E,) cos]. (13) 


Hence, for a given €y,, we have for the minimum 
frequency Wmin (corresponding to 6 =7) 


min = me,/2 (Ex — ex). (14) 


The minimum value of € corresponding to Win 
is, according to Eq. (12), found to equal me z,/2Ej. 
Therefore, the assumption made earlier that € 5 u 
is fulfilled for those 7 mesons whose energy €j, 
in the l.s. satisfies the condition 


&, S WME, / m= ey. (15) 


On the other hand, for the maximum frequency 
Wmax we obtain, from Eq. (13), the value of w 
[wWmax = 2€,E},/m (Ey, -€y,)] which, for the large 
ez, of interest, is always much greater than wax 
determined by Eq. (7). Therefore, the integration 
with respect to w in Eq. (6) should be carried out 
over the limits from wmjn to Wmax = HET, /mA!”, 
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Moreover, the condition wmin < Wmax determines 
the upper limit for €y;, which can be attained if the 
condition (7) is satisfied: 


E, oy Ey 
(€L) max => 1 + m/20nax —— 1 + me A” /2pE, => Eo. 
Thus, the production of fast 7 mesons with en- 
ergy €],% 2uEz,/m in the Coulomb field of the nu- 


cleus is only possible for a sufficiently large energy 
Ex, of the incident protons 


E, mA" /(1 + Qu /m). 


Let us denote the velocity of the c.m.s. with re- 
spect to the W system by V and the velocity of 
the produced a mesons in the c.m.s. by v: 


<—, v=V(o—p?/2m)?—p?/(o+ p?/2m). (18) 


(17) 


vcos0, = [geosd— 2 —e] /[e — 2 gcos 0 ei ALO! 


With the same accuracy with which we obtained 
Eq. (13), we have 


wral/ [meee | 


cos 0, = [cos § — 
— 


a ep m 
=i (ae) (20) 
Furthermore, 
E,ep— V (Ei. — m*) (e7 —p?)cos6, = me. (21) 


Hence, taking Eqs. (12) and (15) into account, we 
obtain 


ayline jain heal Ohh ae re 
aed V (E2 — me) (2 — p) ( aE) 
2 2 & 
=(it oF a 2d Mize grag thane 


mo iE 

&, E), (i) é (22) 
Consequently, for small 67, (@7, <1), which is the 
only range important for the process under consid- 
eration, we have 


DEB 


(23) 


The maximum angle Ch PERE (Ey, €1,) of emission 
of a pion with energy ¢€], permitted by Eq. (7) is 
therefore 


m2 


(i= tye ete are 


Equations (20) and (23) enable us to pass to vari- 
ables €j, and 67, in Eq. (6), as a result of which 
we find 


ae Er en) (24) 


ou 
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Table I. Cross section 
O7(Ey,, €1,) x 10-0 


em?/Bev 
ep / Ey, 
0,30] 0.35]0,40] 0,50 
EL, Bev 
20 131 59/45 0,02 
30 194, 108 36) 1.9 
40 226' 129 501 5.3 
Qo @ 
On CET, EL, 67) de, dQ, Sa [2 In ae. 
2 2 
0; +m?/e, E, 
Leh) (=*-) Je , 9.) ——————_——~- de, dQ,. (25 
= ee p ( ’ ) 5 2pm] Ep L L ( ) 


In the above expression, w and @¢ are determined 
for given ¢€y7, and @7, by Eqs. (20) and (23), and 
dQy, = 2767, dé. 

In order to obtain the energy distribution of the 
m™ mesons produced, it is more convenient to change 
in Eq. (6) directly from the variable 0, to €], using 
Eq. (20), and to integrate the expression obtained 
with respect to w between the limits given by Eqs. 
(7) and (14). We then obtain 

max dQ 
6x (Ex, e,)de, = de, \ 6, (, 0,) sin 0, —* de 
& 


min 


(26) 


) Jsr(o. 09(2 + 3S: 


It is convenient to represent the available data 
on the cross section for photoproduction of 7 me- 
sons on nucleons in the form 


ee 


max 


6p (, 0c) = A(w) + B() cos 6, -+ C(w)cos?0,, (27) 


where A(w), B(w), and C(w) are values known 
from experiments (see [2] , where data on the photo- 
production of 7* mesons for y ray energies less 
than 1 Bev are collected). Taking (20) into account, 
this enables us to carry out a numerical integration 
in Eq. (26) and to obtain the energy spectrum of 7 
mesons with energy ¢€], in the range from 2uE,,/m 
to Ey,/(1 + m?A!/2uky,) [see Eqs. (15) and (16)] 
and emitted in a narrow cone with aperture 

eX (Ez, €y,) [see Eqs. (24)]. 

The results for the cross section o7(ELZ, €1,) 
calculated in this manner for nuclei with Z = 82 
and A = 207 (Pb) and primary-proton energies 
Ey, = 20, 30, and 40 Bev for different values of 
€j, are shown in Table I. 

In connection with these calculations, it should 
be mentioned that the frequency w corresponding 
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to the %, ¥, resonance is of the order of 2p. There- 
fore, if wmin <\2u, the resonance range falls with- 
in the integration limits in (26). According to Eq. 
(14), this will take place if 


e,/Er2 (1+ m/ 4p)? 0,4. (28) 


The main contribution to the integral for o, 
(Ez, €1,) will then be due to frequencies w close 
tO Wmin- Therefore, if, in addition to (28), the 
following condition is satisfied 


O max [ Omin > iV (29) 


then, for the important values of w, the first factor 
in the integrand of Eq. (26) also will be large (the 
logarithmic term being large). If conditions (28) 
and (29) are satisfied, we can assume that the 
mechanism due to the action of the Coulomb field 
of the nucleus will contribute greatly, and may 
constitute the main contribution, to the production 
of fast mesons (i.e., may be greater than the 
contribution of purely nuclear interactions ). 

For 7 mesons with energy ¢;, satisfying con- 
dition (28), the inequality (29) becomes 


E,/2mA%s> 1. 


It is essential to satisfy (29) also because of the 
following reasons: passing from Eq. (3) to Eq. (6), 
we have used the exact equality, which determines 
the upper limit of integration with respect to q?, 
instead of the inequality (2) which gives the condi- 
tion of applicability of Eq. (3). The inaccuracy due 
to this procedure will be negligible if the argu- 
ment of the logarithm in the brackets of Eq. (6) 
Wmax/w will be much greater than unity. There- 
fore, the corresponding error will also be small 
for O\(E7 ,“€y) if Eq. (29) is satisfied. 

For a primary proton energy Ey, equal, for 
example, to 30 Bev, and an energy of the produced 
m mesons €7, = 0.4 Ey = 12 Bey, condition (28) is 
satisfied and Wmax/“min ~2-5. We therefore 
see that, under these conditions, the mechanism 
discussed contributes greatly to the production of 
ma mesons of the corresponding energies emitted 
at angles not greater than about 2° [see Eq. (24)]. 
Clearly, this mechanism will remain important in 
the range of meson energies ¢€j, & 0.4 Ey, which 
will form an increasingly large energy fraction 
with increasing Ej. 

The first row of Table II shows the values of 
the cross section 07 (Ey,) which were obtained by 
a numerical integration of 0, (Ej, €j,) within the 
limits given by Eqs. (15) and (16): 


Ee 


3’ (Ex) = \ 6, (Ex, x) der. 


ey 


(30) 


(31) 
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Table II. Cross sections o7(E{,) 
and o,(Eyz,), 107?" em? 


30 | 40 


EL, Bev | 20 


50 | 60 75 
| 
S. 0,146 | 0.395 | 0.656 
S, 1.09 |2.54 |3.88 |5.05/6.08|7.38 


The second row of the table shows the data which 
indicate the dependence of the cross section o, (Ej,) 
on Ey, corresponding to the production in the reac- 
tion (1) of mesons with arbitrary momenta satis- 
fying condition (2). This cross section corresponds 
to m mesons which, in the l.s., can also have small 
energy (€], < 2uE,,/m). The magnitude of this 
cross section is obtained by introducing the total 
cross section Op (w) for the reaction (4) into Eq. 
(6), instead of the differential cross section 
2p (w, 6.) sin 0,d6,, and then carrying out a 
numerical integration with respect to w between 
the limits w,;=y(1+pu/2m) [the energy threshold 
of reaction (4)] and wmax [determined by Eq. (7)] 


Da ¢ One 2 d 
é.(Ex) ==> | ED ns = sl sabre 


The cross sections 0, (Ey, €],) and o7(Ey,) 
can be calculated using the available experimental 
data only for a primary proton energy Ey, < 40 Bev. 
According to Eq. (7), Wmax which, for A = 207, is 
greater than 1 Bev, corresponds to the energy Ey, 
greater than 40 Bev. There are so far no corre- 
sponding data for the photoproduction cross section 
op (w, 6c) for a y ray energy greater than 1 Bev. 
The cross section 0, (Ey,) may, with good accu- 
racy, also be calculated for Ej, > 40 Bev. This is 
because the main contribution to the integral in the 
right-hand side of (32) is due to relatively low fre- 
quencies corresponding to the 5, %, resonance. 

In a recently published article,(3] Drell came 
to the conclusion that accelerated electrons rather 
than protons should result in a greater yield of 
ultra-high energy 7 mesons even at y ray (pro- 
duced in the bremsstrahlung of electrons) and 
proton energies Ey, = 25 Bev. However, in esti- 


NIKITIN, POMERANCHUK, 


and SHMUSHKEVICH 


mating the cross section for the production of 

fast mesons by collision of protons with nucle- 
ons, Drell based himself on the results of the sta- 
tistical model. The applicability of this model for 
processes in which all the energy of the colliding 
particles is transmitted to a single particle, is 
clearly very doubtful. On the other hand, the pho- 
toproduction of 7 mesons on nuclei was calculated 
by Drell using the polar approximation, i.e., taking 
into account the diagrams of the type shown in 
Fig. 2 [on which X and (n) correspond to the 
nucleus in the initial and final states]. In appli- 
cation to processes involving nuclei, the validity 
of such an approximation is especially doubtful 
(see the remarks of Gell-Mann/41] referring to 

the article of Drell), since it is possible that the 
nearest singularity in the value of the momentum 
transferred to the nucleus in the amplitude of such 
processes is not due to the mass wu of the 7 me- 
sons but to a smaller quantity 1/R = p/A'® (where 
R is the nuclear radius ). 


1T. Ya. Pomeranchuk and I. M. Shmushkevich, 
Nucl. Phys. (in press). 

2H. A. Bethe and F. de Hoffmann, Mesons and 
Fields (Row, Peterson, and Co., New York, 1955) 
vol. II; H. H. Bingham and A. B. Clegg, Phys. Rev. 
112, 2053 (1958); F. P. Dixon and R. L. Walker, 
Phys. Rev. Lett. 1, 459 (1958). 

3§. D. Drell, Phys. Rev. Lett. 5, 278 (1960). 

4M. Gell-Mann, Proc. of the 1960 Ann. Int. 
Conf. on High-Energy Physics, Univ. of Rochester, 
1960, p. 641. 
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We consider electromagnetic fluctuations in a non-equilibrium plasma both when there are 
no strong fields present and in the case when the plasma is in a strong magnetic field. 


fi One can assume that at the present time the 
theory of thermal fluctuations in a plasma in ther- 
modynamic equilibrium has already been devel- 
oped.* The difference—which is essentially not 
one of principle—between the theory of electro- 
magnetic fluctuations of a plasma and the one 
given, for instance, in the book by Landau and 
Lifshitz *] consists in the use of the complex 
dielectric-constant tensor with account of spatial 
dispersion. Such a theory of fluctuations can, how- 
ever, not be used for an application to a rarefied 
plasma in which the collisions are extremely rare 
and which can thus stay in a thermodynamic non- 
equilibrium state for a long time. The present 
paper is devoted to a consideration of fluctuations 
in such a non-equilibrium plasma.f{ We then ob- 
tain expressions for the fluctuations by straight- 
forward calculation, by regarding the plasma as a 
system of weakly interacting particles. 

2. We introduce the Fourier components of the 
electrical field operator 


-++co 
A ee « oe, 
E(o, k)= \ dt \ dr E (r, ft) efot—#r, (1) 
To find expressions for the fluctuations we must 
know the quantum-mechanical average of the follow- 
ing operator 


1 [E; (0, k) E,(0', k’) + E;(0', k’) Eo, kK). 2) 


It is clear that the average value of such an oper- 
ator can at once be written down if we know the ex- 
plicit form of the electrical field operators. In the 
case of interest to us, of weakly interacting par- 
ticles, one can easily obtain the explicit form of 
the field operators. To do this one must take into 


*A survey of such a theory and the corresponding bibli- 
ography are given in the book by Rukhadze and the present 
author. [? 

tThe theory of non-equilibrium electrical fluctuations was 
considered by L. V. Keldysh—to whom the author is grateful 
for information—in connection with another problem. 


account the fact that the form of the matrix ele- 
ments of the field operators is determined by the 
matrix elements of the particle current density 
when the particles make a transition from one 
state to another./?1 

We first consider a case when there is no strong 
field in the plasma. The states of the particles in 
such a plasma can be described by plane waves and 
the transition matrix element of the current density 
of particles of the kind a, which corresponds to a 
transition from a state n to a state m, is of the 
form 


Cahmn EXP {ii [(pa — Pm, r) — (En, — En) )}, (3) 


where a@ are the Dirac matrices. We can then 
write down for the Fourier component of the elec- 
trical field operator (1) the equation 


{(w/c)?e4;(@, k) — k6i3 + Rik;} <m| E; (@, k)| n> 


__ 4nio E,—E,, 


= P: eat!mnd( nk — Pa + Pm} 6(o— 


\,@) 


where €;j is the dielectric-constant tensor. 

We can then immediately write down an expres- 
sion for the matrix element of the field correspond- 
ing to a transition of a particle from a state n to 
a state m: 


<m| E* (o, k)|n> = — 4nioce Ajj (@, k) ofan 
aS E,—E 
x8 (k— PSP )3(o— 25"), (5) 
Ai; (@, k) = (@/c)?e:j (@, k) — R6ij + Rikj. (6) 


Equation (5) enables us easily to evaluate the 
expectation value of the operator (2). Using the 
fact that the number of particles of kind a per 
unit volume is equal to Ng and that the probability 
that the a-th particle has a momentum pg [and 
accordingly an energy E(pg)] is determined by 
the distribution functions f,(pg), we have 


4 [B;(@, k) E;(o’, k’) + Ei (0, k’) E;(@, k)] 
= 6(@ + 0’) 6(k +k’) (EiEs)o. «» (7) 
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where the bar indicates a quantum-mechanical aver- 
age, and 


47e,@ 


(EEio, «= 7 


2 * 
) Az (0, k) At (0, k) Na 


x (date (Pa) {8[0—+ (E (pe + Ak) —E (0a) 


cp) (Pq + Ak)! 
E (pq) E (Pg + hk) 


[E (p, + %k) — E (p,)]? — c?h*k® 


4 (- ur 2E (P,) E (Pg + hk) 


cpl, (Py + hak)” 


1 
Fear) +8[0+ FE e.—Mh)—E 00] 


[E (p, — hk) — E(p,) *— cn?h? 
x | — 6 SS Sor 
2 E (pq) E (Pg — hk) 


pi (Pa — Fk)! 


Ep.) Ep, = ak) (8) 


cp, (Pg — fk)! \ 
E (pq) E (pg — hk) 1 J" 


The spectral functions for the vectors of the 
magnetic and the electrical induction B and D are 
connected with (EjE;,).) « by the relation 

(B,Bj)o,n = Co hrksCiriejst(ErEt)o, ks 
(D;Dj)e, k = &jr (a, k) ei, (@, k) (EE se k 


In the classical limit fh = 0 


(E:Ej)o, x= XI 


ar 
x Na\ dPofa (Pa) i 


where Va is the velocity of the a-th particle. 

We point out that the spectral formula for the 
fluctuations of the Lorentz force acting upon par- 
ticle a is equal to* 


(&(E+ 4 tvoB]) (E+ +{voBl),), = p2 — 
kv, 
a 
t 
SR CeN 


This last formula can be used to write down the 
diffusion coefficient in the transport equation for 
charged particles. 

In the particular case of particles distributed 
isotropically over the plasma, when the dielectric- 
constant tensor is of the form 


Ame © 


) Ai (0, &) Aj (0, ¥) 


(9) 


6 (@ — kv,), 


x | dpe ofo6 (@ — kv,) ofur (8, E es 


k,vs, 
an @ 


) Az (@, WAI, & (de [1 — 


&;;(@, k) = (8; — kk; / R?) et” (w, Rk) + R:RjR*e! (@, k), (10) 
and therefore 
6.,— k.R./k? DL RR: 
—1 é] é c fi 
ij (@, k)= aac AT RE (11) 


Equation (9) becomes of the form 


*[ vy, B] = VaX B. 
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In the case of an equilibrium particle distribu- 
tion, Eq. (12) and, of course, also Eqs. (8) and (9), 
go over into the formulae following from the the- 
ory of thermal fluctuations.{11 

38. We turn now to the case of a plasma ina 
strong magnetic field By. We note first that it is 
clear from what we have already said that the fluc- 
tuations of the electrical field can be written in the 
form* 


1 [E; (@, k) Eo’, k’)-+ Ex (o', k’) E;(@, k)] = — (4a/c?)Poo! 
x Aj'(o’, k’) Aj-'(@, k) La (@, k; 0’, k’). (13) 


J { dpaNaf(p.)8 (0 — kve) 


wo? [kv]? (£6 ;; — &;;) 
| we!” (w, k) — ck? |? 


(12) 


On the right hand side stands the correlation func- 
tion of the transition current 
I.(@, k; @’, k’) 


=F k) po’, k)+ i’, K)i-(o, KL, 
and we now turn to evaluate this. We note in pass- 
ing that one should not confuse the transition- 
current correlation function with the induced- 
current correlation function, which can easily be 
found by using the field equations provided, natu- 
rally, that the electrical field correlation function, 
for instance, is known. 

We restrict ourselves to a non-relativistic 
analysis. Moreover, we shall not take spin effects 
into account. For the evaluation of the matrix 
elements we use the Landau representation, and 
we use thus for the complete set the value pe of 
the component of the momentum parallel to Bo, 
the energy pertaining to the transverse motion 
E+(1y) = fQg (ly + %) (here Qg =|eg| By/uac)s 
and finally yp, = —cpi/eqBo, the projection of the 
center of the Larmor orbit upon the y axis. We 
have then for the matrix element of the Fourier 
component of the transition current 4,5] 
<m|ja(@, k)| > = 8 (@ — [ln — Lin] Qa — pake/a + Hk2/2pa) 

‘a Boh ea e B 
x 6 ie Pa ei (4 ot “557 Yona] 
x exp {— ky (Yom + Yon)} Lm | ja (Kk) | ln)» 


(14) 


*We note that without taking further conditions, say bound- 
ary conditions, into account, Eq. (13) and also Eqs. (5), (8), 
(9), and (12) can become meaningless in the region where the 
plasma is transparent, i.e., under conditions where the de- 
terminant of the tensor Ajj(w@, k) tends to zero. This latter 
fact corresponds to the circumstance that in the transpar- 
ency region the non-equilibrium fluctuations of the electro- 
magnetic field are not determined by the states of the 
charges. This observation arose from a conversation with 
M. A. Leontovich to whom I should like to express my grati- 
tude. 
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where 
Mala (k)|t,> = \ea| Qui aE, <Im\e"*#" | tnd, 


Im |j % (k) | a Ae : a — «ln Pee et Besa ies V 194/204 


x {Vm <lm — | ae \ta>—V bn <lm |e "0" |, — 1}, 


(15) 
Sz ea 1 ee 
ln a (K) | En) = = (P5 — y Bke) <lm |e" | Ln>, 
ee lay WEN lel) te 8" L'a tal, (x) 
h 5 . Vm—tal 
x \V +, [ex Sign éa (In — tm) —ihy)"—". (16) 
In the last equation / = min (lm, In), X= chk} Y 


2|eg|By, kj =kk +k%, and 
= n+r uf 
= (ZR 


is a Laguerre polynomial. 

Equations (14) to (16) enable us to determine 
the transition-current correlation function. We 
get thus, for the case of a spatially uniform dis- 
tribution for which the density matrix fg(pz, n) 
is independent of yo 


L; (X) 


I;;(@, k; o’, k’) 
a |e, | Bo 
= (0 + 0')3(k +k’) (dpe Y Nofa (pe, n) 20 ke 


n=0 


Ne = f (o—1m—n1 9 
m=0 
pik, ake ay pos 

<oigai — Fp) <i Fé te) | my <m|78 (—K) | n> 


2k 
+6 (o + {m—n] Qa— ae 


2 

4 BE) <n /Fb (1) Lm <n F800 ny}. 7) 
This equation determines the fluctuations of the 
random transition current and, combined with 
Eq. (13), also the electromagnetic field fluctua- 
tions. 

The fluctuation formulae can appreciably be 
simplified in the classical limit h = 0. We can 
in that case use the asymptotic representation of 
the Laguerre polynomials and we have 


Ry 
Im | ja (k) )| tn = ea02(— 1)’ AF bn th ( Le) 
oS [i (Ry/k,) + (Rx/R1) sign a (Gneeiel es 
ko 
Kn LF £(H) | fad = [ea e(— 1)! ap Sitgtat (=H) 


(19) 


(18) 


X [i (Ry/h1) + (Rel y)sign ea (lm — tn) |! “a 
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+ sign a (lm — Tn + J Ebel 
Alle 
kyo Pei 
«ntti Bet) —Aamto He 
sy ke. . m—lp-1| 
x [ie + Fesienee (n= tn—1) | \, (20) 
AE ab 


where vz = ph/ba, VI = (285 /iy, Jj(Z) 
—a Bessel function. 

Bearing in mind the fact that the matrix ele- 
ments (18) and (19) do not change when we inter- 
change the states m and n, while the matrix ele- 
ment (20) changes sign, we can use these equations 
to write down an equation which determines the 
fluctuations of the random currents: 


1ij(@, k; @', k’) = 8(@ + @’) 6 (Re + Re) 8 (Rx + Re) Dy CaN 


-+oo foe) -Loo --00 
x \ dp: \ pidpy \ dYofa(Per Pls Yo) Dy S(@+1Q, 
—oo 0 —0oo aoe 


— kz) exp (= i (ky +2) yo} PP (ee RF? Ro Rew 


k 
FQ) (bay By) FE ba) = 04 (— Of Ge 
k [Z| ae DU e ; 
++ = Sign (lea) {i hy Jiu (=) signe, 


(22) 


F\ (Ry, Ry) = FP (Rey) (— 1) 
(k k 
= iv, (—1)! $ {Fut ( el) E os 
{2+1| 
sa 7 Sign (a [2+ 1) 
k [i= k 
— : ge+ = sien Goll — 1] Jcai (4)! @) 
iD (Ry Ry) = at (Ray Ry) = 02(— 1)! Jy yj (201 /Qa) 
ak Beste 1] 
x E os = pete (cl) (24) 


In the particular case of distributions which are 
independent of yp, the projection of the center of 
the Larmor orbit on the y axis, Eq. (21) becomes 
of the form (ky = 0) 


Ij (@, k; 0’, k’) =6(@ +4 o'}8(k + k’) >) Noel 
-foo oo -f0o 
“20 \ dpz \e.dP sha (P.» Py) Py) 5 ( i 1Q4 — R2)Nij, 
—co (25) 


where the tensor 7jj has the following components 
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ty, = OF (L(Q,/%, 0) F(R, 0, /2,)), 


Ty y = 0% [Je 0, /2,)), T,, = Vd7(k, 0, /2,); 
52) yx 

= iv? 1, (Rk, 0, / Q,) Ji(R, 0, / 24) (Q,/R,0,)signe,, 
t= %,,= 0, v1J2(k, 0, /2,) (Q,/R, 


iv | vu, (k, 0, /2,) Ji(k, 0, /2,) sign (e,2,). 
(26) 
This tensor is exactly the same as the one arising 
in the theory of the dielectric susceptibility of a 
plasma in a constant magnetic field 111 
Equations (25) and (26) combined with (13) en- 
able us to determine the classical fluctuations of 
the electromagnetic field in a plasma in a strong 
magnetic field. Stepanov and Kitsenko!*] have 
given general formulae for the dielectric-constant 
tensor of a plasma with particle-distribution func- 
tions of the form f(p,z, p;). As an application of 
our equations we obtain an expression for the fluc- 
tuations of the Coulomb field. We can then take 


v,) sign R,, 


Tey ae Ty a 


kik, 2 pe 


Ay 7 (@; k}= apes a Bf, (@, K) s (27) 
In that case* 
=> (Ame,)? Ngkjk; 
ke R, Esp (o, k) i 
+00 © ree 
x 2m \ dp: \dp , Pt4(P»P)) 2 d(o—1Q, 
Ses 0 l=—co 
k,v 
k,0,) J3(5), (28) 


We point out at this juncture that an expression 
similar to the one occurring on the right-hand side 
of Eq. (28) occurred earlier when the collision in- 
tegral for charged particles in a strong magnetic 
field was written down.\741 It is thus possible to 
express such a collision integral directly in terms 
of the fluctuations of the electromagnetic field. 

We note in conclusion that the equations ob- 
tained here can also be used in the case where 
the particle-distribution function in the plasma 
depends on the coordinates and the time. A cor- 
rect description of the fluctuations will then, 
clearly, be given for frequencies and wave num- 
bers larger than the characteristic frequencies 
and wave numbers which determine the change in 
the non-equilibrium distribution function. 


*The sum over / in Eq. (28) can also be written in the 
form of the following integral: 
+00 
1 ( ( hd Mee 
cea dxJ Ghat = a 
o| 2 Q, 5) ) cos {x (@ — k,v,)}. 
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APPENDIX 
The author has shown 8] that when there are 


no strong fields in the plasma the collision inte- 
gral for charged particles is of the form 


On fg 
Ja=s>(Dasy)— 7 
Pa Pa 


(A; fe (A.1) 


where 


Dii— me Ny \ dpofe \ oa es nk,k 5 (kva 


7 (kva, k) v5 [?, 


or ee (ae nee 


— kv») | Un 


Ar = 2No \dp 


3 : mkik)8 (kV 
(kva, k) up|. 

It is of interest to express the diffusion coeffi- 
cients Djj and the friction coefficient Aj of Eq. 
(A.1) in terms of quantities which determine the 
electromagnetic properties of the plasma. To do 
this we note that 


(ca(E+ 7 IveBl) (E+ [v0Bl)) 


a kv») | v,An 


iS ai 
x Nz \ apofod (kv — kv») kikj | ayy (kva, k) Us i : 
Using this relation we get 
dk 
Dis lea + ey 
(A.2) 
We note further that when there are no strong 


fields the following relation holds [1] for the com- 
plex dielectric constant 


(a(E+ > [veBl) (E+ > IveB]) ) 


£1; (0, Werle f 
= — 20 te 


which enables us to write the friction coefficient 
in the form 


Ai= 5 aay by {€rt (KVa, k) — €tr (KVay K) 


Va \ da (k 52) vioh$ (o — kve), 


2 
x Anei( 2 ) vu, Air (kVa, k) vs A*— (kva,k). (A.3) 
We denote by E(2)(w, k) the Fourier component 
of the electrical field produced in the plasma by par- 
ticle a. It is clear that in our case such a compo- 
nent differs from zero only for w =K*Vg and is of 
the form 


EY (kv, k) = — (4ntieg /c*) kvaAz' (kVa, k) of. 


Taking this formula into account we can write Eq. 
(A.3) in the form : 


a ae 
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dk; 


A; = ol \ eRe Ge! {&74 (KVq, k) 


Be (ka, KY) ES (kya, k) EY” (ka, k). (A.4) 


Bearing in mind that the energy dissipated per 
unit time by the field E‘®) is equal to!1] 
; k . 
5 | cata pr fer (Kva, k) 


2 ) Qn)3 “4x 
— 84, (KVa, k)} Ef” (ka, k) Ef” (kva, k), 


we can say that Eq. (A.4) determines the force 
braking the particle a or, which comes to the 
same, the change in its momentum per unit time 
when we take the origin of the electromagnetic field 
accompanying the motion of the particle a into 
account. 
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The cross section for scattering of charged spinor particles in the Coulomb field of a nu- 
cleus is calculated by taking into account the finite size of the nucleus and screening. The 
relative accuracy of the calculation is of the order of (aZ )?. The calculations are all based 
on the Furry-Sommerfield-Maue function and lead to an analytic formula for the cross sec- 


tion. 


1. INTRODUCTION 


‘Tae cross section of elastic scattering of a rela- 
tivistic spinor particle in a Coulomb field can be 
expressed in the form of a series in the partial 
moments.-!] This series is not summed in the 
general case, and leads to numerical results with 
considerable difficulty. If only terms of order 
(aZ)* are retained, this series can be summed,{?] 
the sum being an exceedingly simple analytic func- 
tion. It proved possible to obtain the same formula 
in the Born approximation.[31 

Attempts to include terms of order (a@Z)* were 
made by Mitter and Urban, {41 by perturbation the- 
ory, but the infrared divergences were incorrectly 
eliminated. The results obtained in that paper are 
presented in the form of cumbersome double inte- 
grals. In the nonrelativistic case, a proof of the 
elimination of the infrared divergences in terms 
of order (aZ)* was given by Kacser.!*] 

In the present paper we develop a method in 
which terms of order (@Z)* can be accounted for 
by using the Furry-Sommerfeld-Maue function. 
The radiation corrections, which are significant 
only at very small values of Z (Z~ 1), are neg- 
lected. In part I of the paper, the finite nuclear 
dimensions and screening are taken into account 
in first approximation. We consider the condi- 
tions under which this is sufficient for the em- 
ployed accuracy in (@Z)*. In part II of the article 
the finite nuclear dimensions and the screening 
will also be accounted for in the second approxi- 
mation, and the results of numerical calculations 
will be given for certain values of the parameters. 
The final expression for the cross section can be 
represented in both cases in analytic form. 

In a recent paper by Johnson, Weber, and Mul- 
linL6] analogous calculations are made for a pure 


Coulomb potential using a somewhat different 
method. In the region covered by both investiga- 
tions, the results are in agreement apart from 
algebraic transformations. 


2, GENERAL EXPRESSION FOR THE SCATTER- 
ING AMPLITUDE 


The scattering amplitude of a Dirac particle in 
an external statistical field V has the following 
form (see LT]) 


F (k, p) = 2n?ux <k|V | tpp> Up = Uf (kK, P) Up» (1) 


where v= 715 k? = p* = E*-m?, h=c=1; and 


p and q are the momenta of the incoming and out- 
going particles. The function |k) Uz is a solution 
of the free Dirac equation, while the function 

Vp) Up is the solution of the Dirac equation in a 
field V asymptotically represented by a plane and 
diverging wave 


ltp> =|p> + GVity»> = Rip, 
{i1G|s) =): (2) 


p? — ie 


R=(1—GV)" => GW)": 


VR=RV (eB Sealy: (2a) 
Assume that the field V can be represented as 
a sum of a strong field V,; and a weak field V5. 
We introduce the solution of the Dirac equation in 
the field Vj: 


|@p> =|p> + GV, |\pp> = Ril p>, (3) 
where 
R,=146V,2,=0=@) ; VR Rive 


It is then easy to verify that the following equa- 
tion holds: 


(3a) 
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| R=R,4+ R,GV.R = Ry + RGV2R;. (4) 


Taking (2a), (3a), and (4) into account we can ob- 
tain the following expression for the amplitude (1): 


i(k, p) =f (k, p) + fe (k, p), (5) 
fr (ky p) = 2 Ck |Vi | gp), (5a) 

fo (kK, p) = 2m? {px |Vol p> + <ox |VoRiGV> | op> 
+ <k|Vo RGV2R,GV>| @p>), (5b) 


where (| = (k|Rj corresponds to a function 
asymptotically represented by a plane and con- 
verging wave. 

As shown earlier,{*! the function | Pp) can be 
represented in the first potential by 


| p> =| Gp> +|®p), (6) 
with . 
|G>> = |p> + GV1| 95>, 
2E 
<F| Go| ps Popo S(t—s), (6a) 
|D,> = | G> + GV; |,» = Rs \Qp>, (6b) 
Pa ip 0 
where <f|Qp> a 2E <F| @p>, 
q,,=i—p, g=aq. 
We can then obtain for (5a) the expression 
fi (k, p) = 2x? <k|V, | gp> 
= 2a {<k|V,| > + <k jVi | @p>?. (7) 


The second term of (7) can be transformed with 
the aid of (3a) and (6b): 
<k | Vs |Dp> = <k|ViRi | gp> = <k| R*Vs | > 


t = <p |Vil o> = <ouiVi! o> + <Gk|ViRi | P>- (8) 
4 Substituting (8) in (7) we obtain 
fia (i, p) = 2m? (Ck IV,| G3) + CGRIVr > 

: (9) 


SH VR1 | 95>). 


3. CHOICE OF POTENTIALS 


As the total electrostatic potential of the nucleus 
with account of its finite dimensions and screening 
we can choose a potential in the form 


V = (V,—Ve) + Va, 
where Vg is the screened potential of the point-like 
nucleus Vc is the Coulomb potential of the point- 


like nucleus and Vy is the potential of the nucleus 


with distributed charge. 
Following Moliere,"®! we use for the first term 


of (10) in momentum space the expression 


(10) 
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4 
<i|V3—Vo|s> = —aZ Sia; / 20? (qis+ Mi), he = bi, 
é=1 (11) 
Gy=='0,10;. ° -as.== 0.559 93 = OS, 
4 
a= — ly Sa | 0, (11a) 
j= 
by =a 6.0, lie = HZ On bs == 0.30, bg — 0, 
N= mZ'h/121, a =e? = 1/187. (11b) 


Using, in analogy with Uberall,(1°J the Laplace 
transform for the nuclear charge density * 
ro(r) =\g (Ae dh, 
0 
we can obtain an expression for Vy in the form 


(12) 


he . 
<i]Val8> = — gar ge \pirde# ar 

= a 1 Q (A) 

a On? TRY Ngee 

Py a ft Q (A) g(a) 4 

2002 & ant \ M2 an 4x | Mg? ne dnl, 
0 

qg=f—s. (13) 


Recognizing that 


an) 2) an = 4nc\ p.(r) drs Zs 
0 


substituting (13) and (11) in (10), and choosing for 
V,; the Coulomb potential of the nucleus, we obtain 


<f[V|s> = <f|Vils>+ <i[Ve|s>, (14) 
<f|V,|s>=—V(0), <f|Vels> = — vi (A), 
aZ 4 
V (a) = 24 rag (14a) 
é renee (,) 
= ao \ a, (14b) 
f=1 0 é 


Confining ourselves to a relative accuracy of 
order (aZ )", we must include in the amplitude 
terms up to order (az)? [since the zeroth term, 
which is the first term in (9), is of order (@Z)]. 
We can therefore replace R, by unity in the third 
term of (9). 

In this part of the paper we confine ourselves 
to the case when the norm of the operator (14b) 
satisfies the inequality 


aZ > |r| > (a2). 


In the computational accuracy employed it is there- 
fore sufficient to include only the first (linear ) 


(15) 


*The screening can, generally speaking, be accounted for 
in the same manner. 
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term of (5b). In the second part of the paper we 
shall consider the case 


1>\r|>Z, 


when the second term of (5b) must also be included. 
Taking (15) into account, we can rewrite the 
first term of (5b) as 


fo (ky p) = 2n? (<p | Vo! o> + <pk|Vol@r> + <oK|Ve| @p>}- 
(16) 


(15a) 


4, CALCULATION OF THE SCATTERING AM- 
PLITUDE 


The functions QD and 9b in momentum space 
can be represented in the form [8] 


0 
<f])95> =— az PG p 2) = <oIB = <p>, (7a) 


~ 


; 4 = 
CE gly = ge <t 48> = 02 ze Vo G, P, 0), 


<9, 11 = — <l ep, (17b) 
oe ah ee es n 
x — XK 
OG, P, &) = oar Dar § ate (q+ px? — (px pep?’ 
‘ (17c) 


q=i—p, §=aZF£/p=aZ/8, N =e™2T (1 —£i6). 
The integration contour in (17c) is a closed curve 
circling about the points 0 and 1 once in counter- 
clockwise direction. With the aid of (17) we obtain 
the following expressions for the matrix elements 
(9) and (16) [see (14)]: 
Qn? <@pe |V (2) | 92) 
/ 0 a) 
= aZN*1s(—5-)(—5e-) H (as kB: &1, 25 MDL, exsot 
A a 18 
an? <qp 0 (A)| @)> Wi 
7) 1 oo 

=3\(aZ)*\N*¥4 (— in) an Vo)H (q, k, p; 0, &; A) [e.-+0? 

2a? <p |V (A) | @h> spe 


= (02) N*ra(— se Ve) (ape, We) H (as k, pi 0, 05 2), 


(18c) 
H (q, k, p; €1, &2; A) 
{ (oF, 1+) re CONE (0+, 1+) “| eth 
£3 3/ —Xe - 1 babe ce, 
~ (2mi)? b Xe (=) > rm (<=) One 


ye \ a fds 
) [(Gjep — kete)® — (exe + te2)?| (G75 + 2) [dq + Px1)? — (px + ier)?” 
(18d) 


In the appendix we transform the expression for 
H (q, kK, p; €4, €9; A) to the form 


H (q, ky ps e1, 89; 2) = \ dex| dexK (4k p,m), (19) 


ue ej 
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(ot, 1+) ; 
4 x f —x\ (a+ bxyits 1 

K (q, k, ps 0) = aay > “(GS) ret a+ bx? 

(19a) 
where 
a=q@+y, o#=(q-+p)?—(p+ im)’, 

b= —2(qk+Ain), B =—2{(q+p)k+ (p+ in)}; 

naa eth (19b) 


We note that q is constant when it comes to dif- 
ferentiation in (18b) and (18c). 

The matrix element (18a) enters only in (16), 
and within the framework of the accuracy em- 
ployed we should therefore confine ourselves in 
(18a) and (18b) to terms linear in é and in (18c) 
to the zeroth term. When é, = 0 the value of the 
integral in (19a) is given by the residue of the last 
term of the integrand. When é, = 0, the contour 
of integration can be contracted to zero and the 
integral becomes equivalent to 6(x). Taking 
these circumstances into account, we obtain 


K (q, k, p; n) = (1 + 2i§ In <). (20a) 


Calculating the gradient with respect to p under 
the integral sign in (18b) and then calculating the 
residues, we obtain 


— 2K = {Cy + it: Coin + — ik [Cy In (1 + B) 


2151 aa 
CA+D, 414A. 
ABs, a salt (20b) 
C,=q—inp/p, D=k-+kp/p, A=6/a, er 
(20c 


Finally, calculating the gradient with respect 
to k of (20b), we get 


~ 


(—aE)(=SE) RS eae 
(20d) 


Taking (20c) and (19b) into account, we substitute 
(20a), (20b), and (20c) into (18a), (18b), and (18c). 
Then, recognizing that the first term in (9) is the 
Schrédinger scattering amplitude in a Coulomb 
field* divided by 2E, and taking account of the 
identities 


UxYakUp = Uk sPUlp = Uy (YaE — mM) Up, (21a) 
UxYak Pup i ihe Ya (YaE — m)? Up, (21b) 


*We note that the scattering amplitude in a Coulomb field 
is multiplied by the distorting phase factor exp [—ié 1n(2pr)l, 
but if an infinitesimally small screening is introduced, a fac- 
tor exp [ié In (2p/A)] appears in front of the entire wave func- 
tion (A is the screening parameter). [*] These two factors 
cancel each other. 


— ee 
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we obtain the following expressions for the ampli- 
tudes (9) and (10) 


Bile) = 7, 22 = {exp (£2 Ine) + ozmME— em <u" K, (0) 
+ (a2)? [2B (E — ram) Kz (0) 
+ m(1sE — m) Kz (0)} ke, (22) 
aZ e? 
fe(k, p) = Yaga eM eh 
e® et pi 
+ 202 [i= eu n ia EL) 
pee | ee 
peeedie Gs Ky em er, (23) 
where 
e=f =sin>, Tygon 
p 2 2p 
M = — Nee = 2nk / (1 —e-2**), 
Pies, ol (4h — it) 
“opi ee 
and y; is given by (14b). Furthermore, 
= a dy 
aie (CF in) (+ 0) 
eRe 1 e+ ip 1 —e- ip’ 
pa) Eales Tre 0 1+ ip (24) 
- ae idy ef 
KwW="\ camera "mata 


Sree ean) + (ea) Slaw 
+ ae trae em) — ree Gm) 


+g (SFa)- age (FR) -— he (=) 


7 reals (a) (25) 
262 4 ef + 4p 
Ks(n) = =i dn (aap erm! drape ae 
cage (ear = ae Ls ea ley. teem) (26)" 


The integrals (24) and (26) are calculated by 
making the substitution 
° dx 
=\; on 


where the integration along the imaginary axis in 
the complex t plane is replaced by integration 
along the real axis with all the singularities cir- 
cuited from above. The function L,(z) contained 
in (25) and (26) is the logarithmic Euler function 
(see also 5); 

*The single integral (26) is obtained from the double in- 
tegral (18c) by integration by parts. 


t+ 6 
eae 


int, In 


[11] 
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L(@=—\" 9 a= ye. en) 
0 n=0 
All the multiple-valued functions in (24) — (26) 


are specified in terms of their principal values on 
a plane with a cut from z=1 to z=+ along the 
positive axis, where 27 > arg(z—1)>0. 

The function L,(z) has the following properties, 
which make it readily possible to calculate its 
imaginary and real parts 


Ly (2) + Le, (=) = 17/3 — > In?z + ni Inz, (28a) 
Ly (1 —z) +L, (z) = 2? /6—InzlIn(1 —2), (28b) 
= L, (2") = Ly (2) + Le (—2), (28c) 
ImZ.(z)=0 for —l<z<l. (28d) 


5. SCATTERING CROSS SECTION IN THE PRES- 
ENCE OF INITIAL POLARIZATION 


The cross section in the presence in the initial 
polarization ¢ of the incoming particle is obtained 
from (1) with the aid of the formula!“ 


5 (9) = +Spf (k, p) (1 — iays) (m— ip) f (k, p) (m — ik), 
f=al Ys a=b+o ep, a, = %.; (29) 
The expression for f(k, p) is given by (5), (22), 
and (23). 
After calculating the trace in (29) and transform 


(25) and (26) with the aid of (28a) and (28b), we ob- 
tain the following expression for the cross section: 


O= 6, {Qi + Qe + (Ri+Re) nf}, 


ieee _ [Kp] 
oa (as) ae Wises FR Pe 


Q, = 1— Be? + aZnMBe (1 — €) + 2 (aZ)? Me {L, (€) 
—L,(—e)+ Ine(In7== +4 eine) + (2e—3) 


(30)* 


— Be |L,(e) + Le(—e) 


+ Ine(In (1 —e2) poe ine) Fo Ae 


(31) 
Ree 2.aZMe9 (7 — ay ‘{p Ine + naZ ee 
—*F*in(1 +e)]}, (32) 
Qi = 2M, [= (tots) + a2 | = (1 Be") 3 
x (nt74 ; —2arctg *.) + Be ((1 —e)arctg 
—(1 +e) arctg aarp lit (33)T 


*{kp] =k x p. 
tarctg = tan”. 
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‘ 3 e+ i? 
Ry = —2aZMri8(1— BY" — Se In-—— 384) 
. 4 @ (2pp;) 
=> eee du; a (cf. (14) and(11)), 
i=1 ‘ 
q Rest) wine a 2n§ 
e= 55 = sins, Beep SMe ps ae 
ean EE Ae aes 
ee "2p 


In the extreme relativistic case (8 ~1, p— ©), 
the screening potential drops out as a result of 
(lla), and (31) — (34) assume the form 


t =1—e?+4 oZne(l — 2) + 2(aZ)%e {(1 —e) Le(e) 
—(1 +e) Ls(—e) + Ine|(1 —e)In(1 —e) 


2 2 ‘ees, 

— (1+ e)In(1 +e)+55—9 in e|— URI 
(35) 

creas 8 : e eS ae an 

r =r late +22 | are (* Aieey rte io) 

/ (4 jes 
= e((I—e) arctg oat e) arctg os ~>)) 

(36) 
t= — 7 \ at RE REO. (37) 


0 


In conclusion, the author thanks Prof. L. A. Sliv 
for continuous support during the work. 


APPENDIX 


Using the formula (see [3] ang £8) 
veh poe 
an’) (q2, — A) (dsp +1)? — (r + in)’ 


Ides te | Hin ie ey 


i 
a comprar renee ae yer 


D2ltpt 
co 


=\ SS 
~ \ @ptr—rFA+ aap’ 
nN 
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We transform the three-dimensional integrals i 


in 
(18d), after which we get 
H (q, k, p; &1, &23 A) 
4 ten d. a aye dx a Ve 
cs aX, ( —*a\™* dua (—" \” 
(2a)? > Xe lgeaa) > 4 lea 
foe} See ; 1 
x\ des\ ae (q + pxi — kxe)* — (x2 + pxy + in)?’ 
q=k—p,n=a+e+ de (A.2) 


By evaluating the integral with respect to x, by 
residues and putting x = x,, we obtain (19). 
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COSMIC-RAY EQUATOR ACCORDING TO 
THE DATA FROM THE SECOND SOVIET 
SPACESHIP 
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and N. F. PISARENKO 


Submitted to JETP editor June 7, 1961 


J. Exptl. Theoret. Phys. (U.S.S.R.) 41, 985-986 
(September, 1961) 


Tae knowledge of the geographical position of the 
line of minimum primary cosmic-ray intensity 
(cosmic-ray equator) permits a study of the char- 
acter and structure of the geomagnetic field anda 
check of the theoretical and empirical approxima- 
tions of this field. 

. The use of satellites for the determination of 
the cosmic-ray equator has a number of advan- 
tages over earth-based investigations: 1) a large 
number of crossings of the equator at various 
points, 2) the practically simultaneous crossing 
of the equator over the whole globe, 3) a direct 
detection of the primary component of cosmic 
radiation. These advantages provide the possibil- 
ity of studying in detail the cosmic-ray equator at 
various periods of time, and in particular of study- 
ing the influence of various geophysical effects on 
its position. It becomes unnecessary to introduce 
barometric and temperature corrections, or cor- 
rections for time variations. 

The ionizing-radiation detectors on the second 
spaceship included a gas-discharge counter. The 
pulses from the counter were fed to a scaler which 
was interrogated by an independent daily memory 
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device once every three minutes. This information 
was recalled and transmitted to the earth stations 
by means of telemetry controlled from the earth. 
The daily memory made it possible to measure 

the latitude dependence of the primary cosmic 
radiation for each crossing of the equator. Since, 
at high latitudes, the spaceship often passed through 
radiation belts, we have used only the experimental 
points for latitudes lower than 40° in constructing 
the empirical formula for the latitude dependence 
by the least-squares method. A quadratic parab- 
ola was used as the approximating function. 

From 22 latitude curves obtained at different 
crossings of the geographic equator region, we 
have determined the position of the minima of 
cosmic-ray intensity (see figure). 

The cosmic-ray equator obtained is not compat- 
ible with the idea of a dipole geomagnetic field.41- 6 
The comparison of the cosmic-ray equator with the 
equator calculated by Quenby and Webber taking 
into account both the dipole and nondipole compo- 
nents of the geomagnetic field,{"] and also with the 
equator calculated by Kellog and Schwartz using 
the octupole approximation, /*1 gives a sufficiently 
good agreement within the limits of experimental 
accuracy. A more detailed comparison would be 
possible if the experimental errors could be de- 
creased. 

The authors would like to thank S. N. Vernov, 

N. L. Grigorov, and I. P. Ivanenko for discussing 
the results. 
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field, |”) solid-broken line — equator cal- 
culated using the octupole approxima- 
tion, *] e—data obtained by the second 
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NONLINEAR PROPERTIES OF THREE- 
LEVEL SYSTEMS 


Vv. M. FAIN, Ya. I. KHANIN, and E. G. YASHCHIN 
Radiophysics Institute, Gorkii State University 
Submitted to JETP editor June 26, 1961 


J. Exptl. Theoret. Phys. (U.S.S.R.) 41, 986-988 
(September, 1961) 


Ae is well known, the three-level system* is the 
basic element of quantum amplifiers and oscillat- 
ors-masers. It is of interest to consider other 
possible physical applications of three-level sys- 
tems, in particular, applications that derive from 
their nonlinear properties. 

A manifestation of the nonlinear properties of 
a three-level system would be the response of the 
system (for example, the polarization P) to two 
monochromatic signals. Let E,, E, and E3 be 
the three levels of the quantum system and sup- 
pose that an external field (electric or magnetic ) 
acts on the system 


fF = Ey,00s O5,f + Eo, cos Q5a 7, (1) 
where Q3; * (E3—E,)/H and Qsgy = (E3— E,)/h. 
To find the system polarization produced by the 
field (1) we use the equation for the density matrix 
.Li,2] 
Pmn:* 


Pmn 


at aie LOmnPmn 
3 


aS a jg oh (UintPin a PmtWin) oo ia Sees (p = Po) Iman; 
4 

for m=n 

for m=en’ 


where the fy] are the dipole moment matrix ele- 
ments, T; and T, are the longitudinal and trans- 


4 t, (P= Po) 
[T : (p <a Po) |mn = fae =i 
2 mn 


(2) 


Tis = VisE13/h = Yar, 
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verse relaxation times, and Pymn is the density 
matrix corresponding to instantaneous equilibrium 
at time t, when the field is given by F(t). The 
polarization of the system is 


P = Sp (pp). (3) 


In solving Eq. (2) we keep only the resonance 
terms !*] at frequencies Q3o, O31, and Q31 — Qso, 
thereby obtaining the corresponding system of al- 
gebraic equations [2] that yields the following ex- 
pression: 


P= Pgipge 22a" a Pgobage iat + Po, M196 4(Qu—Ox2)t + C.C., 


(4) 


if Q34 = (E3—E,)/h and Qo = (E3 — E,)/h, 
Pg, = 2i%3,A7 {Di [4 (tT Ss YoaT1) a Tis] 


— ee (2T; + T.) eats 
Pas = 2iysoA * {DSy [4 (ap * 1 y45%4) Taye! 


a De (20, + T.) ieee 
Or = iT 1sY28 (P30/ Ys2 + ps,/ Y1s) 


=—2%13TegteA} (Dig (2 (te °+-T1'12s)—Tr isl 
+ DS? [2 (t2* + ists) — TrY2)}; 

A = [4 (t)* + Yet) + terial [4 (to + ists) 
ae rer — (21, + 7)? Visas; 

{os = MosEo3/h = 30; 


where Di» and Deo? are the corresponding equi- 


librium population differences in the levels. 

It is evident from Eq. (4) that the response of 
the system to two monochromatic signals contains 
a term at the combination frequency Qy4, = 43 — Qe ; 
this term results from the nonlinearity of the sys- 
tem.{ In particular, in the case of practical inter- 
est, where one of the applied signals is large (for 
example, Y43T, > 1), it turns out that | p42 |/| Po23| 
>1. This result indicates the possibility of build- 
ing a quantum frequency converter with appreciable 
conversion gain. From the point of view of noise 
characteristics it would appear that the quantum 
converter can compete with quantum amplifiers. 
Special interest attaches to the case in which Qy» 
is a very low frequency and can be used directly 
as the intermediate frequency. 

We note that in principle it is possible for os- 
cillations to occur at the frequencies Q,3 and (Q93 
when a three-level maser is used as an oscillator 
or as an amplifier. It then follows that a maser 
can produce a signal at frequency {4 even if the 
populations in levels E; and E, are not inverted. 

The principle of quantum frequency conversion 
can also be used in the optical region. It would 
appear that the monochromatic light signals re- 


sa age 
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quired for this purpose could be generated by 
lasers. In this connection we note that lasers often 
generate several frequencies rather than a single 
frequency.",8] One expects that combination fre- 
quencies would be generated under these condi- 
tions. 


*The idealization in which we consider only three levels 
of the entire system of levels is completely justified since 
the other levels can be neglected in most cases. 

+The Bloembergen equations, [3] in which the off-diagonal 
elements of the density matrix are not considered, are fre- 
quently used in maser calculations. It will be evident that 
these equations can not give the effect considered here nor a 
number of other features of maser operation. The reference 
made by Bloembergen|*] to the calculation by Clogston, ] in 
which off-diagonal terms in the density matrix are included, is 
not well taken because the latter work[®) contains an error in 
that the author has not taken account of all the resonance 
terms in the density matrix. A similar error appears in a paper 
by one of the present authors. [*] 


NEGATIVE CONDUCTIVITY IN INDUCED 
TRANSITIONS 


N. G. BASOV, O. N. KROKHIN, L. M. LISITSYN, 
E. P. MARKIN, and B. D. OSIPOV 


P. N. Lebedev Physics Institute, Academy of 
Sciences, U.S.S.R. 


Submitted to JETP editor July 13, 1961 


J. Exptl. Theoret. Phys. (U.S.S.R.) 41, 988-989 
(September, 1961) 


A number of methods for producing negative 
temperatures in semiconductors [1-3] have been 
proposed in recent years. 

It has been noted!*! that in indirect transitions 
the concentration of carriers for which a negative 
temperature is produced with respect to interband 
transitions is relatively small, being several or- 
ders of magnitude smaller than the concentration 
at which a negative absorption coefficient is ob- 
tained for photons with energies comparable to 
the width of the forbidden band. In order to ob- 
tain a negative absorption coefficient the proba- 
bility for induced emission of photons in an inter- 
band transition must be appreciably greater than 
the probability of photon absorption in the inverse 
process, so as to compensate for absorption in 
internal transitions. However, internal absorp- 
tion processes have essentially no effect on con- 
ductivity since they cause no change in the total 
number of free carriers; on the other hand, in- 
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duced interband transitions due to photons incident 
on a semiconductor in a negative temperature state 
reduce the number of free current carriers and 
cause a reduction in conductivity. 

Thus, a semiconductor in a negative tempera- 
ture state with respect to an interband transition 
should exhibit a negative photoconductivity when 
irradiated by photons with energies approximately 
equal to the width of the forbidden band. Measure- 
ment of the spectral dependence of the photocon- 
ductivity of a semiconductor should allow us to find 
negative temperature states even if a negative ab- 
sorption coefficient is not produced. 

We have carried out experiments to produce 
and observe negative temperatures in silicon. 
Samples maintained at a temperature of 4° K were 
irradiated by light at wavelengths smaller than 
0.7 4 and exhibited an appreciable increase in con- 
ductivity. When irradiated by weak monochromatic 
light in a narrow wavelength band close to 1.1 yn, 
however, a number of samples exhibited reduced 
conductivity (negative photoconductivity ). 

It can be assumed that this reduction in conduc- 
tivity is due to a negative temperature state, al- 
though we have not completely ruled out other ex- 
planations for the observed effect, for example, 
impurity photoconductivity. 
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WHAT IS HEAVIER, ‘‘MUONIUM ONE”’’ OR 


‘*“MUONIUM TWO’’? 


L. B. OKUN’ and B. PONTECORVO 
Joint Institute for Nuclear Research 
Submitted to JETP editor August 10, 1961 


J. Exptl. Theoret. Phys. (U.S.S.R.) 41, 989-991 


(September, 1961) 


Some years ago it was noted [1] that muonium 
[the atomic system M = (y*e™ )] can spontane- 
ously transmute in vacuum into antimuonium M 

= (pe*). The oscillations M==M would be 
hid GE to the transmutation K® = K°®, [2] 

Recently several papers devoted to this prob- 
lem have appeared in the literature.(?-*] The 
aim of the present paper is to emphasize that the 
analogy between the oscillations M == M and K® 
= K° is even more complete than noted earlier 
in that the decay of the states which are even and 
odd in combined parity (i.e., under PC), viz., 
M,=(M+M)/V2 and M, = (M-M)/V2 , pro- 
ceeds Ate different channels, as in the case of K] 
and Ke Here M, and My, are the muonium states 
which are stationary in vacuo. 

Let us investigate the case where only one kind 
of neutrino exists and there is no direct (ye)(ye) 
interaction."!] One would expect this case to cor- 
respond to reality if there would hold in nature 
the so called ‘‘Kiev symmetry,”’ i.e., invariance 
of all weak interaction processes under the sub- 
stitution 4— A, e—n, y—p. If K°=K° oscil- 
lations exist this symmetry points to a possibility 
of M=M oscillations. In any case the transmu- 
tation would in this case be due to the same inter- 
action which is responsible to the decay of the free 
muon w* —e* +v+v. Naturally the question 
arises: in what respect do the even and odd mu- 
onium states differ? The decay channels of the 
odd state M, will be 


Cfast ( + v + v + Catow) (1) 
fat + VV + Crows (2) 


v+¥, (3) 
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We are considering here muonium with spin 1, 
since a system with spin 0 can not decay into a 
neutrino pair in view of the neutrino helicity. The 
even system M,, also with spin 1, can decay via 
channels (1) and (2) but the decay via channel (3) 

is forbidden. The circumstance that the spin- 1 
even system can not decay into the ee y+p is 
similar to the case of spin-0 odd K$ meson which 
can notdecay into two 7 mesons. By means of 
Lehman’s theorem |®] one can show that the mass 
of M, is greater than that of M,. As is well known, 
one cannot decide the question of which is heavier, 
the K} or the K meson, on theoretical grounds, {3 - 
because of the difficulties associated with the 
strong interactions. 

In contrast to the Ki - KS case, the difference 
in the decay characteristics of the systems M, 
and M, is rather small. Physically this is asso- 
ciated with the large size of the atomic system: 
even though strictly speaking the decaying objects 
are M, and Mp, in the overwhelming number of 
cases it is the ‘‘free’’ muon which decays in the 
atomic system. In principle, however a difference 
still exists between the decay channels of M, and 
M,. It was thought worthwhile to point this out even 
if only for pedagogic reasons. 

The above arguments about the difference in the 
decay channels of M, and M, remain true also if 
there exists a direct (ue)(ye) interaction./1] 
However, then the mass difference obviously will 
be determined by the (ye) (pe) interaction /10] 
and we then will not be able to say anything about 
the sign of the mass difference of M,; and Mp. 

We now assume that there exist in nature two 
neutrino types: ve and yy bt If e and ve on the 
one hand and yp and Vy on the other hand have dif- 
ferent additive quantum numbers (charges) then 
the transition M = M is strictly forbidden and it 
makes no physical sense to talk about M, and My. 

We now shall discuss the recently proposed/!#»18] 
possibility that there might exist multiplicative 
quantum numbers. In that case the decay of the 
free meson is given by 


et vet My, 
Paty, SAN 
and the transmutation M = M is due to the direct 
(ue) (ve) interaction. Then there does not exist 
a difference in the decay channels of the even and 


odd muonium states. Both M, and My, can decay 
through the channels 


Cant + Ve + vi, a Catow Chast = Ve + Vu + en aes 
Cant ae Ve 3 Vo ae Csiows Ctast oe Ve a Bp om ate 
Ve + Ves Ve + Vp- 


ee yoo 


nee 
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